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ABSTRACT

Initially, we introduce the concepts of (special) neutrosophic UP-subalgebras, (special)
neutrosophic near UP-filters, (special) neutrosophic UP-filters, (special) neutrosophic UP-ideals, and
(special) neutrosophic strong UP-ideals of UP-algebras, and investigate several properties. Next, we
introduce the concepts of interval-valued neutrosophic UP-subalgebras, interval-valued neutrosophic near
UP-filters, interval-valued neutrosophic UP-filters, interval-valued neutrosophic UP-ideals, and interval-
valued neutrosophic strong UP-ideals of UP-algebras, and prove some results that are related to the
previous concepts. From the two concepts above, we introduce the mixed concepts of neutrosophic cubic
UP-subalgebras, neutrosophic cubic near UP-filters, neutrosophic cubic UP-filters, neutrosophic cubic UP-
ideals, and neutrosophic cubic strong UP-ideals of UP-algebras. We also discuss the relationships among
neutrosophic cubic UP-subalgebras (resp., neutrosophic cubic near UP-filters, neutrosophic cubic UP-
filters, neutrosophic cubic UP-ideals, neutrosophic cubic strong UP-ideals) and their level subsets by
means of interval-valued neutrosophic sets and neutrosophic sets. Moreover, we study the image and
inverse image of neutrosophic cubic UP-subalgebras (resp., neutrosophic cubic near UP-filters,
neutrosophic cubic UP-filters, neutrosophic cubic UP-ideals, neutrosophic cubic strong UP-ideals) under

some UP-homomorphisms.
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CHAPTER 1

INTRODUCTION

Among many algebraic structures, algebras of logic form important
class of algebras. Examples of these are BCK-algebras [d], BCl-algebras [T,
B-algebras [24], KU-algebras [30], UP-algebras [6] and others. They are strongly
connected with logic. For example, BCl-algebras introduced by Iséki [I1] in
1966 have connections with BCI-logic being the BCI-system in combinatory logic
which has application in the language of functional programming. BCK and BCI-
algebras are two classes of logical algebras. They were introduced by Imai and
Iséki [9, 1] in 1966 and have been extensively investigated by many researchers.
It is known that the class of BCK-algebras is a proper subclass of the class of

BCl-algebras.

The branch of the logical algebra, a UP-algebra was introduced by [ampan
[6], and it is known that the class of KU-algebras is a proper subclass of the class
of UP-algebras. Later Somjanta et al. [38] studied fuzzy UP-subalgebras, fuzzy
UP-ideals and fuzzy UP-filters of UP-algebras. Guntasow et al. [d] studied fuzzy
translations of a fuzzy set in UP-algebras. Kesorn et al. [20] studied intuition-
istic fuzzy sets in UP-algebras. Kaijae et al. [I7] studied anti-fuzzy UP-ideals
and anti-fuzzy UP-subalgebras. Tanamoon et al. [43] studied @Q-fuzzy sets in
UP-algebras. Sripaeng et al. [A1] studied anti Q-fuzzy UP-ideals and anti Q-
fuzzy UP-subalgebras of UP-algebras. Dokkhamdang et al. [B] studied general-
ized fuzzy sets in UP-algebras. Songsaeng and Iampan [39, 40] studied N-fuzzy
UP-algebras and fuzzy proper UP-filters of UP-algebras. Senapati et al. [36, 34|

studies cubic set and interval-valued intuitionistic fuzzy structure in UP-algebras.

A fuzzy set f in a nonempty set S is a function from S to the closed

interval [0, 1]. The concept of a fuzzy set in a nonempty set was first considered



by Zadeh [d46]. The fuzzy set theories developed by Zadeh and others have found
many applications in the domain of mathematics and elsewhere. Zadeh [A7] was
introduced an interval-value fuzzy sets. An interval-valued fuzzy set is defined
by an interval-valued membership function. The concept of neutrosophic set was
introduced by Smarandache [87] in 1999. Wang et al. [45] introduced the concept
of interval-valued neutrosophic sets in 2005. The interval-valued neutrosophic set
is an instance of neutrosophic set which can be used in real scientific and engi-
neering applications. Jun et al. [I4] introduced the concept of interval-valued
neutrosophic sets with applications in BCK/BCl-algebra, they also introduced
the concept of interval-valued neutrosophic length of an interval-valued neutro-
sophic set, and investigate their properties and relations. In 2018-2019, Muhi-
uddin et al. [23, P4, 25, 26, 24, PR] applied the concept of neutrosophic sets to
semigroups, BCK/BCl-algebras. The concept of neutrosophic N -structures and
their applications in semigroups was introduced Khan et al. [Z1] in 2017. Jun et
al. [T5] applied the concept of neutrosophic N-structures to BCK/BCl-algebras
in 2017.

A cubic set in a nonempty set is a structure using an interval-value fuzzy
set and a fuzzy set was introduced by Jun et al. [I3] in 2012. People find that
cubic sets have board applications in computer science and soft engineering. Jun
et al. [12] applied the concept of cubic sets to a subgroup in 2011. Senapati [35]
introduced the concept of cubic subalgebras and cubic closed ideals of B-algebras
in 2015. Senapati et al. [34] introduced the concept of cubic set structure applied

in UP-algebras in 2018.

A neutrosophic cubic set which is the generalized form of fuzzy sets, cubic
sets and neutrosophic sets and introduced by Jun et al. [I6] in 2017. The concept
of truth-internals (indeterminacy-internals, falsity-internals) and truth-externals

(indeterminacy-externals, falsity-externals) were introduced and related proper-



ties were investigated. Igbal et al. [I0] introduced the concept of neutrosophic
cubic subalgebras and neutrosophic cubic closed ideals of B-algebras in 2016.
Relation among neutrosophic cubic algebra with neutrosophic cubic ideals and
neutrosophic closed ideals of B-algebras were studied and some related properties

were investigated.



CHAPTER II

PRELIMINARIES

In 1965, Zadeh [46] introduced the concept of a fuzzy set in a nonempty

set as the following definition.

Definition 2.0.1 A fuzzy set (briefly, FS) in a nonempty set X (or a fuzzy subset
of X)) is defined to be a function A : X — [0, 1], where [0, 1] is the unit segment
of the real line. Denote by [0, 1] the collection of all fuzzy sets in X. Define a

binary relation < on [0, 1]X as follows:

(VA € [0,1]5)(\ < p & (Vo € X)(A\(@) < ul))). (2.0.1)

Definition 2.0.2 [38] Let A be a fuzzy set in a nonempty set X. The complement
of A\, denoted by A, is defined by

(Vz € X)(\%(2) = 1 — A(2)). (2.0.2)

Definition 2.0.3 [22] Let {\; | ¢ € J} be a family of fuzzy sets in a nonempty
set X. We define the join and the meet of {\; | i € J}, denoted by V,c;\; and

Nieg\i, respectively, as follows:

(Vz € X)((ViesNi)(z) = sllelg){)\l(x)}), and (2.0.3)
(Ve € X)((AiesAi)(x) = mE{Ai(2)}). (2.0.4)

In particular, if A and p be fuzzy sets in X, we have the join and meet of A and

1 as follows:

(Vz € X)((AV p)(z) = max{A(z), u(z)}), and (2.0.5)



(Vo € X)((AA p)(x) = min{\(x), u(z)}), (2.0.6)

respectively.

Lemma 2.0.4 /4] Let a,b,c € R. Then the following statements hold:

(1) a — min{b, ¢} = max{a — b,a — ¢}, and

(2) a —max{b,c} = min{a — b,a — c}.

The following lemma is easily proved.

Lemma 2.0.5 Let f be a fuzzy set in a nonempty set X. Then the following

statements hold:

An interval number we mean a close subinterval a = [a~,a™] of [0, 1],
where 0 < @~ < a™ < 1. The interval number @ = [a™,a™] with a= = a™ is

denoted by a. Denote by [[0, 1]] the set of all interval numbers.

Definition 2.0.6 [16] Let {a;, | ¢« € J} be a family of interval numbers. We
define the refined infimum and the refined supremum of {a; | i € J}, denoted by

rinf;c ya; and rsup,¢ ;a,, respectively, as follows:

. . ~' — . _ . +
rinf;c ;{a;} [ig{al },%g{az }, and (2.0.7)

rsup;c;{a;} = [sup{a; },sup{a; }]. (2.0.8)
ieJ ied



In particular, if a; and ay are interval numbers, we define the refined minimum
and the refined mazimum of a; and ay, denoted by rmin{a;, a } and rmax{a, a»},

respectively, as follows:

rmin{d,, a»} = [min{a;, a, }, min{a;", a }], and (2.0.9)

rmax{ai, ds} = [max{a;,a; }, max{a;,a;y }. (2.0.10)

Definition 2.0.7 [I6] Let a; and @ be interval numbers. We define the symbols

“P7,4<7 “="in case of a; and asy as follows:

ay = Gy & a; > a; and af > ay, (2.0.11)

and similarly we may have a; < @y and a; = az. To say a; > as (resp., a; < as)

we mean a; = ay and a; # as (resp., a1 = ag and @y # az).

Definition 2.0.8 [47] Let a be an interval number. The complement of a, denoted

by a®, is defined by the interval number

a“=[1-a",1-a7]. (2.0.12)

In the [[0, 1]], the following assertions are valid (see [42]).

(va € [[0,1]])(a = a), (2.0.13)
(Va e [[0,1]])((a“) = a), (2.0.14)
(Va € [[0,1]])(rmax{a,a} = a and rmin{a,a} = a), (2.0.15)

(Vay, as € [[0,1]])(rmax{a,, a2} = rmax{as, a;} and rmin{a,, as} = rmin{as, a}),

(2.0.16)
(Vay, as € [[0,1]])(rmax{ay, as} = a1 and ay > rmin{ay, as}), (2.0.17)

(Vay, ay € [[0,1]]) (@, = ay < af < af), (2.0.18)



(Vay, as, as,ay € [[0,1]])(a1 = ag, ag = a4 = rmin{ay, as} = rmin{as, as}),

(2.0.19)
(le, ELQ, EL3 < [[0, 1]])(&1 >_' C~L2, C~L3 t C~L2 = I‘HliIl{ELl, C~L3} >_' C~L2), (2020)

(le, ELQ, 63, 514 < HO, 1]])(&1 >~ dg, gL3 >~ EL4 = I'Hl&X{ELl, (ng} ~ rmax{dg, d4}),

(2.0.21)
(Vay, ag, as € [[0,1]]) (G = @1, dy = a3 < dg = rmax{d, as}), (2.0.22)
(Vay, ag € [[0,1]]) (a1 = Gy < rmin{ay, do} = as), (2.0.23)
(Vay, as € [[0,1]])(a1 = G» < rmax{ay, as} = a1), (2.0.24)
(Vay, as € [[0,1]])(rmin{a%, aS'} = rmax{a,, as}°), (2.0.25)
(Vay, as € [[0,1]])(rmax{a?, a$’} = rmin{a,, as}°), (2.0.26)
(Vay, ag, as € [[0,1]])(a; < rmax{ay,ds} < a$ = rmin{a$, as'}), (2.0.27)
(Vay, g, as € [[0,1]])(@; = rmax{as, ds} < a¥ < rmin{a$’,a$'}), (2.0.28)

(Vay, g, as € [[0,1]])(@; < rmin{ay, as} < a$ = rmax{a$,a$'}), and (2.0.29)

(Vay, g, as € [[0,1]]) (@ = rmin{as, as} < a¥ < rmax{a$’,as'’}). (2.0.30)

In 1975, Zadeh [47] introduced the concept of an interval-valued fuzzy

set in a nonempty set as the following definition.

Definition 2.0.9 An interval-valued fuzzy set (briefly, an IVFS) in a nonempty
set X is an arbitrary function A : X — [[0,1]]. Let IV FS(X) stands for the set
of all IVFS in X. For every A € IVFS(X) and z € X, A(x) = [A~(z), AT (x)] is
called the degree of membership of an element x to A, where A=, AT are fuzzy sets
in X which are called a lower fuzzy set and an upper fuzzy set in X, respectively.

For simplicity, we denote A = [A~, AT].

Definition 2.0.10 [27] Let A be an interval-valued fuzzy set in a nonempty set

X. The complement of A, denoted by A, is defined as follows: A% (z) = A(z)¢



for all x € X, that is,
(Vo € X)(A%(x) =[1 — AT (2),1 — A (2)]). (2.0.31)

We note that A°” (z) =1 — A*(z) and A" (2) =1 — A~ (z) for all z € X.
Definition 2.0.11 [16] Let A and B be interval-valued fuzzy sets in a nonempty
set X. We define the symbols “C”, “O”, “=" in case of A and B as follows:

(Vz € X)(AC B & A(z) < B(z)), (2.0.32)

and similarly we may have A O B and A = B.

Definition 2.0.12 [47] Let {A; | i € J} be a family of interval-valued fuzzy sets
in a nonempty set X. We define the intersection and the union of {A; | i € J},

denoted by N;csA; and U;c s A;, respectively, as follows:

(Vo € X)((NiesA;)(x) = rinf;c ;{A;(x)}), and (2.0.33)

(Vo € X)((UiesAi)(x) = tsup,c ;{Ai(2)}). (2.0.34)
We note that

(Vo € X)((NiesAi)™ () = (Nies A7) (2) = inf{A7 (2)})

ieJ

and

(Vo € X)((NiesAi) " () = (Nies A7) (@) = inf{A] (2)}).

icJ

Similarly,

(Vo € X)((UiesAi) ™ () = (Vies A7) () = sup{A; (z)})

i€



and

(Va € X)((UiesAi) " (z) = (ViesAT ) (z) = sup{4] (2)}).

ieJ
In particular, if A; and A, are interval-valued fuzzy sets in X, we have the

intersection and the union of A; and A, as follows:

(Vx € X)((A1 N Ay)(z) = rmin{A;(x), Ay(z)}), and (2.0.35)

(Vo € X)((A1 U Ay)(x) = rmax{A;(z), As(x)}). (2.0.36)

In 1999, Smarandache [87] introduced the concept of a neutrosophic set

in a nonempty set as the following definition.

Definition 2.0.13 A neutrosophic set (briefly, NS) in a nonempty set X is a

structure of the form:
A ={(x, \p(x),\(x), \p(2)) | z € X}, (2.0.37)

where A\r : X — [0,1] is a truth membership function, A; : X — [0,1] is an
indeterminate membership function, and A\p : X — [0,1] is a false membership

function. For our convenience, we will denote a NS as A = (X, A\p, A\;, A\p) =

(X, )‘T,LF) = {(m,)\T(:r;), )\[(l‘),)\p(l’)) ’ T € X}

Definition 2.0.14 [37] Let A be a NS in a nonempty set X. The NS A =
(X, XT,I,F) in X defined by

is called the complement of A in X.

Remark 2.0.15 For all NS A in a nonempty set X, we have A = A.
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In 2005, Wang et al. [45] introduced the concept of an interval-valued
neutrosophic set in a nonempty set as the following definition.

Definition 2.0.16 An interval-valued neutrosophic set (briefly, IVNS) in a non-

empty set X is a structure of the form:

A = {(z,Ar(z), Ar(x), Ap(x)) | x € X}, (2.0.38)

where Ar, A; and Ap are interval-valued fuzzy sets in X, which are called an in-
terval truth membership function, an interval indeterminacy membership function
and an interval falsity membership function, respectively. For our convenience,

we will denote a IVNS as

A= (X, AT,A[,AF) = (X, AT,I,F) = {(fﬂ,AT(I'),A[(iU),AF(fﬂ)) ‘ x € X}

In 2012, Jun et al. [[3] introduced the concept of a cubic set in a

nonempty set as the following definition.

Definition 2.0.17 A cubic set (briefly, CS) in a nonempty set X is a structure
of the form:

C={(z,Ax),\(x)) | € X}, (2.0.39)

where A is an interval-valued fuzzy set in X and X is a fuzzy set in X. For our

convenience, we will denote a CS as

C=(X, AN ={(z,Ax),\(z)) | v € X}.

In 2017, Jun et al. [I6] introduced the concept of a neutrosophic cubic

set in a nonempty set as the following definition.

Definition 2.0.18 A neutrosophic cubic set in a nonempty set X is a pair
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C = (A,A), where A = {(x,Ap(z), A;(x),Ap(x)) | * € X} is an interval-
valued neutrosophic set in X and A = {(z, A\r(x), A\r(z), Ap(x)) | x € X} is a

neutrosophic set in X.

For our convenience, we will denote neutrosophic cubic set as

C=(Arrr, Aror) ={(x, Arrp(x), A\r 1 p(2)) | 2 € X}



CHAPTER I11

BASIC RESULTS ON UP-ALGEBRAS

Two important classes of logical algebras, KU-algebras and UP-algebras
were introduced by Prabpayak and Leerawat [30] in 2009, and lampan [6] in 2017,
respectively. Now, we recall the definitions of KU-algebras and UP-algebras as

the following.

Definition 3.0.1 An algebra X = (X, -,0) of type (2,0) is called a KU-algebra,
where X is a nonempty set, - is a binary operation on X, and 0 is a fixed element

of X (i.e., a nullary operation) if it satisfies the following axioms:

(KU-1) (Vo,y,2€ X)((y-2)- ((x-2)-(y-2)) =0),
(KU-2) (Vz € X)(0-z =),

(KU-3) (Vz € X)(z-0=0), and

(KU-4) (Vo,y € X)(z-y=0y-2=0=z =y).

Definition 3.0.2 An algebra X = (X, -,0) of type (2,0) is called a UP-algebra,
where X is a nonempty set, - is a binary operation on X, and 0 is a fixed element

of X (i.e., a nullary operation) if it satisfies the following axioms:

(UP-1) (Va,y,z € X)((y-2)-((z-y)-(z-2)) =0),
(UP-2) (Vz € X)(0-z =1),

(UP-3) (Yz € X)(z-0 = 0), and

(UP-4) (Vo,y € X)(z-y=0y-2=0=z=y).

From [6], we know that the concept of UP-algebras is a generalization of

KU-algebras.
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From [6], the binary relation < on a UP-algebra X = (X, -,0) is defined
as follows:

Ve,ye X)(z<y<sz-y=0).

Example 3.0.3 [33] Let X be a universal set and let Q € P(X) where P(X)
means the power set of X. Let Po(X) = {4 € P(X) | Q C A}. Define a binary
operation - on Pq(X) by putting A-B = BN(AYUQ) for all A, B € Pq(X) where
AY means the complement of a subset A. Then (Pq(X), -, ) is a UP-algebra and
we shall call it the generalized power UP-algebra of type 1 with respect to ). Let
PUX) = {A € P(X) | A C Q}. Define a binary operation x on P(X) by
putting A* B = BU (A9 N Q) for all A,B € P(X). Then (P(X),*,Q) is a
UP-algebra and we shall call it the generalized power UP-algebra of type 2 with
respect to €. In particular, (P(X),-,0) is a UP-algebra and we shall call it the
power UP-algebra of type 1, and (P(X),*, X) is a UP-algebra and we shall call

it the power UP-algebra of type 2.

Example 3.0.4 [3] Let IN be the set of all natural numbers with two binary

operations o and e defined by

y ifx<uy,
(Vz,yeN) [xzoy =
0 otherwise

and

y ife>yoraxz=0,
(Ve,yeN) [z ey =
0 otherwise

Then (N, 0,0) and (IN, e, 0) are UP-algebras.

For more examples of UP-algebras, see [1, 2, [4, 32, B3, B4, 36].

In a UP-algebra X = (X,-,0), the following assertions are valid (see
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(Vo € X)(z -z =0), (3.0.1)
Ve, y,2€ X)(z-y=0y-2=0=>2-2=0) (3.0.2)
Ve,y,z€ X)(z-y=0= (2-2)-(z-y) =0) (3.0.3)
(Ve,y,z€ X)(z-y=0= (y-2)-(z-2)=0) (3.0.4)
(Vx,y € X)(xz- (y-z) =0), (3.0.5)
Ve,ye X)((y-z) - z2=02x=y-x), (3.0.6)
(V,y € X)(z - (y-y) = 0), (3.0.7)
(Va,z,y,z € X)((x- (y-2) - (z- ((a-y) - (a-2))) =0), (3.0.8)
(Va,z,y,2 € X)((((a-z) - (a-y))-2)- (z-y)-2) =0) (3.0.9)
(Va,y,2 € X)(((-y) - 2) - (y-2) =0) (3.0.10)
(Ve,y,z€ X)(z-y=0=z-(z-y) =0) (3.0.11)
(Ve,y,z € X)(((z-y)-2)- (- (y-2)) =0), and (3.0.12)
Va,z,y,z€ X)((z-y)-2) - (y-(a-2)) =0) (3.0.13)

In UP-algebras, 5 types of special subsets are defined as follows.
Definition 3.0.5 [4, b, 6, BR] A nonempty subset S of a UP-algebra X = (X, -,0)
is called

(1) a UP-subalgebra of X if (Vz,y € S)(z-y € 5).
(2) a near UP-filter of X if

(i) the constant 0 of X isin S5, and

(i) (Vr,ye X)(ye S=z-ye9).

(3) a UP-filter of X if
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(i) the constant 0 of X isin S, and

(i) Vz,ye X)(xz-ye S,z eS=yecl).
(4) a UP-ideal of X if

(i) the constant 0 of X isin 5, and

(i) (Vo,y,z€ X)(x-(y-2)€S,ye S=x-2€59).
(5) a strong UP-ideal (renamed from a strongly UP-ideal) of X if

(i) the constant 0 of X isin S, and

(i) (Vz,y,2€ X)((z2-y)-(z-z)eS,ye S=z€09).

Guntasow et al. [4] and lampan [5] proved that the concept of UP-
subalgebras is a generalization of near UP-filters, near UP-filters is a general-
ization of UP-filters, UP-filters is a generalization of UP-ideals, and UP-ideals
is a generalization of strong UP-ideals. Furthermore, they proved that the only

strong UP-ideal of a UP-algebra X is X.

Theorem 3.0.6 [4, @, 131] Let .F be a nonempty family of UP-subalgebras (resp.,
near UP-filters, UP-filters, UP-ideals, strong UP-ideals) of a UP-algebra X =
(X,-,0). Then (% is a UP-subalgebra (resp., near UP-filter, UP-filter, UP-
ideal, strong UP-ideal) of X.

Definition 3.0.7 [8, 7] Let (X,-,0) and (X',-/,0") be UP-algebras. A mapping

f from X to X' is called a UP-homomorphism if

fla-y)=f(x)' fly) forall z,yeX.

A UP-homomorphism f: X — X' is called a

(1) UP-endomorphism of X if X' = X
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(2) UP-epimorphism if f is surjective,
(3) UP-monomorphism if f is injective, and

(4) UP-isomorphism if f is bijective. Moreover, we say X is UP-isomorphic to

X', symbolically, X = X, if there is a UP-isomorphism from X to X'.
Theorem 3.0.8 [8] Let (X,-,0x) and (Y, *,0y) be UP-algebras and let f : X —
Y be a UP-homomorphism. Then the following statements hold:

(1) f(0x) = Oy,

(2) for any x,y € X, if v <y, then f(x) < f(y).



CHAPTER IV

MAIN RESULTS

4.1 Neutrosophic sets in UP-algebras

In this section, we introduce the concepts of neutrosophic UP-subalgebras,
neutrosophic near UP-filters, neutrosophic UP-filters, neutrosophic UP-ideals,
and neutrosophic strong UP-ideals of UP-algebras, provide the necessary exam-

ples, investigate their properties, and prove their generalizations.

From now on, unless another thing is stated, we take X = (X,-,0) as a

UP-algebra.

Definition 4.1.1 A NS A in X is called a neutrosophic UP-subalgebra of X if it

satisfies the following conditions:

%2,y € X)Or(a  4) > minfAr(z), Ar(1)}), (L)
(Vz,y € X)(Ar(z-y) < max{A;(z),\/(y)}), and (4.1.2)
(Vo,y € X)(Ar(z - y) = min{Ap(2), Ar(y)})- (4.1.3)

Example 4.1.2 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 2 4
2/0 0 0 2 4
3/0 00 0 4
410 1 2 3 0
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We define a NS A in X as follows:

0o 1 2 3 4 01 2 3 4
)\T = 7/\[ = s and
0.9 0.7 0.5 0.3 0.3 0 08040204

(012 3
F7\106080302)/"

Hence, A is a neutrosophic UP-subalgebra of X.

Definition 4.1.3 A NS A in X is called a neutrosophic near UP-filter of X if it

satisfies the following conditions:

(Vz € X)(Ar(0) = Ar(z)), (4.1.4)
(Vz € X)(A\(0) < Ag(x)), (4.1.5)
(Ve € X)(Ap(0) > Ap(z)), (4.1.6)
(Vo,y € X)(Ar(z - y) = Ar(y)), (4.1.7)
(Vz,y € X)(Ai(z - y) < Ai(y)), and (4.1.8)
(Vz,y € X)(Ar(z - y) = Ar(y)). (4.1.9)

Example 4.1.4 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0/(0 1 2 3 4
110 01 2 4
2/0 0 01 4
3/0 00 0 4
410 1 2 3 0




19

We define a NS A in X as follows:

01 2 3 4 0o 1 2 3 4
)\T = ,/\[ = s and
107050408 0.1 0.2 0.3 0.7 0.6

(0 1 2 3 4
F~ 0908040305/

Hence, A is a neutrosophic near UP-filter of X.

Definition 4.1.5 A NS A in X is called a neutrosophic UP-filter of X if it satisfies
the following conditions: (A1), (E13), (E-146),

(Vz,y € X)(Ar(y) > min{\r(z - y), \r(x)}), (4.1.10)
(Vz,y € X)(A\1(y) < max{A(z-y), \r(z)}), and (4.1.11)
(Vz,y € X)(Ar(y) > min{Ap(z - y), A\r(2)}). (4.1.12)

Example 4.1.6 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 3 4
2(0 0 0 3 3
3101 2 0 3
4101 2 0 0

We define a NS A in X as follows:

\ 001 2 3 4 0 1 2 3 4 .
= = H
"= 10004030101/ \o203070808)/" %

(0 12 34
F7 0807040303/
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Hence, A is a neutrosophic UP-filter of X.

Definition 4.1.7 A NS A in X is called a neutrosophic UP-ideal of X if it satisfies
the following conditions: (E14), (1), (E18),

(Vo,y,z € X)(Ar(z - z) > min{Ar(z - (y-2)), A\r(v)}), (4.1.13)
(Vz,y,z € X)(Ar(z - 2) <max{\(z-(y-2)),\(y)}), and (4.1.14)
(Ve,y,z € X)(Ap(z - 2) > min{Ap(z- (¥ 2)), \r(y)}). (4.1.15)

Example 4.1.8 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 3 4
2/0 0 0 2 4
3/0 0 0 0 4
410 1 2 3 0

We define a NS A in X as follows:

(01 2 3 4N, (01 23 4 .
™= \107060604)"" " \003050507) "

(01 2 3 4
F=\108070705)"

Hence, A is a neutrosophic UP-ideal of X.

Definition 4.1.9 A NS A in X is called a neutrosophic strong UP-ideal of X if
it satisfies the following conditions: (E14), (A13), (E18),

(Va,y,z € X)(Ap(z) > min{Ar((z-y) - (z-2)), \r(v)}), (4.1.16)
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(Vz,y,z € X)(A\r(z) <max{\;((z-y) - (z-2)),\(y)}), and (4.1.17)

(Va,y,z € X)(Ap(z) > min{Ap((z-y) - (z-2)), A\r(y)}). (4.1.18)

Example 4.1.10 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 14

0|0 1 2 3 4

110 0 2 3 4

2/0 1 0 2 4

3]0 1 0 0 4

410 1 0 3 0

We define a NS A in X as follows:

Ar(x) =1
(Ve e X) | Aj(z) =0.2
Ar(z) =0.8

Hence, A is a neutrosophic strong UP-ideal of X.

Definition 4.1.11 A NS A in X is said to be constant if A is a constant function

from X to [0,1]2. That is, Az, A7, and A\p are constant functions from X to [0, 1].

Theorem 4.1.12 FEvery neutrosophic UP-subalgebra of X satisfies the conditions
(A1), (A14), and (E1D).

Proof. Assume that A is a neutrosophic UP-subalgebra of X. Then for all z € X,

Ar(0) = Ap(x - ) > min{Ap(x), \r(2)} = Ap(z), ((B1) and (B17))

Ar(0) = Af(x - ) < max{Ar(z), A\r(z)} = A\r(z), ((B1) and (B12))
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Ar(0) = Ap(x - ) > min{A\p(x), A\p(z)} = Ap(x). ((B1) and (B13))

Hence, A satisfies the conditions (A14), (213), and (E11). O

Theorem 4.1.13 A NS A in X is constant if and only if it is a neutrosophic
strong UP-ideal of X.

Proof. Assume that A is constant. Then for all z € X, A\p(z) = Ap(0), Af(z) =
)\[(O), and /\F(l’) = /\F(O) and so )\T(O> 2 )\T(CL’),/\[<0) S )\](I‘), and )\F(O) Z
Ar(z). Next, for all z,y,z € X

Ar(z) = Ar(0) = min{A7(0), Ar(0)} = min{Ar((z - y) - (z - 2)), Ar(y)},
Ar(@) = Ar(0) = max{A1(0), Ar(0)} = max{A;((z - y) - (= 2)), Ar(y)},

Ap(2) = Ap(0) = min{Ap(0), Ap(0)} = min{Ap((z - y) - (z- 7)), Ar(y)}-

Hence, A is a neutrosophic strong UP-ideal of X.

Conversely, assume that A is a neutrosophic strong UP-ideal of X. For

any x € X, we have

Ar(z) = min{Ar((z - 0) - (z - 2)), Ar(0)} (D))
= min{Ar(0- (z - x)),A\r(0)} ((UP-3))
= min{Ar(z - z),Ar(0)} ((UP-2))
= min{Ar(0), Ar(0)} ((5TD))
= Ar(0),

Ar(z) < max{A;((z - 0) - (- 2)), Ar(0)} (D))
= max{A;(0- (z - 2)), A1(0)} ((UP-3))
= max{\;(z - z), A(0)} ((UP-2))
= max{A;(0), \;(0)} ((B1xm))
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= A7(0),

Ap(z) = min{Ap((z-0) - (z - 2)), Ar(0)} ((ETTm))
= min{Ar(0- (z - 2)), A\p(0)} ((UP-3))
= min{Ar(z - ), A\r(0)} ((UP-2))
= min{Ar(0), Ar(0)} ((BTm)
— Ar(0).

Thus Ar(x) = Ap(0), Ar(z) = A7(0), and Ap(z) = Ap(0) for all z € X. Hence, A

1S constant. O

Theorem 4.1.14 Fvery neutrosophic strong UP-ideal of X is a neutrosophic
UP-ideal.

Proof. Assume that A is a neutrosophic strong UP-ideal of X. Then A satisfies
the conditions (B14), (A13H), and (E18). By Theorem ETT3, we have A is

constant. Let x,y, z € X. Then

Ar(z - 2) = Ar(y) 2 min{Ar(z - (y - 2)), Ar(y)},
Ar(x - 2) = Ar(y) < max{Ar(z - (y - 2)), Ar()},

Ap(z - 2) = Ap(y) > min{Ap(z - (y- 2)), Ar(y)}-

Hence, A is a neutrosophic UP-ideal of X. O]

The following example show that the converse of Theorem E17T4 is not

true.

Example 4.1.15 From Example T8, we have A is a neutrosophic UP-ideal
of X. Since A is not constant, it follows from Theorem ETT3 that it is not a

neutrosophic strong UP-ideal of X.
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Theorem 4.1.16 FEvery neutrosophic UP-ideal of X is a neutrosophic UP-filter.

Proof. Assume that A is a neutrosophic UP-ideal of X. Then A satisfies the
conditions (A1), (A13), and (E14). Next, let z,y € X. Then

Ar(y) = Ar(0-y) ((UP-2))
> min{Ar(0 - (z - y)), Ar(z)} ((E13))
= min{Ar(z - y), Ar(z)}, ((UP-2))

Ar(y) = Ar(0- y) ((UP-2))
< max{A;(0- (z-y)), Ar(z)} ((E3))
= max{A;(z - y), Ar(2)}, ((UP-2))

Ar(y) = Ar(0-y) ((UP-2))
> min{Ap(0- (z-y)), Ar(z)} ((ET13))
= min{Ap(z - y), Ap(2)}. ((UP-2))

Hence, A is a neutrosophic UP-filter of X. m

The following example show that the converse of Theorem ET18 is not

true.

Example 4.1.17 From Example E1@, we have A is a neutrosophic UP-filter of
X. Since Ap(3-4) = 0.3 < 0.4 =min{A\p(3-(2-4)),A\r(2)}, we have A is not a
neutrosophic UP-ideal of X.

Theorem 4.1.18 FEvery neutrosophic UP-filter of X is a neutrosophic near UP-
filter.

Proof. Assume that A is a neutrosophic UP-filter. Then A satisfies the conditions



(A12), (E13), and (E18). Next, let z,y € X. Then

Ar(z - y) = min{Ar(y - (z - y)), Ar(y)}
= min{Ar(0), Ar(y)}
= A (y),

Ar(z - y) < max{Ar(y - (z-y)), Ar(y)}
= max{A;(0), Ar(y)}
= Ar(y),

Ap(z-y) > min{Ar(y - (v y)), Ar(y)}
= min{Ar(0), Ar(y)}

= Ar(y).

Hence, A is a neutrosophic near UP-filter of X.
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The following example show that the converse of Theorem EITH is not

true.

Example 4.1.19 From Example B2T4, we have A is a neutrosophic near UP-

filter of X. Since A;(3) = 0.7 > 0.3 = max{A;(2-3),A;(2)}, we have A is not a

neutrosophic UP-filter of X.

Theorem 4.1.20 Every neutrosophic near UP-filter of X is a neutrosophic UP-

subalgebra.

Proof. Assume that A is a neutrosophic near UP-filter of X. Then for all x,y € X

Ar(z-y) > Ar(y) > min{Ar(z), A\r(y)},
Ar(z - y) < Ar(y) < max{Ar(z), Ar(y)},

Ap(e-y) 2 Ap(y) = min{Ap(2), Ar(y)}-
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Hence, A is a neutrosophic UP-subalgebra of X. O]

The following example show that the converse of Theorem is not

true.

Example 4.1.21 From Example .12, we have A is a neutrosophic UP-subalgebra
of X. Since A\;(2-3) = 0.4 > 0.2 = A\;(3), we have A is not a neutrosophic near
UP-filter of X.

Theorem 4.1.22 If A is a neutrosophic UP-subalgebra of X satisfying the fol-

lowing condition:

(

Ar(x) 2 Ar(y)

(Va,y € X) | z-y#0= S X\(z) < \(y) , (4.1.19)

\)\F(l’) > Ar(y)

then A is a neutrosophic near UP-filter of X.

Proof. Assume that A is a neutrosophic UP-subalgebra of X satisfying the con-
dition (TT9). By Theorem ETT2, we have A satisfies the conditions (A1),
(A13H), and (E1M). Next, let z,y € X.

Case 1: -y =0. Then

Ar(z-y) = Ar(0) > Ar(y), (=)
Ar(z-y) = Ar(0) < Ai(y), ((ET3))
Ap(z - y) = Ap(0) > Ap(y). ((1m))

Case 2: -y # 0. Then

Ar(z - y) > min{Ar(z), A\r(y)} = Ar(y), ((ZT) and (B119) for Ar)
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Ar(z - y) <max{A;(z), \r(v)} = A\ (v), ((E1=2) and (B1T9) for )
Ap(z - y) > min{Ap(2), \r(y)} = Ar(y). ((Z133) and (B119) for A\p)
Hence, A is a neutrosophic near UP-filter of X. n

Theorem 4.1.23 If A is a neutrosophic near UP-filter of X satisfying the fol-
lowing condition:

/\T = )\[ = )\F; (4120)

then A is a neutrosophic strong UP-ideal of X.

Proof. Assume that A is a neutrosophic near UP-filter of X satisfying the con-
dition (—20). Then A satisfies the conditions (EI4), (1), and (14). Let
x € X. Then

Thus A7(0) = Ap(x), A\(0) = Af(z), and Ap(0) = Ap(x), that is, A is constant.
By Theorem BTT3, we have A is a neutrosophic strong UP-ideal of X. [

Theorem 4.1.24 If A is a neutrosophic UP-filter of X satisfying the following

condition:

(Vo,y,2€ X) | M(y-(z-2) =M(z- (y-2)) (4.1.21)

then A is a neutrosophic UP-ideal of X.

Proof. Assume that A is a neutrosophic UP-filter of X satisfying the condition
(B=2T). Then A satisfies the conditions (E14), (E131), and (EL@). Next, let
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x,y,z € X. Then

Ar(z - 2) > min{Ar(y - (z - 2)), Ar(y)} ((Em))

= min{Ar(z - (y - 2)), Ar(y)}, ((ET21) for Ar)

Ar(@ - z) < max{Ar(y - (- 2)), Ar(y)} ()

= max{A;(z - (y- 2)), \1(y)}, ((E2m) for Aj)

Ap(z - 2) > min{Ap(y - (z - 2)), Ar(y)} ((ETT2))

= min{Ar(z - (y - 2)), Ar(y)}. (BT for Ap)

Hence, A is a neutrosophic UP-ideal of X. m

Theorem 4.1.25 If A is a NS in X satisfying the following condition:

(

Ar(z) = min{Ar(z), Ar(y)}

(Vz,y,2 € X) [ 2 <z-y= ¢ \(2) < max{\ (), \r(y)} : (4.1.22)

Ap(2) = min{Ar(z), Ar(y)}

\

then A is a neutrosophic UP-subalgebra of X .

Proof. Assume that A is a NS in X satisfying the condition (E1—22). Let z,y € X.
By (B1), we have (z-y)-(x-y) =0, that is, -y < z-y. It follows from (E1—22)
that

Ar(z - y) > min{Ap(z), Ar(y)},
Ar(z - y) < max{Ar(z), \1(y)},

Ap(z - y) = min{Ap (), Ar(y)}-

Hence, A is a neutrosophic UP-subalgebra of X. n
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Theorem 4.1.26 If A is a NS in X satisfying the following condition:

.

Ar(y) > min{Ar(2), A\r(z)}

(Vr,y,2€ X) | 2<0-y= Ar(y) < max{A;(z), A\r(z)} ; (4.1.23)

Ap(y) > min{Ap(2), Ap(x)}

\

then A is a neutrosophic UP-filter of X.

Proof. Assume that A is a NS in X satisfying the condition (E-T—23). Let z € X.
By (UP-3), we have x - (z - 0) = 0, that is, x < 2 - 0. It follows from (E1=23) that

Ar(0) > min{Ap(z), A\r(x)} = Ap(2),
A7(0) < max{\;(z), \;(x)} = Ar(x),

Ar(0) > min{Ap(z), Ap(x)} = Ap(z).

Next, let z,y € X. By (BI), we have (z-y) - (x-y) =0, that is, z -y < z - .
It follows from (AT—23) that

Ar(y) = min{Ar(x - y), Ar(z)},
Ar(y) < max{A;(z-y), \r(x)},

Ap(y) = min{Ap (@ - y), Ap(2)}.

Hence, A is a neutrosophic UP-filter of X. O]

Theorem 4.1.27 If A is a NS in X satisfying the following condition:

(

Ar(z - z) = min{Ar(a), Ar(y)}

(Vaax7yquX) CLSZ‘(yZ) = 3 )\[(%'2’) §max{)\1(a),)\1(y)} )

(Ar(z2) = min{Ap(), Ap(y)}
(4.1.24)
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then A is a neutrosophic UP-ideal of X.

Proof. Assume that A is a NS in X satisfying the condition (E-I—24). Let z € X.
By (UP-3), we have z - (0 - (z-0) = 0, that is, z < 0- (2 - 0). It follows from
(ET23) that

Ar(0) = Ar(0-0) > min{\p(@), Ap(2)} = Ar(a), ((UP-2))
Ar(0) = Ar(0 - 0) < max{A;(z), Mr(2)} = Ar(2), ((UP-2))

Next, let z,y,z € X. By (B1), we have (z - (y-2)) - (x - (y - 2)) = 0, that is,
x-(y-z)<axz-(y-=z). It follows from (E124) that

Ar(x - z) Z min{Ar(z - (y - 2)), Ae(y)},
Ar(z - z) <max{Ar(z- (y-2)), Ar(y)},
Ap(z - z) = min{Ap(z - (y - 2)), Ar(y)}-
Hence, A is a neutrosophic UP-ideal of X . O]

Theorem 4.1.28 A NS A in X satisfies the following condition:

Ar(2) > Ar(y)

Ve,y,ze X) | 2<z-y= Ar(2) < Ar(y) (4.1.25)

Ap(2) = Ar(y)

if and only if A is a neutrosophic strong UP-ideal of X .

Proof. Assume that A is a NS in X satisfying the condition (E1—23). Let x,y € X.
By (UP-3) and (BT, we have x - 0 = 0, that is, z < 0 =y - y. It follows from
(B1=23) that Ap(x) > Ar(y), A\r(z) < A(y), and Ap(z) > Ap(y). Similarly,
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Ar(y) = Ar(x), Ar(y) < Ar(@), and Ap(y) = Ap(x). Then Ap(z) = Ar(y), Ar(z) =
Ar(y), and Ap(x) = Ap(y). Thus A is constant. By Theorem B-113, we have A is

a neutrosophic strong UP-ideal of X.

The converse follows from Theorem BT T13. OJ

Then, we have the diagram of generalization of NSs in UP-algebras as

shown in Figure BT

(4.1.4), (4.1.5), (4.1.6)

T

Neutrosophic UP-subalgebra «—— (4.1.22)
T l+(4.1.19)

——  Neutrosophic near UP-filter

T

Neutrosophic UP-filter «— (4.1.23)

T l+(4.1.21)
Neutrosophic UP-ideal — (4.1.24)

T

—  Neutrosophic strong UP-ideal <+—> (4.1.25)

|

Constant neutrosophic set

(4.1.20)+

Figure 4.1: Neutrosophic sets in UP-algebras

For any fixed numbers o™, o™, %, 57,9%,v~ € [0,1] such that a™ >
a”,B8t > B7,v" >~ and a nonempty subset G of X, the NS AG[Q+’ﬁ_’7+] =

™ BTy
(X MGG NG in X, where AF[2'], AP[5.), and AG["] are fuzzy sets

B+
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in X which are given as follows:

- at ifred,
Arla-1(z) = <

a~  otherwise,

_ B~ ifxed,
A [ )(@) = 4
BT otherwise,

~Tifz e G,
A7) (z) =

v~ otherwise.
Lemma 4.1.29 If the constant 0 of X is in a nonempty subset G of X, then a

NS AG[Oﬁ”Bf’VJr] in X satisfies the conditions (B14), (BE13), and (E10).

a= Bty

Proof. Tf 0 € G, then AZ[27](0) = o, AF[5,](0) = A=, AG[](0) = v*. Thus

M[5T1(0) = ot = M [ (a)
(Vo € X) | M [5.)(0) = 87 < A[3.)(w)
MELT10) = 7+ 2 X0 (@)
Hence, AY [Zig;gf] satisfies the conditions (B14), (A1H), and (E14). O

Lemma 4.1.30 If a NS AG[zfg;zf] in X satisfies the condition (EI4) (resp.,

(B13H), (B13) ), then the constant 0 of X is in G.

Proof. Assume that the NS A [gi g;zf] in X satisfies the condition (A14). Then
AZ[7](0) > AG[*T)(x) for all € X. Since G is nonempty, there exists g € G.
Thus XG[27)(9) = o and so AZ[I(0) > AZ[I(g) = o > AG[T](0), that s,

A[27](0) = a*. Hence, 0 € G. O
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Theorem 4.1.31 A NS AG[at 'g+ 7t _| in X is a neutrosophic UP-subalgebra of X

if and only if a nonempty subset G of X is a UP-subalgebra of X .

Proof. Assume that AG[ ] is a neutrosophic UP-subalgebra of X. Let x,y €
G. Then M§[*](z) = at = )\g[a,](y). Thus

and so A$[*"](z -y) = a*. Thus z -y € G. Hence, G is a UP-subalgebra of X.

Conversely, assume that G is a UP-subalgebra of X. Let 2,y € X.

Case 1: z,y € G. Then

M2t )(@) = o™ = M) (),

M) =87 = A7 [5:]),

AN (@) = 4 = A0 0().
Thus

min{AG[S ) (), AT (0)} = o,
max{A¢ (1] () A (L) )} = 67

min{AG[1)(2), A¢[ 1] ()} = 7

Since G is a UP-subalgebra of X, we have z -y € G and so A\¢[*"](z - y) =
a’t /\G[ J(x-y) =57, and /\G[ _|(z-y) =~". Hence,

A ) (x - y) = ot > at = min{AG[20)(2), AZ[21) (1)},
NPz y) = 8- < B = max{AF[5](2), AS 5. ) ()}
M (@) = 7 > 7 = min{ MG ](2), AGL T ()}
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Case 2: v ¢ G or y € G. Then

M) (@) = a” or A1) (y) = a7,
A () = BT or MG I(y) = BT,

L @) =7 or ML) =
Thus

min{(AZ[30)(2), M 251()} = a7,
max {7} ](2), A7 [5: (%)} = 67,

min{AG[7)(2), \G 2] ()} = 7

Therefore,

A ) - y) = o7 = min{AF[57](2), A [37] (),
MG - y) < 8% = max{AF[5 (@), AT [5: ()}

MG (@) > 47 = min{AG (@), NG 1] ()}

Hence, AC[* e ] is a neutrosophic UP-subalgebra of X. O

04,8“'

Theorem 4.1.32 A NS AG[O‘f g+ 7,] in X 1is a neutrosophic near UP-filter of X

if and only if a nonempty subset G of X is a near UP-filter of X.

Proof. Assume that AG[a /3+”Y+] is neutrosophic near UP-filter of X. Since

AC[PTE797 satisfies the condition (BIA), it follows from Lemma T30 that

a~,Bty

0 € G. Next, let 2 € X and y € G. Then \¢[*](y) = a*. Thus
M (@ -y) > M () = o > M) (@ y) ((ET=2))

and so A$[*"](z - y) = a*. Thus z -y € G. Hence, G is a near UP-filter of X.
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Conversely, assume that G is a near UP-filter of X. Since 0 € G, it follows
from Lemma B71T29 that AG[ _ 6* ,] satisfies the conditions (E14), (13), and
(ATM). Next, let x,y € X.

Case 1: y € G. Then AF[2'](y) = o, AG[0.](y) = B, and AG[])(y) =
y*. Since G is a near UP-filter of X, we have 2 -y € G and so A\§[*"|(z - y) =
ot A5 (@ y) = B, and AG["](z - y) = 7+, Thus

ML) @ y) = ot > o = A[](y),
M@ y) =8~ <8 =25,

M @ y) =7+ 297 = 2S00 1().

Case 2: y & G. Then M[2')(y) = =, A [2:)(y) = %, and AL (y) =

~~. Thus
M (@ y) = a” = M),
MG y) <87 = 7[5,
M) () > 4 = AE000().
Hence, A g+’7+] is a neutrosophic near UP-filter of X. O

Theorem 4.1.33 A NS AG[O‘Jr Bt _| in X is a neutrosophic UP-filter of X if and

a—,Bty

only if a nonempty subset G of X is a UP-filter of X.

Proof. Assume that AG[ng;zf] is a neutrosophic UP-filter of X. Since

AC[TE 7] satisfies the condition (BIA), it follows from Lemma ET230 that

a~ Bt vy~

0 € G. Next, let 2,y € X be such that -y € G and € G. Then A\§[*"|(z-y) =
at = X§[*")(z). Thus

A 0)(y) = minAZ[ (@ - y) A ] ()} = o 20120y (@)
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and so A$[*"](y) = a*. Thus y € G. Hence, G is a UP-filter of X.

Conversely, assume that G is a UP-filter of X. Since 0 € G, it follows

from Lemma B-T29 that AG[ _ B* ,] satisfies the conditions (I14), (E11), and
(A1M). Next, let z,y € X.

Case 1: x-y € G and z € G. Then

M (@ - y) = ot = AE[1) (=),

MG -y) = 87 = A7 [5:)(@),

M)z ) = 9 = AG[)(=).

Since G is a UP-filter of X, we have y € G and so A§[*"](y) = o™, )\IG[g;](y) =f",
and )\g[zf](y) = ~*. Thus

M) (y) = o > ot = min{AF[ (2 - y), G2 (1)},
MG w) =87 < B~ =max{AF[5.](z - ), A [5,](2)},
A (y) = 7t > 4t = min G (@ - y), AL (@)

Case 2: x-y € Gorx &G. Then

M@ y) =a or M[3T](z) =a,
M5 - y) = BT or AZ[5,](x) = BT,

MG (@ y) = or AG[ () =

Thus

min{AZ[3 ] (@ - y), A2 ](2)} = a7,

max{A7 [ )(@ - ), A [ ](2)} = 87,
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min{AZ[]( - 4) AZ)(@)} =77

Therefore,
Grat — : Grat Grat
Arla-1y) = a7 = min{A7[0-1(z - y), Ar[o-1(2)},
M) < 87 = max{AF ] (x - ), AT [ ] (@)},
+ _ + +
Ne[-M(y) = 97 = max{AZ[")(z - ), AF[-](2)}
Hence, A [Ztg;zt] is a neutrosophic UP-filter of X. O

Theorem 4.1.34 A NS AG[a+’ﬁ7’7+] in X 1is a neutrosophic UP-ideal of X if and

aresr e

only if a nonempty subset G of X is a UP-ideal of X.

Proof. Assume that AG[gjg;fj] is a neutrosophic UP-ideal of X. Since

AG[ZfZ;zt] satisfies the condition (BT4), it follows from Lemma B30 that

0 € G. Next, let z,y,z € X be such that - (y-2) € G and y € G. Then
M) (- (y-2) = at = AE[27](y). Thus

M) (- 2) > min{AZ[2T ) (- (y - 2), M7 @)} = ot = M2 ](z - 2)

and so AG[*](z - z) = at. Thus z - 2 € G. Hence, G is a UP-ideal of X.

Conversely, assume that G is a UP-ideal of X. Since 0 € G, it follows

from Lemma that A [3fg;1j] satisfies the conditions (E14), (E14), and

(ATM). Next, let x,y,z € X.

Case 1: z-(y-2) € G and y € G. Then

M@ (y-2) = o = M),

MG (y-2) =87 = 7[5,
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+ +

Mol (y-2) =" = AE0 ().

Thus

min{AZ[35) (@ - (y - 2)), AL (9)} = o,
max{A7 (5 )(@ - (y - 2) A [ ](W)} = 57,

min{AEL )@ - (y - 2), A1)} =7

Since G is a UP-ideal of X, we have z-2 € G and so A\G[2"](z-2) = o™, )\?[ZI]([B

z) =7, and )\g[zf](x -z) =~*. Thus

M (@ - 2) = at > o = min{ NG ]2 (y - 2)), MG (),
M@ 2) = B~ < B~ =max{X[L )@ (y- 2), A [5-1(0)}
M (@ 2) =97 > 9" = min{AG0 (- (y - 2)), MG ] ()}

Case 2: z-(y-2) ¢ Gory¢&G. Then

M@ (y-2) =a” or M3 )(y) = o™,
MGl (y-2) = 5% or M) (y) = 57,

LN (y-2)) =7 or A Jy) =7
Thus
min{AZ[3)(x - (y - 2). M (9)} = o7

max{A{[](z - (y - 2)), AT [ 1(0)} = BT,

max{AZ[ ) - (v 2). A 0)) =
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Therefore,
Mol 2) > a7 = min{AZ[37])(z - (y - 2)), AF 2] ()}
A G- 2) < 87 = max{AF [ )(x - (y - 2)), A3 )(0)}
N[N -2) 2 97 = min{AZ0 )z - (v - 2), ML 1)
Hence, A® [Zig;?;] is a neutrosophic UP-ideal of X. ]

Theorem 4.1.35 A NS AG[zfglzt] in X is a neutrosophic strong UP-ideal of

X if and only if a nonempty subset G of X is a strong UP-ideal of X .

Proof. Assume that AG[zfg;f_r] is a neutrosophic strong UP-ideal of X. By

Theorem ETT3, we have AG[Zig;ﬁ] is constant, that is, \S [gf] is constant.

Since G is nonempty, we have A\$[®'](z) = ot for all z € X. Thus G = X.

Hence, G is a strong UP-ideal of X.

Conversely, assume that G is a strong UP-ideal of X. Then G = X, so

A ) (2) = at
(Ve € X) | M5 )() = 5~
M) (@) =+

Thus AE[27], )\?[g;], and )\g[zt] are constant, that is, A¢ [ztglzj] is constant. By

Theorem ETT3, we have A¢ [ztg;ﬁ] is a neutrosophic strong UP-ideal of X. [

Next, we discuss the relationships among neutrosophic UP-subalgebras
(resp., neutrosophic near UP-filters, neutrosophic UP-filters, neutrosophic UP-

ideals, neutrosophic strong UP-ideals) of UP-algebras and their level subsets.

Definition 4.1.36 [38] Let f be a fuzzy set in A. For any ¢ € [0, 1], the sets

U(f:t) = fe € X | f(a) > 1},
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L(f;t) = {x e X | f(z) <t},

E(f;t)={re X | f(x) =1}

are called an upper t-level subset, a lower t-level subset, and an equal t-level subset

of f, respectively.

Theorem 4.1.37 A NS A in X is a neutrosophic UP-subalgebra of X if and
only if for all o, 5,7~ € [0,1], the sets U(Ar; ), L(Ar; 8), and U(Ap;7y) are either

empty or UP-subalgebras of X .

Proof. Assume that A is a neutrosophic UP-subalgebra of X. Let o, 8,7 € [0, 1]
be such that U(Ar; ), L(Ar; ), and U(Ag; ) are nonempty.

Let z,y € U(Ar;a). Then Ap(x) > a and Ar(y) > «, so « is an lower
bound of {Ar(x), A\r(y)}. By (B0), we have Ar(z-y) > min{Ap(z), \r(y)} > a.
Thus z -y € U(Ar; o).

Let z,y € L(Ar; 8). Then Af(z) < B and A\(y) < 3, so (B is a upper
bound of {A;(z), A;(y)}. By (B12), we have A\;(z - y) < max{A;(x), \;(y)} < 6.
Thus = -y € L(Ar; B).

Let z,y € U(Ag;y). Then A\p(x) > ~v and Ap(y) > 7, so v is an lower
bound of {\r(z), Ar(y)}. By (E133), we have A\p(z-y) > min{\p(z), A\r(y)} > 7.
Thus z -y € U(Ar;7).

Hence, U(Ar; @), L(Ar; B), and U(Ap;y) are UP-subalgebras of X.
Conversely, assume that for all a, 8,y € [0, 1], the sets U(Ar; o), L(Ar; 5),

and U(Ap;7) are UP-subalgebras of X if U(Ar; ), L(Ar; 8), and U(Ap;7y) are

nonempty.

Let z,y € X. Then Ar(x), Ar(y) € [0, 1]. Choose a = min{Azp(x), Ar(y)}.
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Thus Ar(z) > « and Mr(y) > «, so x,y € U(Ar;a) # (. By assumption,
we have U(Ar;a) is a UP-subalgebra of X and so x -y € U(Ap;a). Thus
Ar(z - y) > a=min{\r(z), \r(y) }.

Let z,y € X. Then \;(z), Ar(y) € [0, 1]. Choose 5 = max{A;(z), A\r(y)}.
Thus A\;(z) < 8 and A\;(y) < B, so x,y € L(Ar; ) # (0. By assumption, we have
L(Ar; B) is a UP-subalgebra of X and so z -y € L(Ar; ). Thus A\j(z-y) < 8 =
max{A;(x), A\r(y)}-

Let z,y € X. Then A\p(z), Ar(y) € [0, 1]. Choose v = min{Ar(x), Ar(y)}.
Thus Ap(x) > v and Ap(y) > 7, so z,y € U(Ar;y) # 0. By assumption,
we have U(Ap;7y) is a UP-subalgebra of X and so z -y € U(Ap;vy). Thus
Ap(z-y) 2 v =min{Ar(z), Ar(y)}.

Therefore, A is a neutrosophic UP-subalgebra of X. n

Theorem 4.1.38 A NS A in X is a neutrosophic near UP-filter of X if and
only if for all o, 8,7 € [0,1], the sets U(Ar; ), L(Ar; B), and U(Ap;7y) are either

empty or near UP-filters of X.

Proof. Assume that A is a neutrosophic near UP-filter of X. Let a, 5,7 € [0, 1]
be such that U(Ap; ), L(Ar; 8), and U(Ag; ) are nonempty.

Let x € U(Ap; ). Then Ap(z) > a. By (B2I4), we have Ar(0) > Ap(x) >
a. Thus 0 € U(Ar; ). Next, let z € X and y € U(Ap;«). Then Ar(y) > a. By
(BT0), we have Ar(z - y) > Ar(y) > . Thus z -y € U(Ar; ).

Let x € L(\;; ). Then A\(z) < . By (B13), we have \;(0) < A\j(x) <

B. Thus 0 € L(Ar;5). Next, let x € X and y € L(A;;8). Then A\;(y) < 8. By
(ATR), we have A;(z-y) < A(y) < B. Thus x -y € L(Ar; 5).

AV

Let z € U(Ap;7y). Then Ap(x) > . By (BEI8), we have Ap(0) > Ap(x)
v. Thus 0 € U(Ap;7y). Next, let x € X and y € U(Ag;7y). Then Ap(y) > . By
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(1), we have Ap(x-y) > Ap(y) > 7. Thus -y € U(Ap;7).

Hence, U(Ar; «), L(Ar; B), and U(Ag;y) are near UP-filters of X.

Conversely, assume that for all a, 8,y € [0, 1], the sets U(Ar; ), L(Ar; 5),
and U(Ap;7y) are near UP-filters of X if U(Ar; ), L(A;;B), and U(Ag;7y) are

nonempty.

Let € X. Then Ap(z) € [0,1]. Choose @ = Ar(z). Thus Ap(z) > «,
so z € U(Ar;a) # (0. By assumption, we have U(Ar; ) is a near UP-filter of
X and so 0 € U(Ar;a). Thus Ap(0) > a = Ap(z). Next, let 2,y € X. Then
Ar(y) € [0,1]. Choose @ = Ap(y). Thus A\p(y) > a, soy € U(Ar;a) # (). By
assumption, we have U(Ar; ) is a near UP-filter of X and so x -y € U(Ar; ).
Thus Ar(z - y) = a = Ar(y).

Let z € X. Then A;(x) € [0,1]. Choose f = Af(z). Thus A\;(z) < 8,
so x € L(A\;;8) # (0. By assumption, we have L(Ar;8) is a near UP-filter of
X and so 0 € L(Ar;5). Thus A\(0) < 8 = Af(x). Next, let z,y € X. Then
Ar(y) € [0,1]. Choose 8 = Ar(y). Thus \;(y) < B, soy € L(Ap;8) # 0. By
assumption, we have L(\;; ) is a near UP-filter of X and so x -y € L(Aj; ).
Thus A\f(z-y) < 5= A(y).

Let x € X. Then Ap(x) € [0,1]. Choose ¥ = Ap(z). Thus Ap(x) > 7,
so x € U(Ap;y) # 0. By assumption, we have U(Ag;7) is a near UP-filter of
X and so 0 € U(Ap;7y). Thus Ap(0) > v = Ap(z). Next, let z,y € X. Then
Ar(y) € [0,1]. Choose v = Ar(y). Thus Ap(y) > 7, soy € UAp;v) # 0. By
assumption, we have L(Ar;7) is a near UP-filter of X and so z -y € U(Ap;7).
Thus Ar(z - y) > v = Ap(y).

Therefore, A is a neutrosophic near UP-filter of X. [

Theorem 4.1.39 A NS A in X is a neutrosophic UP-filter of X if and only if
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for all o, B,y € [0,1], the sets U(Ar; ), L(Ar; B), and U(Ag;7) are either empty
or UP-filters of X.

Proof. Assume that A is a neutrosophic UP-filter of X. Let «, 3,y € [0,1] be
such that U(Ar; ), L(Ar; ), and U(Ag;7) are nonempty.

Let z € U(Ap; ). Then Ap(x) > . By (B4), we have Ap(0) > Ap(z) >
a. Thus 0 € U(Ar;a). Next, let z,y € X be such that x -y € U(Ap; ) and
x € U(Apr;a). Then Ap(z - y) > a and Ap(x) > «, so a is an lower bound of
{Ar(z-y), Ar(z)}. By (B00), we have Ar(y) > min{Ar(z-y), Ar(2)} > a. Thus
y € U(Ar; ).

Let @ € L(A;;8). Then A\(z) < . By (B13), we have A;(0) < Af(z) <
pB. Thus 0 € L(Ar;5). Next, let z,y € X be such that z -y € L(\;;3) and
x € L(Ar;;8). Then Aj(z -y) < p and A\f(z) < B, so B is a upper bound of
{Ar(z - y), A\r(z)}. By (BIID), we have A\j(y) < max{A;(z-y), \;(z)} < Thus
y € L(Ar; B).

Let x € U(Ap;7y). Then Ap(z) > 7. By (EID), we have A\p(0) >
Ap(z) > 7. Thus 0 € U(Ap; ). Next, let z,y € X be such that -y € U(Ap;7)
and x € U(Ap;7). Then Ap(z -y) > v and Ap(x) > v, so v is an lower bound
of {Ar(z-y),\r(x)}. By (B0I2), we have Ap(y) > min{Ap(z - y), Ap(x)} > 7.
Thus y € U(Ap; 7).

Hence, U(Ar; «), L(Ar; 8), and U(Ag;y) are UP-filters of X.

Conversely, assume that for all o, 8,y € [0, 1], the sets U(Ar; o), L(Ar; 5),
and U(\g; ) are UP-filters of X if U(Ar; «), L(Ar; 8), and U(Afg; y) are nonempty.

Let x € X. Then Ap(z) € [0,1]. Choose a = Ap(z). Thus Ap(z) > «,
so x € U(A\r;a) # 0. By assumption, we have U(Ar;«) is a UP-filter of X
and so 0 € U(Apr; ). Thus Ap(0) > o = Ap(z). Next, let z,y € X. Then
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Ar(z - y), Ar(z) € [0,1]. Choose v = min{Ar(z - y), A\r(z)}. Thus Ar(z-y) > «
and Ap(x) > a, so z -y, x € U(Ap; ) # (0. By assumption, we have U(Ar; a) is a
UP-filter of X and so y € U(Ar; ). Thus Ap(y) > o = min{\r(z - y), Ar(x)}.

Let z € X. Then A;(z) € [0,1]. Choose 8 = A;(x). Thus A;(x) < 3,
so z € L(A\;;8) # 0. By assumption, we have L(Aj;3) is a UP-filter of X
and so 0 € L(Ar;8). Thus A;(0) < S = Ar(z). Next, let z,y € X. Then
Ar(z - y), Ar(x) € [0,1]. Choose 8 = max{A;(z - y),A\;(x)}. Thus A\;(z-y) <
and A\j(x) < B, s0 -y, x € L(\r; 8) # 0. By assumption, we have L(\;; 3) is a
UP-filter of X and so y € L(\;;5). Thus A\(y) < 8 = max{\;(z-y), \;(x)}.

Let x € X. Then Ap(z) € [0,1]. Choose v = Ap(x). Thus A\p(x) > 7,
so x € U(Ar;y) # 0. By assumption, we have U(Ap;7) is a UP-filter of X
and so 0 € U(Ap;7y). Thus Ap(0) > v = Ap(z). Next, let z,y € X. Then
Ap(z - y), Ap(z) € [0,1]. Choose v = min{Ar(x - y), \p(z)}. Thus Ap(z-y) >~
and Ap(z) > v, s0 z-y,x € U(Ap;y) # 0. By assumption, we have U(Ap;7) is a
UP-filter of X and so y € U(Ap;7y). Thus A\p(y) > v = min{Ap(z - y), \p(z)}.

Therefore, A is a neutrosophic UP-filter of X. n

Theorem 4.1.40 A NS A in X is a neutrosophic UP-ideal of X if and only if
for all o, B,y € [0,1], the sets U(Ar; ), L(Ar; B), and U(Ag;7y) are either empty
or UP-ideals of X.

Proof. Assume that A is a neutrosophic UP-ideal of X. Let «, 3,7y € [0,1] be
such that U(Ar; ), L(Ar; B8), and U(Ag;7) are nonempty.

Let x € U(Ar; ). Then Ap(z) > a. By (B14), we have Ar(0) > Ap(x) >
a. Thus 0 € U(Ar; «). Next, let z,y, 2z € X be such that z-(y-2) € U(Ar; ) and
y € U(Ap;a). Then Ap(z - (y - 2)) > a and Ar(y) > «, so « is an lower bound of
{Ar(2-(y-2)), A\r(y)}. By (BTL3), we have Ar(2-2) > min{Ar(z-(y-2)), Ar(y)} >
a. Thus x - z € U(Ar; ).
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Let x € L(A;;«). Then A\j(x) < 5. By (B13), we have A\;(0) < A\j(x) <
p. Thus 0 € L(Ar; 8). Next, let z,y,z € X be such that z- (y- z) € L(Ar; 5) and
y € L(Ar; 8). Then Af(z - (y-2)) < S and A\;(y) < f3, so § is a upper bound of
{Ai(z-(y-2)), Ar(y)}. By (B13), we have A;(z-2) < max{A;(z-(y-2)), Ai(y)} <
p. Thus x - z € L(Ar; B).

Let © € U(Ap;7y). Then Ap(x) > . By (B218), we have Ap(0) > Ap(z) >
7. Thus 0 € U(Ap; 7). Next, let ,y,z € X be such that z- (y-z) € U(Ap;7y) and
y € UAr;7y). Then Ap(x - (y-2)) > v and Ap(y) > 7, so 7 is an lower bound of
{Ar(z-(y-2)), Ar(y)}. By (B1TH), we have Ap(z-2) = min{Ap(z-(y-2)), Ar(y)} =
v. Thus - z € U(Ap; 7).

Hence, U(Ar; @), L(Ar; 8), and U(Ag;7y) are UP-ideals of X.

Conversely, assume that for all a, 8,y € [0, 1], the sets U(Ar; o), L(Ar; 5),
and U(\p; ) are UP-ideals of X if U(Ar; «), L(Ar; 8), and U(Afg; y) are nonempty.

Let x € X. Then Ap(z) € [0,1]. Choose a = Ap(z). Thus Ap(z) > «,
so x € UMp;a) # 0. By assumption, we have U(Ar; ) is a UP-ideal of X
and so 0 € U(Ar;a). Thus Ap(0) > a = Ap(z). Next, let z,y,2 € X. Then
Ar(x - (y - 2)),A\r(y) € [0,1]. Choose a = min{Ar(x - (y - 2)),A\r(y)}. Thus
Ar(z-(y-2)) > aand M\p(y) > a,sox-(y-2),y € UM ) # 0. By assumption,
we have U(Ar; ) is a UP-ideal of X and so z -z € U(Ap; ).
a =min{Ar(z - (y-2)), \r(y)}.

Thus Ap(x - z) >

Let x € X. Then A\;(z) € [0,1]. Choose f = A;(x). Thus A\;(z) < B,
so z € L(A\;;8) # 0. By assumption, we have L()\r;3) is a UP-ideal of X
and so 0 € L(Ar; ). Thus A;(0) < 8 = Ar(z). Next, let x,y,z2 € X. Then
Ar(z - (y - 2)),\i(y) € [0,1]. Choose f = max{A;(z - (y - 2)),A\r(y)}. Thus
A+ (y+2) < B and A(y) < B, 50 2+ (- 2), 5 € L\ B) # 0. By assumption,
we have L(\r; B) is a UP-ideal of X and so z-z € L(Ar; 8). Thus Af(z-2) < =
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max{A;(x- (y-2)),\r(y)}.

Let € X. Then Ap(z) € [0,1]. Choose v = Ap(z). Thus Ap(z) > 7,
so x € U(Ar;y) # 0. By assumption, we have U(Ap;7) is a UP-ideal of X
and so 0 € U(Ap;7v). Thus Ap(0) > v = Ap(x). Next, let z,y,2 € X. Then
Ap(z - (y - 2)),Ar(y) € [0,1]. Choose v = min{Ap(x - (y - 2)), Ar(y)}. Thus
Ae(z-(y-2)) > vand Ap(y) > 79,80 2+ (y-2),y € UAp;vy) # (). By assumption,
we have U(Ap;7y) is a UP-ideal of X and so z -z € U(Ap;7y). Thus Ap(x - 2) >

v =min{Ar(z - (y - 2)), Ar(y)}-
Therefore, A is a neutrosophic UP-ideal of X. O

Theorem 4.1.41 A NS A in X is a neutrosophic strong UP-ideal of X if and
only if the sets E(Ar; Ar(0)), E(Ar; A7(0)), and E(Ap; Ar(0)) are strong UP-ideals
of X.

Proof. Assume that A is a neutrosophic strong UP-ideal of X. By Theorem

BTT3, we have A is constant, that is, A, A7, and Ap are constant. Thus

Hence, E(Ar;Ar(0)) = X, E(A;;A1(0)) = X, and E(Ap; Ar(0)) = X and so
E(Ar; Ar(0)), E(Ar; A1(0)), and E(Ap; Ap(0)) are strong UP-ideals of X.

Conversely, assume that E(Ar; Ar(0)), E(Ar; A7(0)), and E(Ap; Ap(0)) are
strong UP-ideals of X. Then E(Ar; Ar(0)) = X, E(Ar; A7(0)) = X, E(Ar; Arp(0))
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= X and so
)\T($) = )\T(O)
(Ve € X) | Ar(z) = A (0)

Thus Ar, A7, and A are constant, that is, A is constant. By Theorem E1TT3, we

have A is a neutrosophic strong UP-ideal of X. O]

Definition 4.1.42 Let A be a NS in X. For «, 5,7 € [0, 1], the sets

ULUA(OdaﬁafY) = {33 €X | )\T(l’) >, )‘I(m) < ﬁa )‘F(x) > 7}7
LULA(@,6,7) = (€ X | Ar(a) < o, o) > 6, Ae(e) < 7,

Ex(a, B,7) = {z € X [ Ar(2) = o, Ar(x) = B, Ar(2) = 7}

are called a ULU-(a, (3,7)-level subset, an LU L-(«v, B,7y)-level subset, and an E-

(e, B,7)-level subset of A, respectively. Then we see that

LULx(a, B,7) = L(Ar; o) N U(Ar; B) N L(Ar; ),

Ex(a, 8,7) = E(Ar;a) NE(Ar; B) 0V E(AR; 7).

Corollary 4.1.43 A NS A in X is a neutrosophic UP-subalgebra of X if and
only if for all a, B,y € [0,1], ULUx(v, B,7) is a UP-subalgebra of X where

ULUj(a, B,7) is nonempty.

Proof. 1t is straightforward by Theorems B8 and ET=374. ]

Corollary 4.1.44 A NS A in X is a neutrosophic near UP-filter of X if and
only if for all o, B,y € [0,1], ULUx(«, 8,7) is a near UP-filter of X where

ULUj(«, B,7) is nonempty.
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Proof. 1t is straightforward by Theorems BT08 and B-1T38. O]

Corollary 4.1.45 A NS A in X is a neutrosophic UP-filter of X if and only if
for all o, B,y € [0,1], ULUp(cv, B,7) is a UP-filter of X where ULU\(cv, B,7) is

nonempty.

Proof. 1t is straightforward by Theorems B8 and A-1-39. O]

Corollary 4.1.46 A NS A in X is a neutrosophic UP-ideal of X if and only if
for all o, B,y € [0,1], ULUj(v, 5,7) is a UP-ideal of X where ULU\ (v, B,7) is

nonempty.

Proof. 1t is straightforward by Theorems B8 and A-1T-40. O]

Corollary 4.1.47 A NS A in X is a neutrosophic strong UP-ideal of X if and
only if Ex(Ar(0),A1(0),Ar(0)) is a strong UP-ideal of X.

Proof. Tt is straightforward by Theorems B0@ and E-T-4T. [

4.2 Special neutrosophic sets in UP-algebras

In this section, we introduce the parallel concepts of special neutrosophic
UP-subalgebras, special neutrosophic near UP-filters, special neutrosophic UP-
filters, special neutrosophic UP-ideals, and special neutrosophic strong UP-ideals
of UP-algebras, provide the necessary examples, investigate their properties, and

prove their generalizations.

Definition 4.2.1 A NS A in X is called an special neutrosophic UP-subalgebra

of X if it satisfies the following conditions:

(Vz,y € X)(Ar(z - y) < max{Ar(x),\r(y)}), (4.2.1)

(Va,y € X)(Ar(x-y) > min{\;(x),\(y)}), and (4.2.2)
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(Vz,y € X)Ap(z-y) < max{Ar(x),A\r(y)}). (4.2.3)

Example 4.2.2 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

(N
R O O O @ O | e
o © =
o [\
w o O O W | w
L N N N N N

We define a NS A in X as follows:

(0 123 4N (01 2 3 4
7 \0203050708/)""" \107060502)"

(01 2 3 4
F=\0104060709)/)"

Hence, A is a special neutrosophic UP-subalgebra of X.

Definition 4.2.3 A NS A in X is called an special neutrosophic near UP-filter

of X if it satisfies the following conditions:

(V2 € X)(A\p(0) < Ap(x)), (4.2.4)
(Vz € X)(Ar(0) > A (x)), (4.2.5)
(Var € X)(Ar(0) < (), (4.2.6)
(Vo,y € X)(Ar(z - y) < Ar(y)), (4.2.7)
(Va,y € X)(\i(z - y) > Ai(y)), and (4.2.8)

(Vo,y € X)(Ar(z - y) < Ar(y)). (4.2.9)
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Example 4.2.4 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0/(0 1 2 3 4
110 0 2 2 4
2/0 1 01 4
3/0 0 0 0 4
410 1 2 3 0

We define a NS A in X as follows:

A_01234 A_01234
T~ \003050602/)""" \0908070304)’

(0 1 23 4
F=10102060705)"

Hence, A is a special neutrosophic near UP-filter of X.

Definition 4.2.5 A NS A in X is called an special neutrosophic UP-filter of X
if it satisfies the following conditions: (E=24), (I=24), (I=21),

(Va,y € X)(Ar(y) < max{Ar(x-y), A\p(z)}), (4.2.10)
(Vz,y € X)(Ar(y) > min{\;(z - y), \;(z)}), and (4.2.11)
(Vz,y € X)(Ar(y) < max{Ap(z-y), \r(x)}). (4.2.12)

Example 4.2.6 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0
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and a binary operation - defined by the following Cayley table:

—
N}
N W | W

[\

o o o o o | o
—
o O
—

S e e |

We define a NS A in X as follows:

v — (ORI B\ DY 8 I 3 4
7 \0105040508/)""" \0803050304)’

(0 1 2 3 4
F=\0206 040603/

Hence, A is a special neutrosophic UP-filter of X.

Definition 4.2.7 A NS A in X is called an special neutrosophic UP-ideal of X
if it satisfies the following conditions: (E=24), (=23), (A=XH),

(Vr,y,z € X)(Ap(z - z) < max{Ar(z- (y-2)), \(¥)}), (4.2.13)
(Ve,y,z € X)(Ar(z - 2) > min{A\(z- (v 2)), \r(y)}), and (4.2.14)
(Vr,y,z € X)(Ap(z-2) <max{Ar(z- (y-2)),\r(y)}). (4.2.15)

Example 4.2.8 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0
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and a binary operation - defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 3 4
2/0 0 0 0 4
310 0 2 0 4
410 0 0 0 O

We define a NS A in X as follows:

W01 23 4N, (01 2 3 4
"~ \003050406/)"" \107040703)"

(0 1 2 3 4
F=\0102070309)/)"

Hence, A is a special neutrosophic UP-ideal of X.

Definition 4.2.9 A NS A in X is called an special neutrosophic strong UP-ideal
of X if it satisfies the following conditions: (B24), (A=21), (A=X8),

(Vx,y,z € X)(Ar(x) <max{Ar((z-y) - (z-x)), \r(y)}), (4.2.16)
(Vo,y,z € X)(Ar(z) > min{ A ((z-y) - (z-2)), A\r(y)}), and (4.2.17)
(Vr,y,z € X)(Ap(z) <max{Ar((z-y)  (z-2)),\r(y)}). (4.2.18)

Example 4.2.10 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0



and a binary operation - defined by the following Cayley table:

012 314

0j0 1 2 3 4

110 0 2 30

2/0 1 0 3 4

3]0 1 0 0 4

410 1 0 3 0

We define a NS A in X as follows:

Ar(z) =0.5
(Vo € X) [ \(z) =04
Ap(z) = 0.7

Hence, A is a special neutrosophic strong UP-ideal X.
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Theorem 4.2.11 FEvery special neutrosophic UP-subalgebra of X satisfies the

conditions (E24), (A=231), and (E221).

Proof. Assume that A is a special neutrosophic UP-subalgebra of X. Then for

all z € X,
Ar(0) = Ap(z - ) < max{Ap(x), \r(x)} = A\r(2), ((B1) and (E=2))
Ar(0) = Af(z - ) > min{ A (z), A\(x)} = Ar(2), ((B1) and (B=222))

Ar(0) = Ap(z - ) < max{Ar(z), \p(z)} = Ap(z). ((B1) and (2223))

Hence, A satisfies the conditions (A=24), (223), and (E=21).

By Lemma P03 [T] and [4], we have the following five theorems.
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Theorem 4.2.12 A NS A in X is a neutrosophic UP-subalgebra of X if and only

if A is a special neutrosophic UP-subalgebra of X .

Theorem 4.2.13 A NS A in X is a neutrosophic near UP-filter of X if and only

if A is a special neutrosophic near UP-filter of X.

Theorem 4.2.14 A NS A in X is a neutrosophic UP-filter of X if and only if

A is a special neutrosophic UP-filter of X.

Theorem 4.2.15 A NS A in X is a neutrosophic UP-ideal of X if and only if A

1s a special neutrosophic UP-ideal of X .

Theorem 4.2.16 A NS A in X is a neutrosophic strong UP-ideal of X if and

only if A is a special neutrosophic strong UP-ideal of X.

Theorem 4.2.17 A NS A in X is constant if and only if it is a special neutro-
sophic strong UP-ideal of X.

Proof. 1t is straightforward by Remark 2013 and Theorems BTT3 and A—ZT8.
O

Corollary 4.2.18 Neutrosophic strongly UP-ideals, special neutrosophic strong

UP-ideals, and constant neutrosophic sets coincide.

Proof. 1t is straightforward by Theorems and E2XT7. O

Theorem 4.2.19 If A is a special neutrosophic UP-subalgebra of X satisfying

the following condition:

(Ve,y € X) |z y#0= 0 X\ (z) > A\ (y) , (4.2.19)

then A is a special neutrosophic near UP-filter of X.
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Proof. Assume that A is a special neutrosophic UP-subalgebra of X satisfying
the condition (B2219). By Theorem BE=ZT1, we have A satisfies the conditions
(A=23), (=23), and (=21@). Next, let z,y € X.

Case 1: -y =0. Then

Ar(z - y) = Ar(0) < Ar(y), ((=22))
Ar(z - y) = Ar(0) > Ar(y), ((E=23))
Ar(z-y) = Ap(0) < Ap(y) ((E=23))

Case 2: z-y # 0. Then

Ar(z-y) < max{Ar(x), A\r(y)} = Ar(y), ((=21) and (B=219) for Ar)

Ar(z - y) > min{ A (x), \(y)} = A\i(y), ((I=22) and (E=219) for )

Ar(z - y) <max{Ap(z), \r(y)} = Ar(y). ((I=23) and (B=219) for A\p)
Hence, A is a special neutrosophic near UP-filter of X. O]

Theorem 4.2.20 If A is a special neutrosophic near UP-filter of X satisfying the
following condition:

Ar = A1 = Ap, (4.2.20)

then A is a special neutrosophic strong UP-ideal of X .

Proof. Assume that A is a special neutrosophic near UP-filter of X satisfying the
condition (A=220). Then A satisfies the conditions (A=24), (A=2F), and (E=ZH).
let x € X. Then Then

Ar(0) < Ar(z) = Ar(z) < Ar(0) = Ar(0),

A1(0) = Ar(z) = Ar(z) = Ar(0) = A(0),
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Thus A7(0) = Ap(x),A\(0) = A(z), and Ap(0) = Ap(x), that is, A is constant.
By theorem EZZT7, we have A is a special neutrosophic strong UP-ideal of X. [

Theorem 4.2.21 If A is a special neutrosophic UP-filter of X satisfying the

following condition:

Ar(y - (z-2)) = Ar(z - (y-2))
(Vo,y,2€ X) | M(y-(z-2) = M(z-(y-2)) | (4.2.21)
Ar(y - (z-2)) = Ar(z - (y-2))

then A is a special neutrosophic UP-ideal of X .

Proof. Assume that A is a special neutrosophic UP-filter of X satisfying the
condition (B=221). Then A satisfies the conditions (A=24), (I=23F), and (E=23).
Next, let x,y,z € X. Then

Ar(a - 2) <max{Ar(y - (- 2)), Mr(y)} ((=zm))
= max{Ar(z - (y - 2)), \r(y)}, ((B=2Z1) for Ar)
Ar(@ - z) 2 min{Ar(y - (z - 2)), Ar(y)} (1))
=min{A(z - (y - 2)), A (y)}, ((EZZ1) for A)
Ap(z - 2) <max{Ap(y - (- 2)), A\r(y)} (zT2))
= max{Ar(z- (y-2)), Ar(y)}- ((B=ZZD) for Ar)

Hence, A is a special neutrosophic UP-ideal of X. n
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Theorem 4.2.22 [f A is a NS in X satisfying the following condition:

(

Ar(z) < max{Ar(z), Ar(y)}

Ve,y,ze X) | z2<z-y= Ar(2) > min{A;(z), Ar(y)} , (4.2.22)

Ap(2) < max{Ap(x), \r(y)}

\

then A is a special neutrosophic UP-subalgebra of X .

Proof. Assume that A is a NS in X satisfying the condition (E=222). Let x,y € X.
By (B1), we have (z-y)-(z-y) =0, that is, -y > z-y. It follows from (E=222)

that
Ar(z - y) < max{Ar(z), Ar(y)},
Ar(z - y) > min{Ar(x), Ar(y)},
Ar(z - y) < max{Ap(z), Ap(y)}-
Hence, A is a special neutrosophic UP-subalgebra of X. O

Theorem 4.2.23 If A is a NS in X satisfying the following condition:

;

Ar(y) < max{Ar(z), Ar(x)}

(Vo,y,2 € X) | 2 <@y =  M\(y) > min{\;(2), \r(2)} . (422)

Ar(y) < max{Ap(2), Ap(7)}

\

then A is a special neutrosophic UP-filter of X.

Proof. Assume that A is a NS in X satisfying the condition (A-223). Let z € X.
By (UP-3), we have z - (z-0) = 0, that is, x < x - 0. It follows from (E=223) that

Ar(0) < max{Ar(x), A\r(x)} = (),
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)\[(0) Z min{)\[(m), )\1(1:)} = )\[(SC),

Ar(0) < max{Ap(x), \p(2)} = Ap(x).

Next, let z,y € X. By (B1), we have (z-y) - (z-y) =0, that is, -y > z - y.
It follows from (B=223) that

Ar(y) < max{Ar(z - y), Ar(2)},
Ar(y) = min{A;(z - y), Ar(2)},

Ar(y) < max{Ar(z-y), \r(x)}.

Hence, A is a special neutrosophic UP-filter of X. O

Theorem 4.2.24 If A is a NS in X satisfying the following condition:

(

Ar(z - 2) < max{Ar(a), \r(y)}

(Va,z,y,2 € X) [a<z-(y-2) = ¢ A\(z-2) > min{\;(a), \/(y)} )

\)\F(:c - 2z) < max{Ar(a), A\r(y)}
(4.2.24)

then A is a special neutrosophic UP-ideal of X .

Proof. Assume that A is a NS in X satisfying the condition (B=224). Let z € X.
By (UP-3), we have - (0 (x -0)) = 0, that is, x < 0- (z - 0). It follows from
(Z23) that

Ar(0) = Ap(0-0) < max{Ar(z), \r(z)} = Ap(x), ((UP-2))
Ar(0) = A7(0-0) > min{ A (x), A\(x)} = Ar(2), ((UP-2))

Next, let z,y,z € X. By (BI), we have (z - (y-2)) - (x - (y-2)) = 0, that is,
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x-(y-2z)>a-(y-z). It follows from (E=224) that

Ar(z - z) S max{Ar(z - (y - 2)), Ar(y)},
Ar( - 2) > min{Ar(z - (y - 2)), Ai(y)},

Ap(e - z) <max{Ap(z - (y-2)), Ar(y)}-

Hence, A is a special neutrosophic UP-ideal of X. n

Theorem 4.2.25 A NS A in X satisfies the following condition:

;

Ar(z) < Ar(y)

(Vz,y,2€ X) [ 2<z-y= { M\ (2) > \(y) (4.2.25)

Ar(2) < Ar(y)

\

if and only if A is a special neutrosophic strong UP-ideal of X .

Proof. Assume that A is a NS in X satisfying the condition (-223). Let z,y € X.
By (UP-3) and (BI), we have z - 0 = 0, that is, x < 0 = y - y. It follows from
(I=Z23) that Ap(z) < Ap(y), Ar(x) > Ar(y), and Ap(z) < Ap(y). Similarly,
Ar(y) < Ar(x), Ar(y) 2 Ar(2), and Ap(y) < Ap(z). Then Ar(z) = Ar(y), Ar(z) =
Ar(y), and Ap(x) = Ap(y). Thus A is constant. By Theorem B=2T17, we have A is

a special neutrosophic strong UP-ideal of X.

The converse follows from Theorem E—217. ]

Then, we have the diagram of generalization of special NSs in UP-

algebras as shown in Figure B2
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(4.2.4), (4.2.5), (4.2.6)

T

Special neutrosophic UP-subalgebra <«—— (4.2.22)
T l+(4.2.19)

Special neutrosophic near UP-filter

T

Special neutrosophic UP-filter «— (42.23)

(4.2.20)+ T l+(4'2_21)
Special neutrosophic UP-ideal «— (4.2.24)

T

—  Special neutrosophic strong UP-ideal «— (4.2.25)

|

Constant neutrosophic set

Figure 4.2: Special neutrosophic sets in UP-algebras

For any fixed numbers a*,a~, 5%, 67,77,7~ € [0,1] such that ot >
a”,B8t > pB7,v" >~ and a nonempty subset G of X, the NS GA[Z;gfz;] =

(X, A (23], OM[00], OAp[lL]) in X, where SAz[27], €[], and CAp [, ] are fuzzy

sets in X which are given as follows:

)
. ~ a” ifzxed,
Ar[a+](2) =
at  otherwise,
\
Bt ifxed,
N
N[5 () =
[~ otherwise,
. ~ ~T ifz e G,
Ap[l)(z) =
vt otherwise.



Lemma 4.2.26 Let o, a~, 8%, 87,7", 7y~ € [0,1].

ments hold:

(1) ASTT5 0 = AL

Oé_,B+,’Y_ 1—0_,1—ﬁ+7

At Bt l—a— 1—BF 1—~~
(2) CALEI ] = AC e T

at,B= vt

Proof. (1) Let AG[*2#77] be a NS

a=,B v~

A7 [21]7 )\I(f:[zt]) Since

A2 (x)

A5 () =

+

AF[-](@) =

Thus .
. 1—a*
AF[3T) (@) =
11—«
= ILe=i/6]
A (x) =
1-—p7*
1—~t
M) () = S
1—~"

Hence, (X, “Ar[1227], S\ [0, O [ 220))

l1—-a~
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Then the following state-

717’\/+
-], and

!

in X. Then AG[*F.7"] =

a=,Bt ™

at ifzx e,

o~ otherwise,

5~ ifxred,
Bt otherwise,
\

)

~t o ifzeG,

v~ otherwise.

if x € G, S M
="Ar[ o 1(@),
otherwise
if r € G, L
= N[5 (@),
otherwise
ifx € G, s
::(3AF{1_1_](I).
otherwise

l—at,1-8~,1—~+
GA[1—27,1—2+,1—3,7]'
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(2) Let GA[*,2777] be a NS in X. Then GA[*777] = (X, [ ],

at,B= 4t at,B= 7t

CA[5], GAR[1]). Since

(
. - a” ifz e G,
Arfor](@) =
at  otherwise,
.
Bt ifzed,
N
N )(x) =
[~ otherwise,
(
o _ ~~ ifx € G,
Ap[l: (@) = <
vt otherwise.

Thus

1—a” ifzed,

1 —at otherwise

1-8t ifzed,

A ](@) = < = X[ 5 1(@),
1 — B~ otherwise
\
(
£ 1—~" ifzxed, 4
“Ap[4](z) = = AL 2] (2).
1 —~T otherwise

l—a*J—ﬁ+J—7*]
l—at,1-8= 11—+

- _p+ e
Hence, (X7 /\%[1 ]7/\?[}_27]’)‘g[1 Y ]) 3 AG[

1—at 1—+
O
Lemma 4.2.27 If the constant 0 of X is in a nonempty subset G of X, then a

NS GA[Z;gij;] in X satisfies the conditions (B224), (B=23), and (E=28).

Proof. 1 0 € G, then “Ar[27](0) = o, “\;[}](0) = 8+, and “Ap[1.](0) = 7~
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Thus
r[24(0) = a” < CAp[2](2)
(Y € X) | SN [50)0) = 87 = O[]0 (w)
N[T10) = 7 < Ol ]()
Hence, “A[2, gf 7] satisfies the conditions (E=24), (E-23), and (E=28). O

Lemma 4.2.28 If a NS GA[Z;gf;:;] in X satisfies the condition (E=Z4) (resp.,
(=23), (B=21) ), then the constant 0 of X is in G.

Proof. Assume that a NS GA[a+ e ’7+] in X satisfies the condition (E=24). Then
“Ar[2](0) < “Ap[%4](x) for all € X. Since G is nonempty, there exists g € G.
Thus @Ar[%5](g) = @~ s0 OAr[2](0) < OArl3C](g) = @, that s, IAr[7](0) =
a~. Hence, 0 € G. n

Theorem 4.2.29 A NS “A[%, g+ 7+] in X is a special neutrosophic UP-subalgebra
of X if and only if a nonempty subset G of X is a UP-subalgebra of X.

Proof. Assume that GA[Z;SJ:?] is a special neutrosophic UP-subalgebra of X.
Let 2,y € G. Then “\p[*/](z) = o= = “Ar[*,](y). Thus

“Ar[aa)(z - y) < max{Ar[3:](2), A [34] (1)} = a7 < OAr[3)(z - y) ((E2ZD))
and so “A\r[*}](z-y) = a~. Thus z -y € G. Hence, G is a UP-subalgebra of X.

Conversely, assume that G is a UP-subalgebra of X. Let z,y € X.

Case 1: z,y € G. Then

“Arlae)(z) = a7 = “rlar] (),

NI (@) = 87 =N (),



Thus

max{“A\z[2](2), “Ar 2] ()} = o,
min{®X\[55)(x), * A1)} = 57,

max{Ae[:](@), A1)} =7

Since G is a UP-subalgebra of X, we have z -y € G and so “\r[*/](z - y)
N _
oF,G)\I[g_](:L' -y) = B, and G)\F[%](:I; -y) = ~~. Hence,

“Arl)(z-y) = a” < o = max{ (%] (x), EAr 5 ()},
M@ y) = BT > At = min{ N[5 ](x), SN [0 ] ()},

Or[(@y) =77 <97 = max{ONp[.](2), “Ar [ ](y)}-

Case 2: x ¢ G or y € G. Then

Nr[2T](z) = a” or Nr[3T](y) = a7,
CA) (@) = BT or O\ [0L](y) = BT,

ArL)(@) =77 or ARL)(y) = 77
Thus

max{“Ar[3)(x), “Ar[32](y)} = a7,
min{“X\;[5,](2), “Mi[ ()} = 57,

max{Ar (] (), “Ar (] ()} =7

64
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Therefore,

N2z y) > o = max{\[27](2), “Ar[ST](y)
N y) < BT =min{ N[5 ](2), "M ] ()},

+

“Ar[)(@ - y) > 7 = max{®Ap[]](x), AR ] (1)}

Hence, GA[zt g;zf] is a special neutrosophic UP-subalgebra of X. O

Theorem 4.2.30 A NS GA[g:Lgfz;] in X 1s a special neutrosophic near UP-filter

of X if and only if a nonempty subset G of X is a near UP-filter of X.

Proof. Assume that GA[z;gf%] is a special neutrosophic near UP-filter of X.

Since GA[g;f;ﬁ] satisfies the condition (E=24), it follows from Lemma

that 0 € G. Next, let # € X and y € G. Then “Ar[*;](y) = a~. Thus
G o~ G o~ - G o~
Arfa+](@-y) < Arfe](y) = a7 <TAr[g(z - y) ((E23))
and so “A\r[*}](z-y) = a~. Thus z - y € G. Hence, G is a near UP-filter of X.

Conversely, assume that GG is a near UP-filter of X. Since 0 € G, it follows
from Lemma B227 that GA[g;giﬁ] satisfies the conditions (E2=24), (=23), and
(—ZM). Next, let x,y € X.

Case 1: y € G. Then “Ar[%](y) = o=, SN[ ](y) = B, and Ap[1](y)
= . Since G is a near UP-filter of X, we have z-y € G and so “Ap[%|(z - y) =

oz_,G)\I[gJ_r](x ~y) = p7T, and G)\F[;:;](x -y) =7". Thus

Al y) = a” < a7 =Ml w)
NN y) =80 2 B = N[ ),

Ne[@-y) =7 <7 =Ne[L).
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Case 2: y ¢ G. Then “Ar[:](y) = o, “Ni[3-)(y) = 67, and “Ar [ (v)
= ~*. Thus

Hence, “A[7, gf%] is a special neutrosophic near UP-filter of X. ]

Theorem 4.2.31 A NS GA[z;gfzjr] in X is a special neutrosophic UP-filter of
X if and only if a nonempty subset G of X is a UP-filter of X.

Proof. Assume that GA[Z;g:ﬁ] is a special neutrosophic UP-filter of X. Since

GA[Z;ng;] satisfies the condition (E=Z4), it follows from Lemma that

0 € G. Next, let z,y € X be such that z-y € G and x € G. Then “\p[*,](z-y) =
a” = [ ](z). Thus

“Arlac)(y) < max{CAr[3i (@ y), Mrlai](@)} = o7 < “Ar[i](y) (W)
and so “Ar[*1](y) = a~. Thus y € G. Hence, G is a UP-filter of X.

Conversely, assume that G is a UP-filter of X. Since 0 € G, it follows

from Lemma E=227 that CA[*, 7 +,7—] satisfies the conditions (B=24), (I=23), and

at, =yt

(Z3). Next, let x,y € X.
Case 1: x-y € G and x € G. Then
Nrlo)(@-y) = a” = “K3](2),

M@ y) =B = M) (@),

Nl y) =7 = Nl (@).
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Since G is a UP-filter of X, we have y € G and so “Ar[*](y) = o™, G)\I[gt](y) =

#*, and “Ap[l](y) =~ Thus

Arlei](y) = o < a” = max{OA\ (%] (z - y), A2 ] (2)},
SNII) = B 2> 8% = min{\ [ )(x - ), SN[ ) ()},

Np[ () =77 <9 = max{OAp [ )(x - y), “Ap [ ](2)}

Case 2: x-y ¢ G or x € G. Then

(@ y) = o or Er[3](z) = at,
N[N -y) = B or N[5 (x) = B,

Ne[L(@-y) =" or Xp[1](2) = 7"

Thus
max{“Ar[+](z - y), “Ar[3+](2)} = T,
min{ N\ [J](z - ), M )@)} = 87,
maxfIAr (1w ), A1)} = 7"
Therefore,
rlad](@) < o = max{A\r[3:](2 - y), “Ar[5+](2)},
N5 )@) = 57 = min{ N[ (@ - y), NS (0),
N[ (@) < 7 = max{OA L] ), ARl )(0)).
Hence, “A[*, "7 +’77] is a special neutrosophic UP-filter of X. H

at, =yt

Theorem 4.2.32 A NS GA[g;girfﬁ] in X is a special neutrosophic UP-ideal of

X if and only if a nonempty subset G of X is a UP-ideal of X.
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Proof. Assume that GA[g;gt%] is a special neutrosophic UP-ideal of X. Since

GA[* P +’7_] satisfies the condition (E=Z4), it follows from Lemma that

at,B= Ayt

0 € G. Next, let z,y,2 € X be such that - (y-z) € G and y € G. Then

O[3z (v 2) = a = EAg[2:](y). Thus

Ar[o)(@ - 2) < max{OAr[32)(z - (- 2)), “Mr[3:) ()} = o7 < Orlai](z - 2)

(E213))
and so “A\r[*;](z - z) = a~. Thus 2 - z € G. Hence, G is a UP-ideal of X.

Conversely, assume that G is a UP-ideal of X. Since 0 € G, it follows
from Lemma I—227 that GA[z;gfz;] satisfies the conditions (=24), (I=21), and
(—ZM). Next, let x,y, 2z € X.

Case 1: z-(y-2) € G and y € G. Then
Nrlarl(@ - (y-2)) = o= = “M[oi](y),

NN (- 2) = B =N I)

N[ (g 2)) = 7= = “Ap [l ](w).

Thus

max{ CAr(5:](@ - (y- 2)), M) ()} = o,
min{ A\ [} ](z - (y - 2)), “A 31 ()} = B,

max{“Ar[:)(z - (y - 2)), “Ar[:]()} =7

Since G is a UP-ideal of X, we have z-z € G and so “Ap[*|(z-2) = a~, G)\I[gt](x-

z) = 7, and G)\F[zl](x -z) =~~. Thus

Az -2) = a” <o =max{“M[:] (@ (y- 2)), M2 W)},
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SN[ 2) = B4 > g = min{N [ (2 (v 2)), “A ()},

Ne[ (- 2) =77 <y =max{Ne[[ )(z - (y-2)), “Ar[:] ()}

’Y+
Case 2: z-(y-2) ¢ Gory¢&G. Then

nrler)(@- (- 2)) = at or CAL[S3](y) = o,

(- (- 2) = B or EAE)(y) = B

Nl (9-2) =7 or ARLE1(w) =7

Thus
max{“Ar[3+](2 - (y- 2)), “Mlo=](y)} = o™,
min{\ (3 ](z - (y - 2)), W)} = B,
max{ONe [ )G (5 2)) AR N 0)} =7
Therefore,

CAr[3i)(z - 2) < o = max{Cr[3 (@ - (v - 2)), EAr [ ) (0)),
(@ 2) > 87 = min{CN [ (@ - (- 2)), SNl ()),

Np[ (@ 2) < 9 = max{Np[L (@ - (y - 2), “Ap[:](W)}-

Hence, “A[7, gfll] is a special neutrosophic UP-ideal of X. ]

Theorem 4.2.33 A NS GA[Z;?%] in X 1s a special neutrosophic strong UP-

ideal of X if and only if a nonempty subset G of X is a strong UP-ideal of X.

Proof. Assume that GA[Z;gle] is a special neutrosophic strong UP-ideal of X.

By Theorem EZT1, we have “A\r[*/] is constant, that is, “Ar[*}] is constant.

Since G is nonempty, we have “Ar[®}](z) = o~ for all z € X. Thus G = X.
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Hence, G is a strong UP-ideal of X.
Conversely, assume that G is a strong UP-ideal of X. Then G = X, so

Nr[5)(x) = a”
(Vo € X) | S\ [0 ](2) = B

xp[1 (@) = 7~

Thus “Ar[*], G)\I[gi], and G)\F[?{;] are constant, that is, GA[Z;gfz;] is constant.
By Theorem B—=ZT7, we have GA[Z;gfz;] is a special neutrosophic strong UP-ideal

of X. O]

Next, we discuss the relationships among special neutrosophic UP-sub-
algebras (resp., special neutrosophic near UP-filters, special neutrosophic UP-
filters, special neutrosophic UP-ideals, special neutrosophic strong UP-ideals) of

UP-algebras and their level subsets.

Theorem 4.2.34 A NS A in X s a special neutrosophic UP-subalgebra of X if
and only if for all o, B,y € [0,1], the sets L(Ap;a),U(\;; ), and L(Ag;7y) are

either empty or UP-subalgebras of X .

Proof. Assume that A is a special neutrosophic UP-subalgebra of X. Let o, 8,7 €
[0, 1] be such that L(Ar;«), U(Ar; B), and L(Ap;7y) are nonempty.

Let z,y € L(Ar;a). Then Ap(z) < a and Ar(y) < «, so a is a upper
bound of {A\r(z), Ar(y)}. By (B2, we have Ap(z-y) < max{Ap(z), A\r(y)} < a.
Thus z -y € L(Ar; ).

Let z,y € U(Ar;8). Then A\(x) > B and A;(y) > B, so [ is an lower
bound of {A;(x), A\;(y)}. By (B222), we have A\;(z - y) > min{A;(z), \;(y)} > 5.
Thus z -y € U(Ar; B).
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Let x,y € L(Ar;7y). Then Ap(x) < v and Ap(y) < 7, so v is a upper
bound of {Ap(x), Ar(y)}. By (B223), we have Ap(x-y) < max{Ap(z), A\r(y)} < 7.
Thus = -y € L(Ap;7).

Hence, L(Ar;a),U(Ar; B), and L(Ag;y) are UP-subalgebras of X.

Conversely, assume that for all «, 5, € [0, 1], the set L(Ar; ), U(Ar; 5),
and L(Ap;y) are UP-subalgebras if L(Ar; ), U(Ar; ), and L(Ap; ) are nonempty.

Let z,y € X. Then Ap(x), Ar(y) € [0,1]. Choose a = max{Ar(z), A\r(y)}.
Thus M\r(z) < a and Ap(y) < «, so x,y € L(Ar; ) # (). By assumption, we have
L(Ar;«) is a UP-subalgebra of X and so z,y € L(Ar; ). Thus Ap(z-y) < a =
max{Ar(z), Ar(y)}.

Let x,y € X. Then A\;(z), A\7(y) € [0,1]. Choose 5 = min{A;(z), A\r(y)}.
Thus A\;(z) > B and A\;(y) > 5, so z,y € U(\r; 5) # 0. By assumption, we have
U(Ar; ) is a UP-subalgebra of X and so z,y € U(Ar; ). Thus A\f(z-y) > 5 =
min{A;(z), A\r(y)}.

Let z,y € X. Then Ap(z), Ar(y) € [0, 1]. Choose v = max{Ar(x), Ar(y)}.
Thus Ap(z) <~ and Ap(y) <7, so z,y € L(Ap;7y) # 0. By assumption, we have
L(Ap;7) is a UP-subalgebra of X and so z,y € L(Ar;7y). Thus A\p(z-y) < v =
max{Ap(z), Ap(y)}-

Therefore, A is a special neutrosophic UP-subalgebra of X. m

Theorem 4.2.35 A NS A in X is a special neutrosophic near UP-filter of X if
and only if for all o, B,y € [0,1], the sets L(Ar;a),U(\r; ), and L(Ap;7y) are
either empty or near UP-filters of X.

Proof. Assume that A is a special neutrosophic near UP-filter of X. Let o, 8, €
[0, 1] be such that L(Ar;«), U(Ar; B), and L(Ap;7y) are nonempty.
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Let x € L(Ar; ). Then Ar(z) < . By (B224), we have Ar(0) < Ap(x) <
a. Thus 0 € L(Ar;«a). Next, let y € L(Ar; ). Then Ar(y) < a. By (B2272), we
have Ap(z - y) < Ar(y) < . Thus z -y € L(Ar; ).

Let x € U(A;; 8). Then Ar(z) > 8. By (B223), we have A\;(0) > A\j(x) >
B. Thus 0 € U(Ar; ). Next, let y € U(Ar; ). Then A\/(y) > . By (B22R), we
have A\j(x-y) > A(y) > 8. Thus x -y € U(Ar; 5).

Let x € L(Ap;7). Then Ap(z) < ~. By (B2Z8), we have Ap(0) < A\p(x) <
7. Thus 0 € L(Ap;7y). Next, y € L(Ap;y). Then Ap(y) < v. By (E223), we have
Ar(r-y) < Ap(y) <v. Thus 2 -y € L(Ar;7).

Hence, L(Ar; ), U(Ar; ), and L(Ag; ) are near UP-filters of X.

Conversely, assume that for all «, 5, € [0, 1], the set L(Ar; ), U(Ar; 5),
and L(Ap;~y) are near UP-filters if L(Ar; «), U(Ar; 8), and L(Ap;y) are nonempty.

Let x € X. Then Ar(0) € [0,1]. Choose @ = Ap(z). Thus Ap(z) < «,
so x € L(Ar;a) # (. By assumption, we have L(Ar;«) is a near UP-filter of
X and so 0 € L(Ar;a). Thus Ar(0) < a = Ap(z). Next, let y € X. Then
Ar(y) € [0,1]. Choose &« = Ar(y). Thus Ar(y) < «a, so y € L(Ar;a) # 0. By
assumption, we have L(Ap;«) is a near UP-filter of X, and so x -y € L(Ar; ).

Thus A\r(z-y) < a = Ap(y).

Let z € X. Then A;(0) € [0,1]. Choose = Ar(z). Thus A\;(x) > 5,
so x € U(Ar; 8) # (0. By assumption, we have U()\r;3) is a near UP-filter of
X and so 0 € U(A;;8). Thus Ar(0) > 5 = Ar(z). Next, let y € X. Then
Ar(y) € [0,1]. Choose 5 = A(y). Thus A\;(y) > 8, s0y € U(A;;8) # 0. By
assumption, we have U(Ay; §) is a near UP-filter of X, and so = -y € U(Aj; ).
Thus Ar(z - y) = 8= Ai(y).

Let € X. Then A\p(0) € [0,1]. Choose v = Ap(x). Thus Ap(z) < 7,
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so x € L(Ap;7y) # 0. By assumption, we have L(Ap;7) is a near UP-filter of
X and so 0 € L(Ap;7y). Thus Ap(0) < v = Ap(x). Next, let y € X. Then
Ar(y) € [0,1]. Choose v = Ap(y). Thus Ar(y) < 7, soy € L(Ar;vy) # 0. By
assumption, we have L(Ap;v) is a near UP-filter of X, and so = -y € L(Ap;7).
Thus Ar(z - y) < v = Ap(y).

Therefore, A is a special neutrosophic near UP-filter of X. O

Theorem 4.2.36 A NS A in X is a special neutrosophic UP-filter of X if and
only if for all a, B,y € [0, 1], the sets L(Ar;«), U(Ar; B), and L(A\g;7) are either
empty or UP-filters of X.

Proof. Assume that A is a special neutrosophic UP-filter of X. Let o, 5,y € [0, 1]
be such that L(Ar; @), U(Ar; B), and L(Ag;7) are nonempty.

Let z € L(Ar;a). Then Ap(z) < «. By (B224), we have Ap(0) <
Ar(xz) < a. Thus 0 € L(Ar;«a). Next, let 2 -y € L(Ar;a) and © € L(Ar; ).
Then \r(z - y) < a and Mp(z) < @, so « is a upper bound of {Ar(x - y), A\r(z)}.
By (2213), we have Ar(y) < max{Ar(z - y), \r(2)} < a. Thus y € L(Ar; ).

Let @ € U(\; 5). Then Af(z) > 5. By (B223), we have A;(0) > A(z) >
. Thus 0 € U(Ar;8). Next, let -y € UM B) and x € U(Ar;5). Then
Ar(z - y) > B and Af(z) > B, so (B is an lower bound of {\;(x - y),\;(x)}. By
(B=21T), we have A\;(y) > min{\;(z - y), \;(z)} > 5. Thus y € U(\j; 5).

Let € L(Ap;7y). Then Ap(z) < v. By (BZZ8), we have A\p(0) <
Ap(x) < 7. Thus 0 € L(Ar;7). Next, let -y € L(Ar;y) and & € L(Ap;7y). Then
Ap(z - y) < v and Ap(x) < 7, so v is a upper bound of {A\r(z - y), Ar(z)}. By
(A=2T12), we have Ap(y) < max{Ap(z-y), \r(z)} <~. Thus y € L(Ar;7).

Hence, L(Ar;«),U(\; 8), and L(Ag;~y) are UP-filters of X.
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Conversely, assume that for all «, 5, € [0, 1], the set L(Ar; ), U(Ar; 5),
and L(Ap;v) are UP-filters if L(Ar; ), U(Ar; B), and L(Ap;7y) are nonempty.

Let x € X. Then Ap(z) € [0,1]. Choose o« = Ap(z). Thus Ap(z) < a
so x € L(Ar;a) # (. By assumption, we have L(Ap;a) is a UP-filter of X
and so 0 € L(Ap;a). Thus AMp(0) < a = Ap(x). Next, let 2,y € X. Then
Ar(z - y), Ar(z) € [0,1]. Choose o = max{Ar(z - y), A\r(z)}. Thus A\p(z-y) < «
and Ap(z) < o, s0 x -y, x € L(Ar; ) # (). By assumption, we have L(Ar;«) is a
UP-filter of X and so y € L(Ar; ). Thus Ap(y) < a = max{\r(z - y), \r(x)}.

Let z € X. Then A\;(z) € [0,1]. Choose 8 = A;(x). Thus A\;(x) > 5,
so x € U(A;;8) # 0. By assumption, we have U(\;; ) is a UP-filter of X
and so 0 € U(A;;8). Thus A\;(0) > 8 = Aj(x). Next, let x,y € X. Then
Ar(z - y), Ar(x) € [0,1]. Choose 8 = min{A\;(z - y), A\;(x)}. Thus A\j(z-y) > B
and A\;(z) > 8,80 x -y, x € U(\r; 5) # 0. By assumption, we have U(\;; §) is a
UP-filter of X and so y € U(A;;5). Thus A;(y) > 8 = min{\;(z - y), A\;(x)}.

Let x € X. Then Ap(z) € [0,1]. Choose v = Ap(x). Thus A\p(z) < 7,
so x € L(Ap;7y) # (0. By assumption, we have L(Ap;v) is a UP-filter of X
and so 0 € L(Ap;7y). Thus Ap(0) < v = Ap(z). Next, let z,y € X. Then
Ap(z - y), Ap(z) € [0,1]. Choose v = max{Ar(x-y),A\p(x)}. Thus A\p(z-y) <~
and Ap(z) <7, 80 x-y,x € L(Ar;v) # 0. By assumption, we have L(Ap;7) is a
UP-filter of X and so y € L(Ap;7). Thus A\p(y) < v = max{Ap(z-y), Ar(z)}.

Therefore, A is a special neutrosophic UP-filter of X. O]

Theorem 4.2.37 A NS A in X is a special neutrosophic UP-ideals of X if and
only if for all o, B,y € [0, 1], the sets L(Ar; ), U(Ar; B), and L(Ag;7y) are either
empty or UP-ideals of X .

Proof. Assume that A is a special neutrosophic UP-ideal of X. Let «, 3,7 € [0, 1]
be such that L(Ar;a),U(Ar; ), and L(Ag;y) are nonempty.
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Let x € L(Ar; ). Then Ar(z) < . By (B224), we have Ar(0) < Ap(x) <
a. Thus 0 € L(Ar; ). Next, let o - (y-2) € L(Ar;) and y € L(Ap;a). Then
Ar(z-(y-z)) < aand Ar(y) < a, so ais a upper bound of {A\r(z-(y-z)), A\r(y)}. By
(E=213), we have Ar(z-2) < max{Ar(z-(y-2)),\r(y)} < a. Thusz-2 € L(A7; ).

Let z € U(\;; B). Then Ar(z) > 3. By (E223), we have A;(0) > A (z) >
B. Thus 0 € U(A;; B). Next, let 2+ (y- 2) € U(\;;8) and y € U(A; 3). Then
Ar(z-(y-2)) > Band Af(y) = B, so B is an lower bound of {A\;(z-(y-2)), As(y)}. By
(E=2T3), we have A;(z - 2) > min{A;(z- (y-2)), \(y)} > B. Thus -z € U(\s; B).

Let z € L(Ap;7). Then Ap(x) < . By (B228), we have Ap(0) < Ap(x) <
v. Thus 0 € L(Ap;7y). Next, let - (y-2) € L(Ap;y) and y € L(Ap;y). Then
Ap(z-(y-2)) < vand Ap(y) < 7, so v is aupper bound of {\p(z:(y-2)), \r(y)}. By
(E=rT13), we have Ap(z-2) < max{A\p(z-(y-2)),\r(y)} <. Thus x-z € L(Ap;7).

Hence, L(Ar; «),U(\; ), and L(Ag;7y) are UP-ideals of X.

Conversely, assume that for all «, 5, € [0, 1], the set L(Ar; ), U(Ar; 5),
and L(Ap;vy) are UP-ideals if L(Ap; «), U(Af; ), and L(Ar;7y) are nonempty.

Let x € X. Then Ap(z) € [0,1]. Choose a = Ap(z). Thus Ap(z) < «,
so x € L(Ar;a) # (. By assumption, we have L(Ap;a) is a UP-ideal of X
and so 0 € L(Ar;a). Thus Ar(0) < o = Ap(x). Next, let z,y,z € X. Then
Ar(z - (y - 2), A\r(y) € [0,1]. Choose a = max{Ar(x - (y - 2)), A\r(y)}. Thus
Ar(z-(y-2)) <aand Ar(y) < a,sox-(y-z2),y € L(Ar;a) # (). By assumption,
we have L(Ap;«) is a UP-ideal of X and so x -z € L(Ar; ).
a =max{Ar(z - (y-2)), Ar(y)}.

Thus Ap(z - 2) <

Let € X. Then A\;(z) € [0,1]. Choose 5 = A;(x). Thus Af(z) > B, so
x € U\; B) # 0. By assumption, we have U()r; 3) is a UP-ideal of X and so
0 € U(A;;8). Thus A;(0) > 8 = Af(x). Next, let z,y,2 € X. Then A\j(z - (y -
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2)), Ar(y) € [0,1]. Choose 8 = min{\;(x(y-2)), Ar(y)}. Thus \;(x-(y-z)) > S and
Ar(y) > B,sox-(y-z),y € U(Ar; B) # 0. By assumption, we have U(Ay; §) is a UP-
ideal of X and so -z € U(Ar; B). Thus Aj(z-2) > = min{\(z-(y-2)), A\1(v)}.

Let x € X. Then Ap(z) € [0,1]. Choose v = Ap(x). Thus A\p(x) < 7,
so x € L(Ap;7y) # (. By assumption, we have L(Ap;v) is a UP-ideal of X
and so 0 € L(Ap;7y). Thus Ap(0) < v = Ap(x). Next, let z,y,2 € X. Then
Ar(z - (y - 2)), Ar(y) € [0,1]. Choose v = max{Ar(z - (y - 2)),Ar(y)}. Thus
Ae(z-(y-2)) <vyand Ap(y) <~v,s0x-(y-z),y € L(A\p;7y) # (. By assumption,
we have L(Ap;7y) is a UP-ideal of X and so z -z € L(Ap;7). Thus Ap(z-2) <
v =max{Ap(z- (y-2)), Ar(y)}-

Therefore, A is a special neutrosophic UP-ideal of X. O]

Theorem 4.2.38 A NS A in X is a special neutrosophic strong UP-ideal of X
if and only if the sets E(Ar; Ar(0)), E(Ar; A7(0)), and E(Ap; Ap(0)) are strong
UP-ideals of X .

Proof. 1t is straightforward by Theorems B1TT3, B-T4T, and E—2XT7. ]

Corollary 4.2.39 A NS A in X is a special neutrosophic UP-subalgebra of X if
and only if for all o, B,y € [0,1], LULA(v, B,7) is a UP-subalgebra of X, where

LULx (v, B,7) is nonempty.

Proof. 1t is straightforward by Theorems BTG and B—2-34. m

Corollary 4.2.40 A NS A in X is a special neutrosophic near UP-filter of X if
and only if for all o, B,y € [0,1], LU Ly («, 5,7) is a near UP-filter of X, where

LUL)(«, B,7) is nonempty.

Proof. 1t is straightforward by Theorems B8 and B—2733. O]
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Corollary 4.2.41 A NS A in X s a special neutrosophic UP-filter of X if
and only if for all a,B,y € [0,1], LULx(«, 5,7) is a UP-filter of X, where

LULx(a, B,7) is nonempty.

Proof. 1t is straightforward by Theorems BTG and B—2-38. m

Corollary 4.2.42 A NS A in X is a special neutrosophic UP-ideal of X if
and only if for all a, B,y € [0,1], LULA(v, B,7) is a UP-ideal of X, where

LUL)(«, B,7) is nonempty.

Proof. 1t is straightforward by Theorems B8 and A—2-37. O

Corollary 4.2.43 A NS A in X is a special neutrosophic strong UP-ideal of X
if and only if Ex(Ar(0),A1(0), Ar(0)) is a strong UP-ideal of X.

Proof. 1t is straightforward by Theorems B8 and E—238. ]

4.3 Interval-valued neutrosophic sets in UP-algebras

From closed subinterval of unit interval [0, 1], we introduce the concepts
of interval-valued neutrosophic UP-subalgebras, interval-valued neutrosophic near
UP-filters, interval-valued neutrosophic UP-filters, interval-valued neutrosophic
UP-ideals, and interval-valued neutrosophic strong UP-ideals of UP-algebras, pro-
vide the necessary examples, investigate their properties, and prove their gener-

alizations.

Definition 4.3.1 An IVNS A in X is called an interval-valued neutrosophic UP-

subalgebra of X if it holds the following conditions:

(Vz,y € X)(Ar(z - y) = rmin{Ar(z), Ar(y)}), (4.3.1)

(Vz,y € X)(Ar(z - y) < rmax{A;(x), A;(y)}), and (4.3.2)
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(Vo,y € X)(Ap(z -y) = rmin{Ap(z), Ar(y)}). (4.3.3)

Proposition 4.3.2 If A is an interval-valued neutrosophic UP-subalgebra of X,

then

(Vz € X)(Ar(0) = Ar(z)), (4.3.4)
(Vz € X)(A7(0) = As(x)), and (4.3.5)
(Vz € X)(Ap(0) = Ap(z)). (4.3.6)

Proof. Let A be an interval-valued neutrosophic UP-subalgebra of X. By (B1),

we have

Ar(0) = Ar(z - z) = rmin{Ar(x), Ar(x)} = Ar(z),
(Vo € X) | A;(0) = Aj(z - 2) < rmin{A;(x), A;(z)} = Ar(x), and

]

Example 4.3.3 Let X = {0, 1,2,3} be a UP-algebra with a fixed element 0 and

a binary operation - defined by the following Cayley table:

01 2 3
0j0 1 2 3
110 0 0 2
2(0 1 0 3
30 0 00

We define an IVNS A in X as follows:

0 1 2 3
Ar = ([0.9, 1] 0.2,0.5] [0.3,0.4] [0-370-4]>’
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0 1 2 3
Ar= ([0,0.3] [0.7,0.8] [0.2,0.3] [0.8,0.9]>’
0 1 2 3
Ap = ([0,7, 1] [0.1,0.3] [0.5,0.7] [0.6,0.7])'

Then A is an interval-valued neutrosophic UP-subalgebra of X.

Definition 4.3.4 An IVNS A in X is called an interval-valued neutrosophic near
UP-filter of X if it holds the following conditions: (A=34), (A=33), (E=34),

(Vo,y € X)(Ar(z - y) = Ar(y)), (4.3.7)
(Vo,y € X)(Ar(z-y) = Ai(y)), and (4.3.8)
(Vo,y € X)(Ar(z-y) = Ap(y))- (4.3.9)

Example 4.3.5 Let X = {0,1,2,3} be a UP-algebra with a fixed element 0 and

a binary operation - defined by the following Cayley table:

0123
0(0 1 2 3
110 0 2 0
2(0 1 0 3
3/01 20

We define an IVNS A in X as follows:

0 1 2 3

Ar = ([0.9, 1] 0.6,0.8] [0.5,0.6] [0.4,0.6]>’
0 1 2 3

Ar= ([0,0.1] 0.1,0.3] [0.3,0.4] [0.5,08])’
0 1 2 3

Ap = ([0.8,0.9] 0.6,0.8] [0.5,0.7] [0-4,0-6])'

Then A is an interval-valued neutrosophic near UP-filter of X.

Definition 4.3.6 An IVNS A in X is called an interval-valued neutrosophic UP-
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filter of X if it holds the following conditions: (E=34), (E=31), (I238),

(Va,y € X)(Ar(y) = rmin{Ar(z - y), Ar(z)}), (4.3.10)
(Vo,y € X)(Ar(y) < rmax{A;(z-vy), A;(z)}), and (4.3.11)
(Vz,y € X)(Ap(y) = rmin{Ap(z - y), Ar(x)}). (4.3.12)

Example 4.3.7 Let X = {0, 1,2,3} be a UP-algebra with a fixed element 0 and

a binary operation - defined by the following Cayley table:

RO W N

—_
o o o O | O
=)

S O W W | Ww

We define an IVNS A in X as follows:

0 1 2 3

Ar = ([0.9, 1] [0.5,0.8] [0.3,0.6] [0~370~6])7
0 1 2 k

Ap= ([070'1] [0.2,0.3] [0.6,0.8] [0-6,0-8]) ,
0 1 2 N

Arf ([0.8,0.9] 0.4,0.5] [0.3,0.4] [0-370-4])

Then A is an interval-valued neutrosophic UP-filter of X.

Definition 4.3.8 An IVNS A in X is called an interval-valued neutrosophic UP-
ideal of X if it holds the following conditions: (E=34), (E=33), (E=30),

(Va,y,z € X)(Ar(x - 2) = rmin{Ar(x - (y - 2)), Ar(y)}), (4.3.13)
(Vo,y,z € X)(Ar(z - 2) K rmax{A;(z - (y-2)),Ar(y)}), and (4.3.14)

(Va,y,z € X)(Ap(z - 2) = rmin{Ap(z - (y- 2)), Ar(y)}). (4.3.15)
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Example 4.3.9 Let X = {0,1,2,3} be a UP-algebra with a fixed element 0 and

a binary operation - defined by the following Cayley table:

—_
N}

—_
o O O O | O
o o O

S N
o O W W W

We define an IVNS A in X as follows:

A — 0 1 2 3

T [0.9,1] [0.7,0.9] [0.6,0.8] [0.6,0.9] )’

A= 0 1 2 3
"= \[0.1,0.3] [0.3,0.5] [0.4,0.7] [0.3,0.6] )

0 1 2 3
Ap = )
([0.8,0.9] [0.5,0.9] [0.4,0.6] [0.5,0.8])

Then A is an interval-valued neutrosophic UP-ideal of X.

Definition 4.3.10 An IVNS A in X is called an interval-valued neutrosophic
strong UP-ideal of X if it holds the following conditions: (E=34), (=341), (E=31),

(Vr,y,z € X)(Ap(z) = rmin{Ar((z - y) - (z - x)), Ar(y)}), (4.3.16)
(Vr,y,z € X)(Ar(x) <tmax{A;((z-y) - (z-x)), Ar(y)}), (4.3.17)
(Vz,y,z € X)(Ap(x) = rmin{Ap((z-y) - (z-2)), Ar(y)}). (4.3.18)

Example 4.3.11 Let X = {0,1,2,3} be a UP-algebra with a fixed element 0
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and a binary operation - defined by the following Cayley table:

—_
o o o o | o
o O =
S =N
oSO W W W | w

We define an IVNS A in X as follows:

Ap(z) = [0.7,0.9]
(Vo € X) | A;(z) =[0.3,0.5]
Ap(z) = [0.5,0.9]

Then A is an interval-valued neutrosophic strong UP-ideal of X.

Definition 4.3.12 An IVNS A in a nonempty set X is said to be constant if A
is a constant function from X to [[0,1]]*>. That is, Ay, A7, and A are constant

functions from X to [[0, 1]].

Theorem 4.3.13 An IVNS A in X is constant if and only if it is an interval-

valued neutrosophic strong UP-ideal of X .

Proof. Assume that an IVNS A is constant in X. Then Ar(x) = A7 (0), As(z) =
Ar(0), and Ap(x) = Ap(0) for all x € X. Then for all z € X, Ar(0) =
Ar(x), A7(0) = Af(z), and Ap(0) = Ap(x), and for all z,y,z € X,

rmin{Ar((z-y) - (z-x)), Ar(y)} = rmin{ A7 (0), Ar(0)}
= Ar(0) ((Z113))
= AT((L'),

rmax{A;((z-y) - (z - 2)), A1(y)} = rmax{A;(0), A;(0)}
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= A;(0) (asmE))
= Ar(z),

rmin{Ar((z - y) - (z- 2)), Ar(y)} = rmin{Ar(0), Ar(0)}
= Ap(0) ((21E))
— Ap(a).

Hence, A is an interval-valued neutrosophic strong UP-ideal of X.

Conversely, assume that A is an interval-valued neutrosophic strong UP-

ideal of X. Then for all x € X,

Ar(z) = tmin{Ar((z - 0) - (z - z)), Ar(0)}
= min{A7(0 - (z - z)), A7(0)} ((UP-3))
= rmin{Ar(z - z), Ar(0)} ((UP-2))
= rmin{Az(0), Ar(0)} ((BTLT))
= A7(0) ((ZTE))
= Ar(x),

Aq(z) 2 rmax{A;((z - 0) - (z- z)), A1(0)}
= rmax{A;(0 - (z - z)), Ar(0)} ((UP-3))
= rmax{A;(x - ), A7(0)} ((UP-2))
= rmax{A;(0), A7(0)} ((B1m))
= A;(0) (Carme)y
= Ag(z),

Ap(z) = rmin{Ap((z - 0) - (z - x)), Ap(0)}
=rmin{Ar(0- (z-2)), Ar(0)} ((UP-3))

=rmin{Ap(z - x), Ar(0)} ((UP-2))
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= rmin{Ar(0), Ax(0)} ((B1m))
= Ap(0) ((ZE))

Thus A7 (0) = Ar(z), A7(0) = A(z), and Ap(0) = Ap(x) for all x € X. Hence,

A is constant. [

Theorem 4.3.14 Every interval-valued neutrosophic strong UP-ideal of X is an

interval-valued neutrosophic UP-ideal.

Proof. Assume that A is an interval-valued neutrosophic strong UP-ideal of X.
Then for all z € X, Ar(0) = Ar(z), Ar(0) =< Ar(x), and Ap(0) = Ap(x). Let
x,y,z € X. Then

Ap(z - 2) = Ar(y) = rmin{Ar(z - (y - 2)), Ar(y)}, ((2T2))
Ap(z - z) = Ai(y) = max{Ar(z - (y - 2)), Ar(y)}, ((ZT2))
Ap(z - 2) = Ap(y) = min{Ap(z - (y - 2)), Ar(y)}- ((ZTa))
Hence, A is an interval-valued neutrosophic UP-ideal of X. O

The following example show that the converse of Theorem BZ3T4 is not

true.

Example 4.3.15 From Example 239, we have A is an interval-valued neutro-
sophic UP-ideal of X. Since Ar(1) = [0.7,0.9] # [0.9,1] = rmin{Ax((2-0) - (2~
1)), A7(0)}, we have A is not an interval-valued neutrosophic strong UP-ideal of

X.

Theorem 4.3.16 Every interval-valued neutrosophic UP-ideal of X is an interval-

valued neutrosophic UP-filter.
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Proof. Assume that A is an interval-valued neutrosophic UP-ideal of X. Then
for all z € X, A7(0) = Ap(x), Ar(0) < As(x), and Ap(0) = Ap(z). Let 2,y € X.
Then

Ar(y) = Ar(0 - y) ((UP-2))
= rmin{ A7 (0 - (z - y)), Ar(z)}
= min{Ar(z - y), Ar(z)}, ((UP-2))
Ar(y) = Ar(0-y) ((UP-2))
= tmax{A;(0 - (z - y)), Ar(z)}
= max{A;(z -y), A(z)}, ((UP-2))
Ar(y) = Ar(0-y) ((UP-2))
= min{Ap(0- (z - y)), Ap(z)}

=rmin{Ap(z - y), Ar(x)}. ((UP-2))

Hence, A is an interval-valued neutrosophic UP-filter of X. O]

The following example show that the converse of Theorem EZ3T18 is not

true.

Example 4.3.17 From Example B370, we have A is an interval-valued neutro-
sophic UP-filter of X. Since A;(3-2) = [0.6,0.8] £ [0.2,0.3] = rmax{A;(3- (1 -

2)),As(1)}, we have A is not an interval-valued neutrosophic UP-ideal of X.

Theorem 4.3.18 Every interval-valued neutrosophic UP-filter of X is an interval-

valued neutrosophic near UP-filter.

Proof. Assume that A is an interval-valued neutrosophic UP-filter of X. Then
for all x € X, Ar(0) = Ar(x), Ar(0) = Ar(z), and Ap(0) = Ap(z). Let 2,y € X.
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Then
Ar(z - y) = mmin{Ar(y - (z - y)), Ar(y)}
= rmin{Ar(0), Ar(y)} ((E1L3))
= AT(y)7
Ar(z - y) 2mmax{A;(y - (z - ), Ar(y)}
= rmax{A;(0), A;(y)} ((BI3))
= A1(y),
Ap(z-y) = rmin{Ap(y - (2 - y)), Ar(y)}
= rmin{Ar(0), Ar(y)} ((B1L3))
= Ap(y).
Hence, A is an interval-valued neutrosophic near UP-filter of X. O
The following example show that the converse of Theorem E=3T8 is not
true.

Example 4.3.19 From Example B238, we have A is an interval-valued neutro-
sophic near UP-filter of X. Since Ap(3) = [0.4,0.6] # [0.6,0.8] = rmin{Ap(1 -

3),Ar(1)}, we have A is not an interval-valued neutrosophic UP-filter of X.

Theorem 4.3.20 Every interval-valued neutrosophic near UP-filter of X is an

interval-valued neutrosophic UP-subalgebra.

Proof. Assume that A is an interval-valued neutrosophic near UP-filter of X.
Then for all z € X, Ar(0) = Ar(x), Ar(0) < A;(x), and Ap(0) = Ap(z). Let
x,y € X. By (E011), we have

Ar(z-y) = Ar(y) = rmin{Ap(z), Ar(y)},
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Aj(z-y) = Ai(y) 2 rmax{A; (), Ar(y)},

Ap(z-y) = Ap(y) = rmin{Ap(z), Ar(y)}.
Hence, A is an interval-valued neutrosophic UP-subalgebra of X. O]
The following example show that the converse of Theorem is not

true.

Example 4.3.21 From Example B233, we have A is an interval-valued neutro-
sophic UP-subalgebra of X. Since Ap(1-3) = [0.5,0.7] % [0.6,0.8] = Ap(3), we

have A is not an interval-valued neutrosophic near UP-filter of X.

Theorem 4.3.22 If A is an interval-valued neutrosophic UP-subalgebra of X

satisfying the following condition:

(Ve,y e X) |z y#0=q A (2) < A;(y) : (4.3.19)

then A is an interval-valued neutrosophic near UP-filter of X.

Proof. Assume that A is an interval-valued neutrosophic UP-subalgebra of X
satisfying the condition (AZ3T9). By Theorem B3, we have A satisfies the
conditions (A234), (B=33H), and (A=3W). Next, let x,y € X.

Case 1: -y =0. Then



Case 2: z -y # 0. By (B2319), it follows that

Ar(z - y) = tmin{Ar(z), Ar(y)} (=)

= Ar(y), ((Z23))

Aq(z - y) 2 rmax{A;(z), Ar(y)} (=32))

= Ar(y), (awz)y

Ap(z - y) = mmin{Ap(z), Ar(y)} ((=33))

= Ap(y). ((Z23))

Hence, A is an interval-valued neutrosophic near UP-filter of X 0

Theorem 4.3.23 If A is an interval-valued neutrosophic near UP-filter of X

satisfying the following condition:

Ar = Ay = Ap, (4.3.20)

then A 1is an interval-valued neutrosophic strong UP-ideal of X .

Proof. Assume that A is an interval-valued neutrosophic near UP-filter of X
satisfying the condition (A=3720). Then A satisfies the conditions (B=34), (E=33),
and (B=3M). Let x € X. Then

Thus Ar(0) = Ap(z), A;(0) = Ar(z), and Ap(0) = Ap(z), that is, A is constant.
By Theorem BZ3T3, we have A is an interval-valued neutrosophic strong UP-ideal
of X. O
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Theorem 4.3.24 If A is an interval-valued neutrosophic UP-filter of X satisfy-

ing the following condition:

(Vo,y,2€ X) | Ai(y-(z-2)) = Ar(z-(y-2) | (4.3.21)

BN
B
<
—
8
&
I
S
D
—~
8
<
2

then A is an interval-valued neutrosophic UP-ideal of X .

Proof. Assume that A is an interval-valued neutrosophic UP-filter of X satisfying
the condition (E23721). Then A satisfies the conditions (B=34), (I=31H), and (E=38).

Next, let x,y,z € X. Then

Ar(x - 2) = mmin{Ar(y - (z - 2)), Ar(y)} ((E31m))

= mmin{Ar(z - (y - 2)), Ar(y) }, ((B=320) for Ar)

Ap(z - 2) 2 tmax{A;(y - (z - 2)), Ar(y)} ((a=31m))

= rmax{A(z - (y - 2)), Ar(y)}, ((B=32m) for Ay)

Ap(z - 2) = rmin{Ap(y - (- 2)), Ar(y)} (E312))

= mmin{Ap(z - (y - 2)), Ar(y)}- ((B=20) for Ap)

Hence, A is an interval-valued neutrosophic UP-ideal of X. O

Theorem 4.3.25 If A is an IVNS in X satisfying the following condition:

;

Ar(z) = rmin{Ar (2), Ar(y)}

(Vz,y,2 € X) | 2 <z y = Ap(z) < rmax{A;(z), A;(y)} , (4.3.22)

Ap(z) = rmin{Ap(z), Ar(y) }

\

then A s an interval-valued neutrosophic UP-subalgebra of X .
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Proof. Assume that A is an IVNS in X satisfying the condition (E2322). Let
z,y € X. By (B1), we have (z-y) - (x-y) =0, that is, z -y < z - y. It follows
from (E2322) that

Ar(z - y) = rmin{ Ar(z), Ar(y)},
Ap(x - y) 2 rmax{A;(x), Ar(y)},

Ap(z-y) = rmin{Ar(x), Ar(y)}.

Hence, A is an interval-valued neutrosophic UP-subalgebra of X. O

Theorem 4.3.26 If A is an IVNS in X satisfying the following condition:

;

Ar(y) = rmin{Ar(z), Ar(z)}

(Vo,y,z€ X) | 2<z-y= Ar(y) 2 rmax{A;(z), Ar(z)} . (4.3.23)

Ar(y) = rmin{Ap(2), Ap(x)}

\

then A is an interval-valued neutrosophic UP-filter of X.

Proof. Assume that A is an IVNS in X satisfying the condition (E=323). Let
x € X. By (UP-3), we have z - (z - 0) = 0, that is, x < x - 0. It follows from
(A2323) and (ET01H) that

Ar(0) = rmin{Ar(z), Ar(x)} = Ar(zx),
Ar(0) 2 rmax{A;(z), Ar(z)} = Ar(z),

Ap(0) = rmin{Ar(x), Ap(z)} = Ap(z).

Next, let z,y € X. By (BI), we have (z-y) - (x-y) =0, that is, z -y < z - y.
It follows from (A=3723) that

Ar(y) = rmin{Ar(z - y), Ar(x)},
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Ar(y) 2 rmax{A;(z - y), Ar(x)},

Ap(y) = rmin{Ap(z - y), Ar(x)}.

Hence, A is an interval-valued neutrosophic UP-filter of X. m

Theorem 4.3.27 If A is an IVNS in X satisfying the following condition:

(

Ar(x - z) = rmin{Ar(a), Ar(y)}

(Va,z,y,z€ X) [a<az-(y-2) =  A;(x - 2) < rmax{A;(a), A;(y)} ,

\AF(ac - 2) = rmin{Ar(a), Ar(y)}
(4.3.24)

then A is an interval-valued neutrosophic UP-ideal of X .

Proof. Assume that A is an IVNS in X satisfying the condition (E=324). Let
x € X. By (UP-3), we have - (0- (z-0)) =0, that is, x < 0- (z - 0). It follows
from (A2324) and (E201H) that

Ar(0) = Ar(0-0) = rmin{Ar(z), Ar(z)} = Ar(x), ((UP-2))
Ar(0) = A7(0-0) < rmax{A;(x), Ar(z)} = Ar(z), ((UP-2))
Ap(0) = Ap(0-0) = rmin{Ap(z), Ap(x)} = Ap(x). ((UP-2))

Next, let z,y,z € X. By (BI), we have (z - (y-2)) - (x - (y-2)) = 0, that is,

x-(y-z)<xz-(y-=z). It follows from (B2324) that

Ar(x - 2) = rmin{Ar(z - (y - 2)), Ar(y)},
Ap(z - z) 2rmax{ A (z - (y - 2)), A1(y)},

Ap(z - 2) = rmin{Ap(z - (y - 2)), Ar(y)}.

Hence, A is an interval-valued neutrosophic UP-ideal of X. ]
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Theorem 4.3.28 An IVNS A in X satisfies the following condition:

(Vo,y,2 € X) | 2<a-y = Ap(z) < Ar(y) (4.3.25)

if and only if A is an interval-valued neutrosophic strong UP-ideal of X.

Proof. Assume that A is an IVNS in X satisfying the condition (E=3=25). Let
z,y € X. By (UP-3) and (B1), we have - 0 = 0, that is, t < 0=y -y. It
follows from (B2328) that Ar(z) = Ar(y), Ar(x) 2 Ar(y), and Ap(x) = Ap(y).
Similarly, Ar(y) = Ar(x), Ar(y) < A;(x), and Ap(y) = Ap(x). Then Ar(z) =
Ar(y), Ar(x) = A;(y), and Ap(x) = Ap(y). Thus A is constant. By Theorem

A=3T3, we have A is an interval-valued neutrosophic strong UP-ideal of X.

The converse follows from Theorem E-3T3. O

Then, we have the diagram of generalization of IVNSs in UP-algebras as

shown in Figure E=3.
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(4.3.4), (4.3.5), (4.3.6)

T

Interval-valued neutrosophic UP-subalgebra ~ «—— (4.3.22)

T l+(4,3.19)

—— Interval-valued neutrosophic near UP-filter

T

Interval-valued neutrosophic UP-filter «— (4.3.23)
(4.3.20)+ l 4321
Interval-valued neutrosophic UP-ideal «— (43.24)

T

L Interval-valued neutrosophic strong UP-ideal ~—<+— (4.3.25)

|

Constant interval-valued neutrosophic set

Figure 4.3: Interval-valued neutrosophic sets in UP-algebras

For any fixed interval numbers at,a~,bt, b=, &, & € [[0,1]] such that

ath- ,e+]
a— bt

at > a bt = b",&" = & and a nonempty subset G of X, the IVNS A|

= (X, AG[E], AG[L ], AGLET]) in X, where AZ[2'], AF[2,], and AG[Z'] are IVFSs

b+

in X which are given as follows:

A at itz eq,
A7l-](z) =
a~ otherwise,

G b- ifx €@,
ASE () =4
bt otherwise,
\
(
i ¢t ifxed,
AF[E () =

¢~ otherwise.
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Lemma 4.3.29 If the constant 0 of X is in a nonempty subset G of X, then the
IVNS AG[a+ bt ] in X satisfies the conditions (B234), (E233), and (E=30).

i B o
Proof. 1f 0 € G, then AF[Z](0) = &*,A?[g;](O) = b, and AG[Z'](0) = &". Thus
AZ[ETI(0) = a* = AZ[F](2)
(Vo € X) | AF[E](0) = b = AF[L,](x)
AFET](0) = &+ = AZ[E)(2)
Hence, AG[u 5 +’§+] satisfies the conditions (A=34)), (E=3H), and (A=31). O

Lemma 4.3.30 If the IVNS Ac[ﬁ’%f’éf] in X satisfies the condition (E=34)

a—,b+,é

(resp., (B231), (B238)), then the constant 0 of X is in G.

Proof. Assume that the IVNS A¢ [a+ b it 'f+] in X satisfies the condition (A=34).
Then AZ[27](0) = AF[Z"](x) for all z € X. Since G' is nonempty, there exists
g € G. Thus AGE'](g) = a* and so AGETN(0) = AZEN(g) = & = AGETN(0),

that is, AZ[2"](0) = a*. Hence, 0 € G. O

Theorem 4.3.31 The IVNS AG[(i Z+ K | in X is an interval-valued neutrosophic
UP-subalgebra of X if and only if a nonempty subset G of X is a UP-subalgebra
of X.

Proof. Assume that AG[a+ o s et | is an interval-valued neutrosophic UP-subalgebra

of X. Let z,y € G. Then AZ[*"|(z) = a* = AZ[%"](y). Thus

AZE ) (2 - y) = rmin{ A ] (2), AT (] (v) (=)

= rmin{a*,a*}
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and so AG[2"](x -y) = a*. Thus 2 -y € G. Hence, G is a UP-subalgebra of X.

Conversely, assume that G is a UP-subalgebra of X. Let z,y € X.

Case 1: z,y € G. Then

AG[E ) (x) = at = AS[)(y),
AGR () = b = AL (),

AFE](2) = & = AGIE](v).

Since G is a UP-subalgebra of X, we have -y € G and so AZ[ ](z - y) =

at, A?[g;](x -y) =b", and AG[Z |(x - y) = ¢". By (ZIH), it follows that

AG[E V@ - y) =a = at = mmin{a*™, a*} = muin{ A2 )(2), AL ) ()},
AGE (- y)

AFE) (@ y) = ¢ = & = min{et, &'} = min{ A ](2), AF[E] (v)}-

I

b~ = b =max{b, b} = max{A7[},](2), A2, ] ()},

Case 2: v ¢ G or y € G. Then

AF @) =a or AFT](y)

I
)

AGR (@) = bt or AST](y) = b7,

AGE (@) = & or AG[E () = &

By (2013), it follows that

rmin{ AG[Z)(x), AS[Z)(y)} = a~.
rmax{A¢ 2] (x), ATL.)(y)} = b+,

mmin{ AZ [ (), AF[C ] (y)} = &
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Therefore,
Grat [ AGTat Grat
A7[i- Nz - y) = a” = rmin{A7[3-](z), A7[3-](»)},
AZE (@ y) 27 = mmax{ AP, ] (2), AT L)},
AF[E )@ - y) = & = min{AZ[T(2), AL ()}
Hence, AG[~7 B +’6+] is an interval-valued neutrosophic UP-subalgebra of X. [

Theorem 4.3.32 The IVNS AG[‘ff Z+ 1 in X is an interval-valued neutrosophic

near UP-filter of X if and only if a nonempty subset G of X is a near UP-filter
of X.

Proof. Assume that A%[2 is an interval-valued neutrosophic near UP-filter

%4

of X. Since AG[‘f_ Z +f ] satisfies the condition (E=34), it follows from Lemma

330 that 0 € G. Next, let # € X and y € G. Then A%[2"](y) = a*. By (£=30)
AG[ (@ - y) = AZ[T)(y) = a* = AF[)(z - y)

and so AG[2"](z - y) = a*. Thus z -y € G. Hence, G is a near UP-filter of X.

Conversely, assume that GG is a near UP-filter of X. Since 0 € G, it follows
from Lemma B=329 that AG[ +’;] satisfies the conditions (A=34), (A=3H), and
(A=3M). Next, let x,y € X.

Case 1: y € G. Then A$[%"](y) = Eﬁ,A?[g;](y) = b, and AG[](y) =
¢*. Since G is a near UP-filter of X, we have z -y € G and so AZ[](z - y) =
at, AL ](x - y) = b, and AG[Z')(z - y) = &*. Thus

A%mmmzkszﬁﬁmx

AFE (@ -y) = et = & = AZ[)(y).
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Case 2: y ¢ G. Then AZ[2"|(y) = a~ A?[H]( ) = b*, and AG[E )(y) =
¢ . Thus

A (@ y) = a = AG[E ] (y),
AGE (@ -y) < b = AFL)(y),

AS[ Yz -y) = & = AZ[E)(y).

Hence, AG[ZtZ;Zj] is an interval-valued neutrosophic near UP-filter of X. O

Theorem 4.3.33 The IVNS AG[a g ] in X is an interval-valued neutrosophic

a= b+ o

UP-filter of X if and only if a nonempty subset G of X is a UP-filter of X.

Proof. Assume that AG[a b is an interval-valued neutrosophic UP-filter of

]

X. Since AG[&;E +’;] satisfies the condition (E234), it follows from Lemma B=3730

that 0 € G. Next, let =,y € X be such that z -y € G and x € G. Then
AGE(a - y) = a* = AG[E"](@). Thus

AZE(y) = min{ AT [ (« - ), AF[ ) (2)) ((B=1m))

and so AZ[#'](y) = a*. Thus y € G. Hence, G is a UP-filter of X.

Conversely, assume that G is a UP-filter of X. Since 0 € G, it follows

from Lemma B-329 that AG[“ S | satisfies the conditions (E=34), (E=33), and

bt

(A=3M). Next, let x,y € X.
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Case 1: x-y € G and = € G. Then

AGE (- y) = at = AF[E ) (2),
AGR (- y) = b = AP (=),

AFIE (@ - y) = & = AT ().

Since G is a UP-filter of X, we have y € G and so A$[2"](y) = a*, AIG[Z;](y) =b,
and A%[C"](y) = ¢t. By (ZI8), it follows that

o
HQ
Sia
Lt
S
!
IS}
+
Y
Q!
+
I

rmin{a*,a"} = rmin{Ag[gt](ﬂf -y), Ag[gt]@)}’

AFR () = b = b = mmax{b, b} = max{AF[,](z - y), ATL,](2)},

N
TQ
&S
ot
~—

I

¢t = &t = rmin{é*, ¢t} = rmin{ AG[ | (z - y), AS[E]] ()}

Case 2: x-y ¢ G or x € G. Then

AG[E (@ y) = a or AG[)(x) = a~,
AGE ) (2 y) = b or ASL](x) = bY,

AGE (- y) =& or AG[E () =
By (EO13), it follows that

rmin{AG[2 ](z - y), AS[Z ] (2)} =@,
rmax{A§[L](z - ), AZ[L, ) (2)} = bF,

rmin{ AZ[E")(x - ), AG[](2)} = &
Therefore,

AFIE () = &~ = min{ AT (2 - ), AF [ (2)),

a
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AFRI(y) 20" = rmax{AG[L, )(x - y), AL ()},

AFE)(y) = & = min{ AF[Z] (@ - y), AF[Z) (@)}

Hence, AG[Ziglzt] is an interval-valued neutrosophic UP-filter of X. O]

Theorem 4.3.34 The IVNS AG[Z:‘;?] in X 1s an interval-valued neutrosophic
UP-ideal of X if and only if a nonempty subset G of X is a UP-ideal of X.

Proof. Assume that AG[th;Zt] is an interval-valued neutrosophic UP-ideal of
X. Since AG[ZJ_FZ;:] satisfies the condition (B=34), it follows from Lemma A=3230

that 0 € G. Next, let x,y,2 € X be such that - (y-2) € G and y € G. Then
A (@ - (y - 2)) = at = AZ[E")(y). Thus

A (@ - 2) = rmin{ AF[] (2 - (y - 2)), AZE ()} (E=13))

=rmin{a*,a*}

and so AG[2"](z - 2) = a*. Thus - z € G. Hence, G is a UP-ideal of X.

Conversely, assume that G is a UP-ideal of X. Since 0 € G, it follows
from Lemma that AG[Zfb_CJ:] satisfies the conditions (=34, (E=33H), and

bté

(A23W). Next, let z,y,2 € X.
Case 1: z-(y-2) € G and y € G. Then
A - (y - 2) = a* = AZE (),

AGE (- (y-2)) = b~ = AS[E ) (y),

A (@ (y - 2) =" = AG[E ] (y).
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Since G is a UP-ideal of X, we have z-2 € G and so AG[?](x-2) = a*t AG[ M-
2) =b", and AG[Z |(z - 2) = &, By (EILI3), it follows that

AFE (@ 2) =at =@t = minfa’, a*} = min{AF[F )@ - (v - 2)). AFE)(9)}

AGR (- 2) =5 <0 = rmax{d™, b} = rmax{ A7) (@ - (y - 2)), AT[2,)(9)},

AFE) (2 2) =& = & = min{e*, &} = min{AF[T](x - (y - 2)), AFE](v)}-

Case 2: - (y-2) € G or y € G. Then

AS[E )z - (y-2) =a or AS[2)(y) =a,
AGR (- (y - 2)) = bt or AG[E](y) = b,

AP (y-2) =& or AG[E)(y) = &
By (2013), it follows that

min{ AG[Z (@ - (y- 2)), AF[E ()} = @,
mmax{AS L] (z - (y - 2)), ATLL)(y)} = b,

minf{AZ[E](z - (y- 2)), AFE] ()} = &

Therefore,
A )@ - 2) = & = min{AF[](z - (y - 2)), AZ[- ()}
A7 (- 2) 207 = mmax{ AT (@ - (y - 2)), AT ) (),
AFE N 2) = & = min{AF[T] (- (v 2)), AFE ()}
Hence, AG[ZJ_FZ;?] is an interval-valued neutrosophic UP-ideal of X. O

Theorem 4.3.35 The IVNS AG[a+ bt | in X is an interval-valued neutrosophic

+~

strong UP-ideal of X if and only if a nonempty subset G of X is a strong UP-ideal
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of X.

Proof. Assume that AG[ng &t

N 6_] is an interval-valued neutrosophic strong UP-

atbm.et
a— b+,

ideal of X. By Theorem B3T3, we have A“| ] is constant, that is, AZ[3"]

is constant. Since G is nonempty, we have AS[3'](z) = a* for all € X. Thus

G = X. Hence, G is a strong UP-ideal of X.

Conversely, assume that G is a strong UP-ideal of X. Then G = X, so

A () = a*
(Vo € X) | AGE,)(z) = b
AG[E ) (x) =

]

Thus AF[Z"], A¢ [Z;], and AZ[Z'] are constant, that is, AG[ZtZ;Z is constant. By

at it : :
Theorem B3T3, we have AG[ZQB %] is an interval-valued neutrosophic strong

UP-ideal of X. O

In the next order, we also discuss the relationships among interval-valued
neutrosophic UP-subalgebras (resp., interval-valued neutrosophic near UP-filters,
interval-valued neutrosophic UP-filters, interval-valued neutrosophic UP-ideals,
interval-valued neutrosophic strong UP-ideals) of UP-algebras and their level sub-

sets.

Definition 4.3.36 Let A be an IVFS in a nonempty set X. For any a € [[0, 1]],

the sets
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are called an upper a-level subset, a lower a-level subset, and an equal a-level
subset of A, respectively.

Theorem 4.3.37 An IVNS A in X is an interval-valued neutrosophic UP-sub-
algebra of X if and only if for all @,b,¢ € [[0,1]], the sets U(Ar;a), L(Ar; 13), and
U(Ap;¢) are either empty or UP-subalgebras of X.

Proof. Assume that A is an interval-valued neutrosophic UP-subalgebra of X.

Let @,b, & € [[0,1]] be such that U(Ar;a), L(A;;b), and U(Ap; &) are nonempty.
Let z,y € U(Ap;a). Then Arp(z) = a and Ar(y) > a. Since A is an
interval-valued neutrosophic UP-subalgebra of X and by (E2020), we have

Ar(x-y) = rmin{Azp(x), Ar(y)} = a.

Thus z -y € U(Ar;a).
Let x,y € L(A;;b). Then A;(z) < b and A;(y) < b. Since A is an

interval-valued neutrosophic UP-subalgebra of X and by (EZ0=22), we have

Az -y) = rmax{A;(z), A;(y)} < b.

Thus x -y € L(Ar; b).
Let z,y € U(Ap;¢). Then Ap(z) = ¢ and Ap(y) > ¢ Since A is an
interval-valued neutrosophic UP-subalgebra of X and by (Z10=20), we have

Ap(z-y) = rmin{Ap(z), Ap(y)} = ¢.

Thus z -y € U(Ap; ).

Hence, U(Ar;a), L(Ar;b), and U(Ap;é) are UP-subalgebras of X.
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Conversely, assume that for all @, b, ¢ € [[0, 1]], the sets U(Ar; @), L(Ap; b),

and U(Ap;¢) are either empty or UP-subalgebras of X.

Let z,y € X. By (20014), we have Ap(x) = rmin{Az(x), Ar(y)} and
Ar(y) = rmin{Ar(z), Ar(y)}. Thus z,y € U(Ap;rmin{Ar(z), Ar(y)}). By
assumption, we have U(Ar;rmin{Ar(z), Ar(y)}) is a UP-subalgebra of X. Then
x-y € U(Ap;tmin{ Ar(z), Ar(y)}). Thus Ar(z - y) = rmin{Ar(z), Ar(y)}.

Let z,y € X. By (200T1), we have A;(z) < rmax{A;(z), A;(y)} and
Ar(y) = max{A;(z), Ar(y)}. Thus 2,y € L(Aprmax{A;(z), A;(y)}). By as-
sumption, we have L(A;;rmax{A;(x), A;(y)}) is a UP-subalgebra of X. Then
x-y € L(Aprmax{A;(z), Ar(y)}). Thus A;(x - y) < rmax{A;(z), Ar(y)}.

Let z,y € X. By (20011), we have Ap(z) = rmin{Ap(x), Ar(y)} and
Ap(y) = min{Ap(z), Ar(y)}. Thus 2,y € U(Ap;min{Ap(z), Ar(y)}). By
assumption, we have U(Ap;rmin{Ar(x), Ar(y)}) is a UP-subalgebra of X. Then
z-y € U(Ap;min{Ap(z), Ar(y)}). Thus Ap(z - y) = rmin{Ap(z), Ar(y)}.

Hence, A is an interval-valued neutrosophic UP-subalgebra of X. O

Theorem 4.3.38 An IVNS A in X is an interval-valued neutrosophic near UP-
filter of X if and only if for all a,b,¢ € [[0,1]], the sets U(Ar:a), L(Ar;b), and
U(Ap;¢) are either empty or near UP-filters of X.

Proof. Assume that A is an interval-valued neutrosophic near UP-filter of X. Let

a, b, ¢ € [[0,1]] be such that U(Arp:;a), L(Ar; b), and U(Ap; ) are nonempty.

Let x € U(Ar;a),y € L(Ar;b),z € U(Ap;¢). Since A is an interval-

valued neutrosophic near UP-filter of X, we have

A7(0) = Ar(z) = a, Ar(0) 2 Ar(y) 2 b, Ap(0) = Ap(z) = &
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Thus 0 € U(Ar;a),0 € L(Ar;b), and 0 € U(Ar;a).
Let x € X and y € U(Ar;a). Then Ar(y) = a. Since A is an interval-
valued neutrosophic near UP-filter of X, we have

Ar(z-y) = Ar(y) = a.

Thus z -y € U(Ar;a).

Let © € X and y € L(Ar;b). Then A;(y) < b. Since A is an interval-

valued neutrosophic near UP-filter of X, we have

Ag(z-y) = Ar(y) = b.

Thus = -y € L(Ar; b).

Let x € X and y € U(Ap;¢). Then Ap(y) = ¢ Since A is an interval-

valued neutrosophic near UP-filter of X, we have
Ap(z-y) = Ap(y) = .

Thus z -y € U(Ap;¢).

Hence, U(Ar;a), L(Ar;b), and U(Ap; é) are near UP-filters of X.

Conversely, assume that for all @, b, ¢ € [[0, 1]], the sets U(Ar;a), L(Ar; B),

and U(Ap; ¢) are either empty or near UP-filters of X.

Let v € X. Then x € U(Ar; Ap(z)) # 0,2 € L(Ar; Ar(x)) # 0, and
x € U(Ar; Ap(x)) # 0. By assumption, we have U(Ar; Ar(z)), L(Ar; Ar(x)), and
U(Ap; Ap(x)) are near UP-filters of X. Then 0 € U(Ar; Ar(z)),0 € L(Ar; Ar(z)),
and 0 € U(Ap; Ap(x)). Thus Ar(0) = Ar(z),A;(0) < A;(z), and Ar(0) =
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AF(I)

Let z,y € X. Then y € U(A7; Ar(y)) # (0. By assumption, we have
U(Ar; Ar(y)) is a near UP-filter of X. Then x -y € U(Ar; Ar(y)). Thus Ar(x -

y) = Ar(y).

Let z,y € X. Then y € L(As; A;(y)) # 0. By assumption, we have
L(Ar; Ar(y)) is a near UP-filter of X. Then z-y € L(Ar; Ar(y)). Thus Af(z-y) <
Ar(y).

Let z,y € X. Then y € U(Ar; Ap(y)) # (. By assumption, we have
U(Ap; Ar(y)) is a near UP-filter of X. Then z -y € U(Ap; Ap(y)). Thus Ap(zx -

y) = Ap(y).

Hence, A is an interval-valued neutrosophic near UP-filter of X. m

Theorem 4.3.39 An IVNS A in X is an interval-valued neutrosophic UP-filter
of X if and only if for all @, b, ¢ € [[0,1]], the sets U(Ag;a), L(Ar; b), and U(Ap; &)

are either empty or UP-filters of X.

Proof. Assume that A is an interval-valued neutrosophic UP-filter of X. Let a,

b,é € [[0,1]] be such that U(Ar;a), L(Ap;b), and U(Ap; &) are nonempty.

Let ¢ € U(Ar;a),y € L(Apb),z € U(Ap;¢). Since A is an interval-

valued neutrosophic UP-filter of X, we have

Ar(0) = Ap(z) = a, A;(0) 2 Ar(y) 2 b, Ap(0) = Ap(z2) = &

Thus 0 € U(Ar;a),0 € L(Ar;b), and 0 € U(Ar;a).

Let z,y € X be such that z - y,z € U(Ar;a). Then Ap(x-y) = a and
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Ar(x) = a. Since A is an interval-valued neutrosophic UP-filter of X, we have
Ar(y) = rmin{Ar(x - y), Ar(x)} = a.

Thus y € U(Ar;a).

Let z,y € X be such that - y,x € L(A;;b). Then A;(x-y) < b and

Aj(x) < b. Since A is an interval-valued neutrosophic UP-filter of X, we have

A;(y) = rmax{A;(z - y), Ar(x)} < b.

Thus y € L(Ar;b).

Let z,y € X be such that z - y,x € U(Ap;¢). Then Ap(z-y) = ¢ and

Ap(x) = ¢. Since A is an interval-valued neutrosophic UP-filter of X, we have
Ap(y) = rmin{Ap(z - y), Ap(x)} = ¢

Thus y € U(Ap;¢).

Hence, U(Ar; a), L(A;;b), and U(Ap; é) are UP-filters of X.
Conversely, assume that for all @, b, ¢ € [0, 1]], the sets U(Ar;a), L(Ar; B),
and U(Ap; ¢) are either empty or UP-filters of X.

Let v € X. Then x € U(Ar; Ap(z)) # 0,2 € L(Ar; Ar(x)) # 0, and
x € U(Ar; Ap(x)) # 0. By assumption, we have U(Ar; Ar(z)), L(Ar; Ar(x)), and
U(Ap; Ap(x)) are UP-filters of X. Then 0 € U(Ar; Ar(x)),0 € L(Ar; Ar(z)), and
0 € U(Ap; Ap(z)). Thus A7 (0) = Ar(z), A7(0) < As(z), and Ap(0) = Ap(z).

Let z,y € X. By (B0012), we have Ar(z-y) = rmin{Ar(z-y), Ar(x)} and
Ar(z) = rmin{Ar(z - y), Ap(x)}. Thus z-y,x € U(Ap;rmin{Ar(z - y), Ar(z)}).
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By assumption, we have U(Ar; rmin{Ar(z-y), Ar(x)}) is a UP-filter of X. Then
y € U(Ap;rmin{Ar(z - y), Ar(z)}). Thus Ar(y) = rmin{Ar(z - y), Ar(z)}.

Let z,y € X. By (20011), we have A;(x-y) < rmax{A;(z-y), A;(x)} and
Ar(z) 2 rmax{A;(z - y), Ar(z)}. Thus z-y,x € L(Aprmax{A;(z - y), Ar(z)}).
By assumption, we have L(Ap;rmax{A;(z-y), Ar(z)}) is a UP-filter of X. Then
y € L(Ar;rmax{A;(z - y), Ar(z)}). Thus A;(y) < rmax{A;(x-vy), A;(z)}.

Let z,y € X. By (E0011), we have Ap(z-y) = rmin{Ap(z-y), Ap(x)} and
Ap(z) = rmin{Ap(z - y), Ap(2)}. Thus &y, @ € U(Aps rmin{ Ap(z ), Ar(2)}).
By assumption, we have U(Ap;rmin{Ar(z-y), Arp(z)}) is a UP-filter of X. Then
y € U(Ap;rmin{Ap(z - y), Ap(z)}). Thus Ap(y) = rmin{Ar(z - y), Ar(z)}.

Hence, A is an interval-valued neutrosophic UP-filter of X. O

Theorem 4.3.40 An IVNS A in X is an interval-valued neutrosophic UP-ideal

of X if and only if for alla,b,é € [[0,1]], the sets U(Ar;a), L(Ar;b), and U(AFp; ¢)

are either empty or UP-ideals of X .

Proof. Assume that A is an interval-valued neutrosophic UP-ideal of X. Let
a,b,& € [[0,1]] be such that U(Ag;a), L(A;;b), and U(Ag; é) are nonempty.

Let x € U(Ar;a),y € L(Ar;b),z € U(Ap;¢). Since A is an interval-

valued neutrosophic UP-ideal of X, we have

Ar(0) = Ap(x) = @, A7(0) < A;(y) = b, Ap(0) = Ap(z) = ¢

Thus 0 € U(Ar;a),0 € L(A;b), and 0 € U(Ar;a).

Let x,y, z € X besuch that z-(y-2),y € U(Ar;a). Then Ap(z-(y-2)) = a

and Ar(y) = a. Since A is an interval-valued neutrosophic UP-ideal of X, we
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have
Arp(x - z) = rmin{Ar(x - (y - 2)), Ar(y)} = a.

Thus z - z € U(Ar; a).

Let 2,1,z € X be such that z-(y-2),y € L(A;;b). Then Ap(z-(y-2)) < b

and A;(y) < b. Since A is an interval-valued neutrosophic UP-ideal of X, we have

Aj(z-2) < rmax{A;(z- (y - 2)), A;(y)} < b.

Thus z -z € L(Ap;b).

Let z,y,z € X besuch that z-(y-2),y € U(Ap;¢). Then Ap(x-(y-2)) = ¢
and Ap(y) > ¢. Since A is an interval-valued neutrosophic UP-ideal of X, we

have
Ap(z - z) = rmin{Ap(z - (y- 2)), Ar(y)} = ¢.

Thus x - z € U(Ap; ¢).

Hence, U(Ar;d), L(A;;b), and U(Ap; &) are UP-ideals of X.
Conversely, assume that for all a, b, ¢ € [0, 1]], the sets U(Ar;a), L(Ar; 5),

and U(Ap; ¢) are either empty or UP-ideals of X.

Let z € X. Then x € U(Ar; Ar(x)) # 0,2 € L(Ar; Ar(z)) # 0, and
x € U(Ar; Ar(x)) # 0. By assumption, we have U(Ar; Ar(z)), L(Ar; Ar(z)
U(Ap; Ap(z)) are UP-ideals of X. Then 0 € U(Ar; Ar(2)),0 € L(Ar; Af(x)
0 € U(Ap; Ap(x)). Thus Ar(0) = Ar(z), Ar(0) 2 Af(z), and Ap(0) = Ap(z).

, and

), and
)

Let z,y € X. By (E011), we have Ap(z - (y - 2)) = rmin{Azp(z - (y -
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z)), Ar(y)} and Ar(y) = rmin{Ar(z - (y - 2)), Ar(y)}. Thus 2 - (y - 2),y €
U(Ap;tmin{Az(z - (y - 2)), Ar(y)}). By assumption, we have U(Az; rmin{ Ay (x -
(y-2)), Ar(y)}) is a UP-ideal of X. Then z-2 € U(Ag; rmin{ Ar(z-(y-2)), Ar(y)}).
Thus Ar(z - z) = mmin{Ar(z - (y - 2)), Ar(y) }-

Let 2,y € X. By (E0I2), we have A;(x - (y - 2)) =< rmax{A;(z -
(y-2)), Ar(y)} and Ar(y) = rmax{A;(z - (y - 2)), As(y)}. Thus z- (y - 2),y €
L(Ap;tmax{A;(z - (y - 2)), A;(y)}). By assumption, we have L(A; rmax{A;(z -
(y-2)), Ar(z)}) is a UP-ideal of X. Then -2 € L(Ay; rmax{A;(z-(y-2)), A;(y)}).
Thus A;(x - z) K rmax{A;(z- (y-2)), Ar(y)}.

Let =,y € X. By (ZILI7), we have Ap(z - (y - 2)) > rmin{Ap(z - (y -
2)), Ar(y)} and Ap(y) = rmin{Ap(z - (y - 2)), Ap(y)}. Thus z - (y - 2),y €
U(Ap;rmin{Ap(z - (y- 2)), Ap(y)}). By assumption, we have U(Ap; rmin{Ap(z -
(y-2)), Ap(y)}) is a UP-ideal of X. Then z-z € U(Ap: rmin{Ap(z-(y-2)), Ap(y)}).
Thus Ap(z - z) = min{Ap(z - (y - 2)), Ar(y)}-

Hence, A is an interval-valued neutrosophic UP-ideal of X. O]

Theorem 4.3.41 An IVNS A in X is an interval-valued neutrosophic strong UP-
ideal if and only if for all a,b,¢ € [[0,1]], the sets E(Ap; Ap(0)), E(Ar; Ar(0)),
and E(Arp; Ar(0)) are strong UP-ideals of X.

Proof. Assume that A is an interval-valued neutrosophic strong UP-ideal of X.

By Theorem B=313, we have A is constant, that is, Ar, A;, Ar are constant. Thus

Hence, E(Ar; Ar(0)) = X, E(Ar; Ar(0)) = X, and E(Ap; Ap(0)) = X and so
E(A7r; A7(0)), E(Ar; A7(0)), and E(Ag; Arp(0)) are strong UP-ideals of X.
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Conversely, assume that E(Ar; Ar(0)), E(Ar; A7(0)), and E(Ag; Ar(0))
are strong UP-ideals of X. Then FE(Ar; Ar(0)) = X, E(Ar; A7(0)) = X, and
E(Ar; Ap(0)) = X and so

Thus Ar, A;, Ap are constant, that is, A is constant. By Theorem B3T3, we

have A is an interval-valued neutrosophic strong UP-ideal of X. O]

4.4 Neutrosophic cubic sets in UP-algebras

In this section, we introduce the mixed concepts of neutrosophic cu-
bic UP-subalgebras, neutrosophic cubic near UP-filters, neutrosophic cubic UP-
filters, neutrosophic cubic UP-ideals, and neutrosophic cubic strong UP-ideals of
UP-algebras, provide the necessary examples, investigate their properties, and

prove their generalizations.

Definition 4.4.1 A NCS &/ = (A, A) in X is called a neutrosophic cubic UP-

subalgebra of X if it holds the following conditions:

A
(Vz,y € X) | Aj(z-y) < rmax{A;(z), A;(y)} (4.4.1)
A

and

Ar(z - y) < max{\r(z), A\r(y)}
(Vo,y € X) | Aj(z-y) > min{\ (), A (v)} |- (4.4.2)

Me(z - y) < max{Ar(z), \r(y)}
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Proposition 4.4.2 If o = (A, A) is a neutrosophic cubic UP-subalgebra of X,
then

A
(Vz € X) | A;(0) < Aj(x) (4.4.3)
A

and

A
(Vo € X) [ A;(0) > () |- (4.4.4)
A

Proof. Let o7 = (A, A) be a neutrosophic cubic UP-subalgebra of X. By (BI1)
and (E01H), we have

Ar(0) = Ap(z - x) = rmin{Ar(z), Ar(z)} = Ap(x)
Ar(0) = Af(z - ) < rmax{A;(x), Ar(z)} = As(z)
(v € X) Ap(0) = Ap(z - x) = rmin{Ap(x), Ap(z)} = Ap(x)
Ar(0) = Ap(z - ) < max{Ap(z), A\r(x)} = Ap(x)
(0) = Ar(z - ) > min{A;(x), \(2)} = A\ (2)

Ar(0) = Ap(z - ) < max{Ar(x), \r(2)} = Ap(2)

]

Example 4.4.3 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0
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and a binary operation - defined by the following Cayley table:

—
]

[\
o O o o o | o
S @F © MM
o o O
o O W w W | w
S = s s

We define a NCS &7 = (A, A) in X with the tabular representation as follows:

X Alz) A(z)
0 ([1,1],[0,0.3],[0.7, 1]) (0,1,0)
1 ([0.6,0.7],]0.4,0.5],[0.4,0.5]) (0.3,0.2,0.4)
2 ([0.4,0.8],[0.1,0.4],[0.5,0.7]) (0.5,0.6,0.2)
3 ([0.3,0.4],0.8,0.9],]0.2,0.3]) (0.7,0.8,0.7)
4 ([0.7,0.8],[0.2,0.4],]0.6,0.7)) (0.5,0.4,0.8)

Then &/ = (A, A) is a neutrosophic cubic UP-subalgebra of X.

Definition 4.4.4 A NCS &/ = (A, A) in X is called a neutrosophic cubic near
UP-filter of X if it holds the following conditions: (E223), (E-434),

A
(Vz,y € X) | Ar(z-y) < Ary) (4.4.5)
A
and

A
Vo,y € X) | Ar(z-y) > Mi(y) |- (4.4.6)
A
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Example 4.4.5 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

—_
N}
N W | W

—_
o o o o o | O
o oa O

(= N S

~ W N
o O
=

We define a NCS o = (A, A) in X with the tabular representation as follows:

X Alz) Az)

0 ([0.9,1],0,0.1], [1,1]) (0,0.9,0.1)
1 ([0.6,0.8],[0.1,0.3],[0.6,0.8]) (0.3,0.8,0.2)
2 ([0.5,0.6],[0.3,0.4],[0.5,0.7]) (0.5,0.7,0.6)
3 ([0.4,0.6],[0.5,0.6],[0.4,0.6]) (0.6,0.3,0.7)
4 ([0.1,0.7],[0.8,0.9],]0.1,0.3]) (0.2,0.4,0.5)

Then o/ = (A, A) is a neutrosophic cubic near UP-filter of X.

Definition 4.4.6 A NCS &/ = (A,A) in X is called a neutrosophic cubic UP-
filter of X if it holds the following conditions: (E-473), (E24),

Ar(y) = rmin{Ar(x - y), Ap(x)}
(Va,y € X) | Ai(y) < rmax{A;(z - y), A;(z)} (4.4.7)

Ap(y) = rmin{Ap(z - y), Ar(x)}
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and

Ar(y) < max{Ar(z - y), Ar(z)}
(Vo,y € X) | A(y) > min{\;(z - y), A\r(z)} |- (4.4.8)

Ar(y) < max{Ap(z - y), Ar(2)}

Example 4.4.7 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 2 3 4
2(0 0 0 3 3
3/01 2 0 3
410 1 2 0 0

We define a NCS o7 = (A, A) in X with the tabular representation as follows:

X A(x) A(r)

o

(0.9, 1], [0,0.1],0.8,0.9]) (0,1,0.1)

1 (j0.5,0.8],[0.2,0.3],[0.6,0.7]) (0.2,0.7,0.2)
2 ([0.3,0.7],[0.4,0.5],[0.5,0.6]) (0.5,0.5,0.9)
3 ([0.1,0.4],[0.7,0.9],[0.2,0.4]) (0.7,0.4,0.3)
4 ([0.1,0.4],[0.7,0.9],]0.2,0.4]) (0.7,0.4,0.3)

Then o/ = (A, A) is a neutrosophic cubic UP-filter of X.

Definition 4.4.8 A NCS &/ = (A,A) in X is called a neutrosophic cubic UP-
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ideal of X if it holds the following conditions: (E423), (E=24),

A
(Vo,y,2 € X) | Ap(z - 2) < max{A(z - (y - 2)), A1(y)} (4.4.9)
A

and

Ar(z - 2) Smax{Ar(z-(y-2)), Ar(y)}
(Vz,y,z € X) | M- 2) >min{)\(z- (y-2)),\(y)} |- (4.4.10)
Ap(z - z) S max{Ap(z - (y - 2)), Ar(y)}

Example 4.4.9 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 3 4
2/0 0 0 0 4
310 0 2 0 4
410 00 0O

We define a NCS & = (A, A) in X with the tabular representation as follows:

X A(z) Az)

0 ([0.9,1],[0.1,0.3],[0.8,0.9])  (0,1,0)

1 ([0.7,0.9],[0.3,0.5],[0.5,0.9]) (0.3,0.6,0.2)
2 ([0.6,0.8],[0.4,0.7],[0.4,0.6]) (0.5,0.5,0.7)
3 ([0.6,0.9],[0.3,0.6],[0.5,0.8]) (0.4,0.6,0.4)
4 ([0.3,0.5],[0.5,0.9],[0.4,0.5]) (0.6,0.2,0.9)
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Then & = (A, A) is a neutrosophic cubic UP-ideal of X.

Definition 4.4.10 A NCS &/ = (A, A) in X is called a neutrosophic cubic strong

UP-ideal of X if it holds the following conditions: (E-4-3), (E-44),

Ar(z) = min{Ar((z - y) - (z - 7)), Ar(y)}
(Vo,y, 2 € X) | Ap(z) < tmax{A;((z-y) - (z-2)), A;(y)} (4.4.11)
Ap(z) = rmin{Ap((z - y) - (z- 2)), Ar(y)}
and
Ar(z) < max{Ar((z-y) - (z-2)), Ar(y)}
(Vo,y,2 € X) [ Ar(z) > min{\((z-y) - (z-2)), \i(y)} (4.4.12)

Ar(z) < max{Apr((z-y) - (2

-x)), Ar(y)}

Example 4.4.11 Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0

and a binary operation - defined by the following Cayley table:

0 2 3 4
00 2 3 4
110 2 3 4
210 0 3 4
310 00 4
410 0 30
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We define a NCS o7 = (A, A) in X with the tabular representation as follows:

X A(x) A(z)

([0.5,0.7],[0.3,0.9],[0.4,0.5]) (0.5,0.4,0.7)
([0.5,0.7),[0.3,0.9],[0.4,0.5]) (0.5,0.4,0.7)
2 ([0.5,0.7],[0.3,0.9],[0.4,0.5]) (0.5,0.4,0.7)
([0.5,0.7],[0.3,0.9], [0.4, 0.5]) ( )
( ) ( )

[0.5,0.7],[0.3,0.9], [0.4, 0.5]

0.5,0.4,0.7
0.5,0.4,0.7

Then &/ = (A, A) is a neutrosophic cubic strong UP-ideal of X.

Theorem 4.4.12 A NCS & = (A, A) in X is a neutrosophic cubic UP-subalgebra
(resp., neutrosophic cubic near UP-filter, neutrosophic cubic UP-filter, neutro-
sophic cubic UP-ideal, neutrosophic cubic strong UP-ideal) of X if and only if the
IVNS A is an interval-valued neutrosophic UP-subalgebra (resp., interval-valued
neutrosophic near UP-filter, interval-valued neutrosophic UP-filter, interval-valued
neutrosophic UP-ideal, interval-valued neutrosophic strong UP-ideal) of X and
the NS A is a special neutrosophic UP-subalgebra (resp., special neutrosophic
near UP-filter, special neutrosophic UP-filter, special neutrosophic UP-ideal, spe-

cial neutrosophic strong UP-ideal) of X.

Proof. Tt is straightforward by Definitions BT and BT m

Theorem 4.4.13 A NCS o/ = (A,\) in X is constant if and only if it is a

neutrosophic cubic strong UP-ideal of X .

Proof. Assume that 7 = (A, A) is a constant neutrosophic cubic set in X. Then
Ag(z) = Ar(0), Ar(x) = A;(0), Ap(x) = Ap(0), Mr(x) = Ap(0), Ai(x) = Ar(0),
and Ap(z) = Ap(0) for all z € X. Then for all z € X, Ar(0) = Ar(z), A7(0) <
Ar(x), Arp(0) = Ap(x),Ar(0) < Ap(x),A(0) > Ar(z), and Ap(0) < Ap(z), and
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for all z,y,z € X,

rmin{Ar((z - y) - (2 - )), Ar(y) } = rmin{ A7 (0), Ar(0)}
= Az (0) (Carmss))
= Ap(x),
rmax{A;((z - y) - (z- 2)), Ar(y)} = rmax{A;(0), A;(0)}
= As(0) ((ZTm))
= As(),
rmin{Ar((z - y) - (2 - 2)), Ar(y)} = tmin{A(0), Ar(0)}
= Ar(0) ((2113))
= Ap(z),
max{Ar((z - y) - (z - 2)), Ar(y)} = max{Ar(0), Ar(0)}
= Ar(0)
= Ap(),
min{Ar((z - y) - (z - 2)), Ar(y)} = min{A;(0), A;(0)}
= Ar(0)
= Ar(z),
max{Ar((z-y) - (z-2)), \r(y)} = max{Ar(0),Ar(0)}
= Ar(0)

Hence, &7 = (A, A) is a neutrosophic cubic strong UP-ideal of X.

Conversely, assume that &7 = (A, A) is a neutrosophic cubic strong UP-
ideal of X. Then for all z € X,

Ar(z) = rmin{Ap((z - 0) - (z - x)), Ar(0)}



= rmin{Ar(0 - (z -

z)), Ar(0)}

= rmin{Azp(z - z), Ar(0)}

= rmin{A7(0), A7(0)}

= Ar(0)
= Ar(z),

Ar(z) K rmax{A;((x-0) - (z-x)), Ar(0)}

= rmax{A4;(0- (x -

= rmax{A;(z -

(
(
(
(

= As(z),

Ap(z) = rmin{ Ap((x -

= rmin{Ap(0 - (x -

(
(

= rmin{Ap(x -
(

0), A

= rmin{Ap(0), A

= Ap(0)
= Ar(x),

Ar(z) < max{Ap((x -

= max{\r(z - x), A

= max{Ar(0), A
= Ar(0)

< Ar(x),

(

= max{Ar(0 - (-
(
(

z)), Ar(0)}
x), Ar(0)}
1(0)}

0) - (z-)), Ar(0)}
x)), Ar(0)}
x), Ar(0)}
r(0)}

0) - (z - 2)), Ar(0)}
z)), Ar(0)}
r(0)}

r(0)}

Ar(z) = min{A;((z-0) - (z - 2)), Ar(0)}

= min{A;(0

(-

x)), Ar(0)}
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((UP-3))
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— min{\;(z - z), A;(0)} ((UP-2))
= min{Ar(0), Ar(0)} ((BTm))
= Ar(0)
> Ar(2),

Ar(z) < max{Ap((z - 0) - (- 2)), Ar(0)}
= max{Ar(0- (z-)),Ar(0)} ((UP-3))
= max{Ar(z - ), \r(0)} ((UP-2))
= max{Ar(0), A\r(0)} ((BTm))
= Ar(0)
< Ap (7).

Thus AT(O) = AT(l'),A[(O) = A[(l’),AF(O) = AF(Z'),)\T(O) = )\T(l’),)\](O) =
Ar(z), and Ap(0) = Ap(z) for all x € X. Hence, &/ = (A, A) is constant. O

Theorem 4.4.14 Every neutrosophic cubic strong UP-ideal of X is a neutro-

sophic cubic UP-ideal.

Proof. Assume that o/ = (A, A) is a neutrosophic cubic strong UP-ideal of X.
Then for all z € X, Ar(0) = Ar(z), Ar(0) = Ar(x), Ar(0) = Ap(z), Ar(0) <
Ar(x), A1(0) > A(x), and Ap(0) < Ap(z). Let x,y,2z € X. Then

Ar(z - 2) = Ar(y) = rmin{Ar(z - (y - 2)), Ar(y)},

Ap(z - z) = Ar(y) 2 mmax{Ar(z - (y - 2)), Ar(y)

Ap(x - 2) = Ap(y) = min{Ap(z - (y - 2)), Ar(y)
Ar(z - 2) = Ar(y) < max{Ar(z - (y - 2)), Ar(y)},

Ar(z - z) = Ar(y) = min{Ar(z - (y - 2)), Ai(y)

()

Ap(z-2) = Ap(y) <max{Ap(z- (y-2)), Ar(y
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Hence, o/ = (A, A) is a neutrosophic cubic UP-ideal of X. O

The following example show that the converse of Theorem E-4T4 is not

true.

Example 4.4.15 From Example B49, we have o/ = (A, A) is a neutrosophic
cubic UP-ideal of X. Since Ap(3) = 0.6 > 0.3 = max{Ar((2-0)-(2-3)),A\r(0)},

we have &/ = (A, A) is not a neutrosophic cubic strong UP-ideal of X.

Theorem 4.4.16 Every neutrosophic cubic UP-ideal of X is a neutrosophic cubic

UP-filter.

Proof. Assume that &7 = (A, A) is a neutrosophic cubic UP-ideal of X. Then for
all & € X, Ag(0) = Ap(x), Ar(0) 2 Ar(x), Ap(0) = Ap(z), Ar(0) < Ar(x), Ar(0)
> A(z), and Ap(0) < Ap(x). Let z,y € X. Then

Ar(y) = Ar(0 - y) ((UP-2))
= rmin{A7(0 - (z - y)), Ar(z)}
= rmin{Ar(z - y), Ar(z)}, ((UP-2))
Ar(y) = Ar(0-y) ((UP-2))
= tmax{A;(0 - (z - y)), Ar(z)}
= max{A;(z - y), A(z)}, ((UP-2))
Ar(y) = Ar(0-y) ((UP-2))

= rmin{Ap(0 - (z-y)), Ar(z)}

= mmin{Ap(z - y), Ar(2)}, ((UP-2))
Ar(y) = Ar(0 - y) ((UP-2))

< max{Ar(0- (z-y)), Ar(z)}

= max{Ar(z - y), Ar(z)}, ((UP-2))

Ar(y) = Ar(0-y) ((UP-2))
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> min{A;(0- (z-y)), A\r(z)}

= max{A;(z - y), Ar(2)}, ((UP-2))
Ar(y) = Ar(0-y) ((UP-2))
< max{Ar(0- (z-y)), Ar(z)}
= max{A\p(z - y), A\p(x)}. ((UP-2))
Hence, o/ = (A, A) is a neutrosophic cubic UP-filter of X. ]

The following example show that the converse of Theorem E-4T@ is not

true.

Example 4.4.17 From Example 8272, we have o/ = (A, A) is a neutrosophic
cubic UP-filter of X. Since Ap(3-4) = [0.2,0.4] % [0.5,0.6] = rmin{Ap(3- (2-
4)), Ar(2)}, we have &/ = (A, A) is not a neutrosophic cubic UP-ideal of X.

Theorem 4.4.18 FEvery neutrosophic cubic UP-filter of X is a neutrosophic cubic
near UP-filter.

Proof. Assume that &7 = (A, A) is a neutrosophic cubic UP-filter of X. Then for
all z € X, Ar(0) = Ar(z), Ar(0) =2 Ar(z), Ar(0) = Ap(x), Ar(0) < Ar(z), Ar(0)
> M(x), and Ap(0) < Ap(x). Let for all z,y € X. Then

Ar(z - y) = rmin{Ar(y - (x - y)), Ar(y)}

= rmin{A7(0), Ar(y)} ((BIL3))
= Ar(y),

Ap(z - y) S rmax{A;(y - (z-y)), Ar(y)}
— rmax{A4;(0), A;(y)} ((B3))
= Ar(y),

Ap(z-y) = min{Ap(y - (z - y)), Ar(y)}
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= rmin{Az(0), Ar(y)} ((B13))
= Ar(y),

Ar(z - y) < max{Ar(y - (z-y)), A\r(y)}
= max{Ar(0), Ar(y)} ((B13))
= Ar(y),

Ar(z - y) = min{Ar(y - (- y)), Ar(y)}
= min{A\;(0), \r(y)} ((BT3))
= Ar(y),

Ar(z - y) < max{Ap(y - (z-9)), \r(y)}
= max{\p(0), \p(y)} ((B1L3))

= Ar(y).
Hence, o# = (A, A) is a neutrosophic cubic near UP-filter of X. O
The following example show that the converse of Theorem E-ATH is not

true.

Example 4.4.19 From Example B45, we have o = (A, A) is a neutrosophic
cubic near UP-filter of X. Since A7(2) = [0.5,0.6] ¥ [0.6,0.8] = rmin{A(1 -
2), Ar(1)}, we have &7 = (A, A) is not a neutrosophic cubic UP-filter of X.

Theorem 4.4.20 Every neutrosophic cubic near UP-filter of X is a neutrosophic

cubic UP-subalgebra.

Proof. Assume that o = (A,A) is a neutrosophic cubic near UP-filter of X.
Then for all x € X, AT(O) i AT(Z‘)MAI(O) j Af(x>7AF(O> i AF(I)7/\T(0) S
Ar(2), Ar(0) > Af(x), and Ap(0) < Ap(z). Let z,y € X. By (E001H), we have

Ar(z-y) = Ar(y) = rmin{ Ay (z), Ar(y)},
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Ap(z-y) < Ar(y) < rmax{A;(z), Ar(y)},
Ap(z-y) = Ap(y) = rmin{Ap(z), Ar(y)},
Ar(z - y) < Ar(y) < max{Ar(z), A\r(y)},
Ar(z - y) > Ary) > min{Ar(z), Ar(y)},

Ar(z-y) < Ap(y) < max{Ar(z), Ar(y)}.
Hence, o/ = (A, A) is a neutrosophic cubic UP-subalgebra of X. ]
The following example show that the converse of Theorem is not

true.

Example 4.4.21 From Example B273, we have &/ = (A, A) is a neutrosophic
cubic UP-subalgebra of X. Since A\;(1-2) = 0.2 < 0.6 = A\;(2), we have &/ =

(A, A) is not a neutrosophic cubic near UP-filter of X.

Theorem 4.4.22 If o7 = (A,A) is a neutrosophic cubic UP-subalgebra of X

satisfying the following condition:

Ve,ye X) |z -y#0= : (4.4.13)

)\F(x) < AF(?J)

\

then o/ = (A, A) is a neutrosophic cubic near UP-filter of X.

Proof. Assume that o/ = (A, A) is a neutrosophic cubic UP-subalgebra of X
satisfying the condition (413). By Proposition 242, we have <7 satisfies the
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conditions (A2423) and (E=24). Next, let z,y € X.

Case 1: -y =0. Then

Ar(z - y) = Ar(0) = Ar(y), Ar(z - y) = Ar(0) 2 As(y),
Ap(z-y) = Ar(0) = Ap(y), M\r(2 - y) = Ar(0) < Ar(y),

Ar(x-y) = Ar(0) > Ai(y), Ar(z - y) = Ar(0) < Ap(y).

Hence, & = (A, A) is a neutrosophic cubic near UP-filter of X. O

Theorem 4.4.23 If &/ = (A, \) is a neutrosophic cubic near UP-filter of X

satisfying the following condition:

AT = A[ = AF,AT = )\1 = )\F, (4414)

then o = (A, \) is a neutrosophic cubic strong UP-ideal of X .

Proof. Assume that &/ = (A,A) is a neutrosophic cubic near UP-filter of X
satisfying the condition (B414). Then & satisfies the conditions (E=4=3) and



(B22). Let x € X. Then

Ar(0) < Ap(z) = Ar(z) < Ar(0) = Az(0)
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Thus AT(O) = AT(Zﬂ),A[(()) = A[(.T),AF(O) — AF<$),)\T(0) = )\T(l’),)\[($) =
Ar(z), and Ap(x) = Ap(z), that is, o7 is constant. By Theorem B4 T3, we have

o/ = (A, A) is a neutrosophic cubic strong UP-ideal of X.

[]

Theorem 4.4.24 If o7 = (A, A) is a neutrosophic cubic UP-filter of X satisfying

the following condition:

Ar(y-(z-2)) = Ar(z - (y- 7))
Ay - (z-2)) =A@ (y - 2))
(Vo.y.2.€ X) Ap(y - (z-2)) = Ap(z - (y - 2))
Ar(y - (- 2)) = Ar(z- (y - 2))
Ay - (@ 2)) = Az - (y - 2))
Ar(y - (z-2)) = Ap(z - (y - 2))

then o/ = (A, A) is a neutrosophic cubic UP-ideal of X .

(4.4.15)

Proof. Assume that o/ = (A, A) is a neutrosophic cubic UP-filter of X satisfying

the condition (E21H). Then &7 satisfies the conditions (E2=3

) and (E24). Next,



let z,y,2 € X. Then

Ar(x-2z) = rmin{Ar(y -

Hence, &/ = (A, A) is a neutrosophic cubic UP-ideal of X.

127

]

Theorem 4.4.25 If o7 = (A, A) is a NCS in X satisfying the following condition:

Ve,y,ze€ X) | z2<z-y= |«

(

\

Ar(z) z rmin{Az(z), Ar(y)}
Aj(z) 2 rmax{As(z), Ar(y)}
Ap(z) = rmin{Ap(z), Ar(y)}
Ar(z) < max{Ar(x), Ar(y)}
Ar(z) = min{A;(x), Ar(y) }

Ar(2) <max{Ar(z), \r(y)}

then o/ = (A, \) is a neutrosophic cubic UP-subalgebra of X .

(4.4.16)
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Proof. Assume that &/ = (A, A) is a NCS in X satisfying the condition (E-218).
Let z,y € X. By (BI), we have (z-y) - (x-y) =0, thatis, z -y > z-y. It
follows from (A218) that

Ar(x - y) = rmin{Azp(x), Ar(y)}, Ar(x - y) 2 rmax{A;(z), A;(y)},
Ap(z-y) = rmin{Ap(z), Ar(y)}, Ar(2 - y) < max{Ar(z), Ar(y)},

Ar(@ - y) = min{Ar(2), Ar(y)}, Ar(z - y) < max{Ap(z), Ar(y)}-

Hence, &7 = (A, A) is a neutrosophic cubic UP-subalgebra of X. O
Theorem 4.4.26 If o7 = (A, \) is a NCS in X satisfying the following condition:

(

Ar(y) = rmin{Ar(z), Ar(x)}
A;r(y) 2 rmax{A;(z), A;(x)}
Ve, zeX)|z2<z-y=> Arly) = it Ar(z), 4r(z)) (44.17)
Ar(y) < max{Ar(2), \r(z)}
Ar(y) > min{Ar(z), A\r(x)}

Ar(y) < max{Ap(z), Ap(z)}

\

then of = (A, \) is a neutrosophic cubic UP-filter of X.

Proof. Assume that &/ = (A, A) is a NCS in X satisfying the condition (E=217).
Let z € X. By (UP-3), we have x - (z - 0) = 0, that is, z < x - 0. It follows from
(EZT7) that

Ar(0) = rmin{Ar(z), Ap(z)} = Ar(x),
A;(0) X rmax{A;(x), A;(z)} = As(z),
Ap(0) = rmin{Ap(z), Ar(z)} = Ap(x),

Ar(0) < max{Ap(z), \r(x)} = Ap(z),
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)\[(0) Z min{)\](x), )\](I)} = )\](SC),

Ar(0) < max{Ap(x), \p(2)} = Ap(x).

Next, let z,y € X. By (BI), we have (z-y) - (z-y) =0, that is, -y > z - y.
It follows from (B=27T7) that

Ar(y) = mmin{Ar(z - y), Ar(2)}, Ar(y) = rmax{A(z - y), Ar(z)},
Ap(y) = rmin{Ap(z - y), Ap(x)}, A\r(y) < max{Ar(z - y), \r(x)},

Ar(y) = min{Ar(z - ), A\r(2)}, Ar(y) < max{Ap(z-y), \r(x)}.

Hence, &7 = (A, A) is a neutrosophic cubic UP-filter of X. O]
Theorem 4.4.27 If o7 = (A, \) is a NCS in X satisfying the following condition:

(

Ar(x - z) = rmin{Ar(a), Ar(y)}
Af(x - 2) R rmax{A;(a), A;(y)}
Ap(z - 2) = rmin{Ar(a), Ar(y)}
Va,z,y,z€ X) |a<z-(y-2)= )
Ar(z - 2) < max{Ar(a), \r(y)}

Ar(z - z) > min{A;(a), A\ (y)}

Ar(z - 2) <max{Ar(a), A\r(y)}

(4.4.18)

then o/ = (A, A) is a neutrosophic cubic UP-ideal of X .

Proof. Assume that &7 = (A, A) is a NCS in X satisfying the condition (I213).
Let z € X. By (UP-3), we have x - (0 (z-0)) = 0, that is, x < 0- (z-0). It
follows from (A2I8) that

Ar(0) = Ar(0-0) = rmin{Ar(z), Ar(z)} = Ar(x), ((UP-2))

Ap(0) = A;(0-0) < rmax{A;(z), Ar(z)} = A;(2), ((UP-2))
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Next, let x,y,z € X. By (B1), we have (z-(y-2)) - (z-(y-z)) = 0, that is,

x-(y-2z)>a-(y-z). It follows from (B2I8) that

Hence, o/ = (A, A) is a neutrosophic cubic UP-ideal of X.

Theorem 4.4.28 A NCS o7 = (A, A) in X satisfies the following condition:

(Vz,y,2 € X)

if and only if o = (A, A) is a neutrosophic cubic strong UP-ideal of X .

z<x-y=

(

\

Ar(2) = Ar(y)
Ar(z) = Arly)
Ap(z) = Ap(y)
Ar(2) < Ar(y)
Ar(2) = Ar(y)

)\F(Z) < )‘F(?J)

(4.4.19)
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Proof. Assume that &/ = (A, A) is a NCS in X satisfying the condition (2-219).

Let z,y € X. By (UP-3) and (B1), we have - 0 = 0, that is, s < 0=y -y. It

follows from (E2719) that

Similarly,

Then

Ar(x) = Ar(y), Ar(x) = Ar(y), Ar(r) = Ap(y),

Ar(x) < Ar(y), Ar(z) > A1(y), Ar(z) < Ar(y).

Ar(y) = Ap(x), Ar(y) 2 Ar(z), Ar(y) = Ap(x

Ar(y) < Ar(x), Ar(y) > Ai(z), Ar(y) < Ap(x).

~—

Ap(z) = Ar(y), Ar(x) = Ai(y), Ar(z) = Ar(y),

Ar(z) = AMr(y), M) = Ar(y), Ar(2) = Ar(y).

Thus 7 is constant. By Theorem BE4T3, we have o/ = (A, A) is a neutrosophic

cubic strong UP-ideal of X. O

Then, we have the diagram of generalization of NCSs in UP-algebras as

shown in Figure 4.
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(4.4.3), (4.4.4)

T

Neutrosophic cubic UP-subalgebra «—— (4.4.16)
T l+(4.4.13)

—— Neutrosophic cubic near UP-filter

T

Neutrosophic cubic UP-filter ~— «—— (4.4.17)

T l+(4.4.15)
Neutrosophic cubic UP-ideal —<+—— (4.4.18)

T

— Neutrosophic cubic strong UP-ideal +— (4.4.19)

!

Constant neutrosophic cubic set

(4.4.14)+

Figure 4.4: Neutrosophic cubic sets in UP-algebras

From the definitions of the NS GA[OT’LH’T} in Section B2 and the IVNS

at,B=yt

AG[Zibfgj in Section B3, we will define the NCS «7“|[a, b, &, [a, 3,7]].

For any fixed numbers a*, o=, 5%, 57,77,7~ € [0,1] such that ot >

o, Bt > 7,4t > 4, for any fixed interval numbers a*,a=,bt, b, ¢t €
[[0,1]] such that a* = a~, bt = b~,é" > &, and a nonempty subset G of X, we

define the NCS &/C[[* Y€1, [20 857 ) = (AGF Y2, GA[ 2 70 ]) in X,

(~1_7I;+76_ 04+»5_:’Y+ &_,B+76_ a+96_77+

Combining Theorems B4 T2, 2779 - 233, and 13T - 139, we have

the following corollary.

Corollary 4.4.29 A NCS %G[[gti};i], [zlgle]] in X is a neutrosophic cubic
UP-subalgebra (resp., neutrosophic cubic near UP-filter, neutrosophic cubic UP-
filter, neutrosophic cubic UP-ideal, neutrosophic cubic strong UP-ideal) of X if

and only if a nonempty subset G of X is a UP-subalgebra (resp., near UP-filter,



133

UP-filter, UP-ideal, strong UP-ideal) of X .

Next, we discuss the relationships among neutrosophic cubic UP-sub-
algebras (resp., neutrosophic cubic near UP-filters, neutrosophic cubic UP-filters,
neutrosophic cubic UP-ideals, neutrosophic cubic strong UP-ideals) of UP-algebras

and their level subsets.

Combining Theorems BATA, B2734 - A3, and A-3-37 - B-3740, we have

the following corollary.

Corollary 4.4.30 A NCS & = (A, A) in X is a neutrosophic cubic UP-subalgebra
(resp., neutrosophic cubic near UP-filter, neutrosophic cubic UP-filter, neutro-
sophic cubic UP-ideal) of X if and only if for all [sr,, s, [s1, L], [SF, Sk] €
[[0,1]] and ty,tr,tp € [0,1], the sets U(Ar; [s1y, s1]), L(A5; [s1,, 1)),

U(AF; sy, Sr])s LA tr), U(Ar; 1), and L(Ap;tr) are either empty or UP-sub-
algebras (resp., near UP-filter, UP-filter, UP-ideal) of X.

Combining Theorems B4 T2, BT, and B=3741, we have the following

corollary.

Corollary 4.4.31 A NCS o = (A,A) in X is a neutrosophic cubic strong
UP-ideal of X if and only if the sets E(Ar; Ar(0)), E(Ar; Ar(0)), E(Ar; Ar(0)),
E(Ar, Ar(0)), E(Ar, A1(0)), and E(Ap, Ar(0)) are strong UP-ideals of X .

4.5 Homomorphism of neutrosophic cubic sets in UP-algebras

In this section, the image and inverse image of neutrosophic cubic set

are defined and some results are studied.

Definition 4.5.1 Let f be mapping from a nonempty set X into a nonempty
set Y and &/ = (Ar 1, Arsr) be a NCS in X. Then the image of .7 under f is
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defined as a NCS f() = (f(A)rrp, f(N)r1r) in Y, where

{rsupmef wiAr(x)} if 7 (y) # 0, (4.5.1)
otherwise,
{ rinfy e p- L(y) {Ar(x)} i fH(y) # 0, (4.5.2)
otherwise,
{rsupa,ef widr(@)} if f7(y) # 0, (4.5.3)
[0, 0] otherwise,
{ inf, e -1 {Ar(2)} i f7H(y) # 0, (4.5.4)
otherwise,
{ SUPe -1 iAr ()} if 71 (y) # 0, (4.5.5)
otherwise,
inf e 10 A if 1 0,
f(A)F(y){ i iAe(@)} i 7 (y) # (4.5.6)
1 otherwise.

Example 4.5.2 Let X = {0x, 1y,2x} be a UP-algebra with a fixed element 0y

and a binary operation - defined by the following Cayley table:

Ox 1x 2x

Ox |Ox 1Ix 2x

1x | 0x Ox 1x

2x | 0x Ox Ox

and let Y = {0y, 1y, 2y} be a UP-algebra with a fixed element 0y and a binary
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operation * defined by the following Cayley table:

% Oy ]_y 2y

Oy | Oy 1y 2y
1y [0y Oy 2y
2y | Oy Oy Oy

We define a mapping f : X — Y as follows:

f(0x) = Oy, f(1x) = 1y, and f(2x) = 1y.

We define a NCS & = (Ar; p, Arrp) in X with the tabular representation as

follows:

X A(x) A(z)
0x ([0.4,0.7],[0.5,0.7),[0.2,0.4]) (0.1,0.3,0.4)

1x ([0.1,0.2],[0.1,0.5],[0.4,0.5]) (0.3,0.8,0.4)
2x ([0.8,0.9],[0.7,0.8],[0.1,0.6]) (0.1,0.5,0.7)

Then f(</) = (f(A)r1r, f(N)7rrr) in Y with the tabular representation as fol-

lows:

Y A(z) Alz)
0y ([0.4,0.7],[0.5,0.7],[0.2,0.4]) (0.1,0.3,0.4)
1y ([0.8,0.9],[0.1,0.5],[0.4,0.6]) (0.1,0.8,0.4)
% ([0,0],[1,1],[0,0]) (1,0,1)

Hence, f(<) = (f(A)r1r, f(N)7r1r) isa NCSin Y.

Definition 4.5.3 Let f be mapping from a nonempty set X into a nonempty
set Y and & = (Ar s, Arrr) be a NCS in Y. Then the inverse image of &7 is
defined as a NCS f~H«7) = (f " (A)rrr, ['(N)rsr) in X, where

(Vo € X)(f (A)rrr(@) = Arre(f(2))), (4.5.7)
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(Vo € X)(f " (N rrr(r) = Anpr(f(@)). (4.5.8)

Example 4.5.4 In Example 52, we have (X,-,0x) and (Y, *,0y) are UP-

algebras. We define a mapping f : X — Y as follows:

f(0x) =0y, f(1x) = 1y, and f(2x) = 1y.

We define a NCS & = (Arrp, A r) in Y with the tabular representation as

follows:

Y A(x) A(z)
0y ([0.3,0.7),[0.3,0.5],[0.1,0.4]) (0.5,0.4,0.7)

1y (]0.6,0.7],]0.1,0.3],[0.4,0.5]) (0.2,0.7,0.8)
2y ([0.5,0.9],[0.3,0.5],[0.5,0.8]) (0.3,0.5,0.4)

Then 1) = (f " (A)rrr, [ (AN)rsr) in X with the tabular representation

as follows:

X A(z) A(x)

0x ([0.3,0.7],]0.3,0.5],[0.1,0.4]) (0.5,0.4,0.7)
1x ([0.6,0.7],[0.1,0.3],[0.4,0.5]) (0.2,0.7,0.8)
2x ([0.6,0.7],]0.1,0.3],0.4,0.5]) (0.2,0.7,0.8)

Hence, f~1() = (f Y (A)rr.r, f ' (N)rrr) is a NCS in X.

Definition 4.5.5 A NCS & = (A7 r, Arrr) in X is said to be order preserving
if

Ar(z) 2 Ar(y), Ar(x) = Ai(y), Ar(z) 2 Ar(y),
Ar(x) = Ar(y), Ar(z) < A1(y), Ar(z) > Ar(y)
(4.5.9)

Ve,ye X) z<y=

Lemma 4.5.6 Every neutrosophic cubic UP-filter (resp., neutrosophic cubic UP-

ideal, neutrosophic cubic strong UP-ideal) of X is order preserving.
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Proof. Assume that &/ = (Ar; p, A1) is a neutrosophic cubic UP-filter of X.

Let z,y € X be such that x <y in X. Then x -y = 0. Thus

Ar(y) = tmin{ Az (z - y), Ap(z)}
= rmin{ A7 (0), Ar(z)}
= Ap(z),

Ar(y) = rmax{A;(z - y), Ar(z)}
= rmin{A47(0), A;(z)}
= A(z),

Ap(y) = min{Ar(z - y), Ap(z)}
= rmin{Ap(0), Ap(z)}
= Ap(z),

Mr(y) < max{\p(z - y), Ap(z)}
= max{A7(0), Ar(z)}
= Mr(2),

Ar(y) > min{;(z - y), Ar(2)}
= min{A;(0), A;(z)}
=\ (),

Ar(y) < max{Ap(z - y), Ap(z)}
= max{\p(0), \p(z)}

Hence, o7 is order preserving.

(C==NGainz))

((E2))

Theorem 4.5.7 Let (X,-,0x) and (Y, *,0y) be UP-algebras, f: X — Y be a

UP-homomorphism, and &/ = (Arrp, A1) be a NCSin'Y. Then the following

statements hold:
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(1) If o7 is a neutrosophic cubic UP-subalgebra of Y, then the inverse image
f~Y) of & under f is a neutrosophic cubic UP-subalgebra of X.

(2) If & is a neutrosophic cubic near UP-filter of Y which is order preserving,
then the inverse image [~ (/) of & under f is a neutrosophic cubic near

UP-filter of X.

(3) If & is a neutrosophic cubic UP-filter of Y, then the inverse image f~'(</)
of & under f is a neutrosophic cubic UP-filter of X.

(4) If o is a neutrosophic cubic UP-ideal of Y, then the inverse image f~(<)
of & under f is a neutrosophic cubic UP-ideal of X.

(5) If o is a neutrosophic cubic strong UP-ideal of Y, then the inverse image
f~YA) of & under f is a neutrosophic cubic strong UP-ideal of X .

Proof. (1) Assume that <7 is a neutrosophic cubic UP-subalgebra of Y. Then for

all 7,y € X,

f (A -y) = Ar(f(z - y)) ((a5m))
= Ar(f(z) = f(y))

= rmin{Ar(f (z)), Ar(f(y))} ((2m)

= mmin{f~(A)r(z), f(A)r(y)}, ((27))

FH A y) = A(f(z - y) ((zmawi))
= Ar(f(@) * f(y))

= rmax{A;(f(z)), Ar(f(y))} ((z=2m)

= rmax{f~ (A)r(2), 7 (A)r(y)}, ((27))

fH A y) = Ap(f(z - y)) ((5m))
= Ap(f(z) * f(y))

= rmin{Ap(f(z)), Ar(f(y))} ((B2))



= mmin{ /™1 (A)r(z), FH(A)r(y)},
FH Nz -y) = Ar(f(z - y))

= Ar(f(z) = f(y))

< max{A\r(f(x)), \r(f(¥))}

= max{f Nz (z), (V)7 (y)},
S N1z -y) = M(f(@-y))

= Ar(f (@) = f(y))

> min{A;(f(2)), Ar(f(y)}

= min{f ™ (N)r(z), f T (N1()},
T Np(@ - y) = Ap(f(z-y))

= Ar(f(z) = f(y))

< max{Ar(f(2)), \r(f(y))}

= max{f~ (M) r(2), [T (Nry)}-

Hence, f~!(&) is a neutrosophic cubic UP-subalgebra of X.
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(2) Assume that o is a neutrosophic cubic near UP-filter of Y which is

order preserving. By Theorem BTR [2]) and (UP-3), we have for all z € X,

—
L
=
S
(@]
>
I
>~
=
—
(@]
>
(AN
>
S
=
2
I
L
=~
S~—
S
N~— SN~— §/ N~— S~— N~—
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Let x,y € X. Then

Ar(f(z-y))
= Ar(f(z) * f(y))

= Ar(f(y))

FH(A)r(z - y)

= (A)r(y),

FH Az y) = Ar(f(z - y))

= Ar(f(z) * f(y))

~—

f(z-y))

~—r

T (A)r(z-y) = Ar

f(@)* f(y))

fW))

~—

~—

= Ap

~—

S e y) = M(f(z-y))

= Ar(f(x) * f(y))

7 Wiz y) = Mi(f(@ - y))

= Ar(f(z) * f(y))

7N -y) = Ap(f(z - y))

= Ar(f(z) * f(y))
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= (Nry)- (E23))

Hence, f~1(«/) is a neutrosophic cubic near UP-filter of X.

(3) Assume that &7 is a neutrosophic cubic UP-filter of Y. Then & is a
neutrosophic cubic near UP-filter of Y. By Lemma B58 and the proof of [2], we
have f~1(/) satisfies the conditions (A223) and (E24). Let z,y € X. Then

FHA)r(y) = Ar(f(v)) ((2=52))
= rmin{Ar(f(z) * f(y)), Ar(f(2))} ((2=272))
= rmin{Ar(f(z - y)), Ar(f())}
= rmin{ " (A)r(z - y), fTH(A)r(2)}, ((E52))

FAiy) = Ar(f(y) ((2=52))
< rmax{A;(f(z) * f(y)), Ar(f(2))} ((2=2=2))
= rmax{A;(f(z - y)), Ar(f(2))}
= rmax{f " (A);(z - y), fH (A)i(2)}, ((E52))

FHARY) = Ar(f(y)) ((2=52))
= min{Ap(f(z) * f(y)), Ar(f(2))} ((2=2-2))
= rmin{Ap(f(z - ), Ar(f(2))}
= rmin{f " (A)r(z - y), f(A)r(2)}, ((E52))

FHr(y) = Me(f(y) (E53))
< max{Ar(f(z) * f(y), M\ (f(2))} (23))
= max{\r(f(z - y)), Ar(f(2))}
= max{f ' (N)r(z-y), f(N)r(2)}, ((E53))

F 1) = Ar(f(y)) (I23))

> min{ A (f(2) * f(y)), A (f(2))} (B23))
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= min{\;(f(z - v)), \i(f(2))}

= min{f "~ (\)r(z - y), f (Mr(2)}, (E23))
FHNry) = Ar(f(y) (E=3))

< max{Ar(f(x) * f(y)), Ar(f(2))} (E23))

= max{Ar(f(z - y)), A\r(f(z))}

= max{f ' (Nr(z-y), [ (Nr(@)}. (E23))

Hence, f~1(«) is a neutrosophic cubic UP-filter of X.

(4) Assume that o7 is a neutrosophic cubic UP-ideal of Y. Then <7 is a
neutrosophic cubic UP-filter of Y. By the proof of [3), we have f~!(«) satisfies
the conditions (A233) and (E244). Let x,y,z € X. Then

FH Az 2) = Ar(f(a - 2)) (=)
= Az (f(z) * f(2))
= rmin{ Ap(f(x) * (f(y) * f(2))), Ar(f(y))} ((E29))
= rmin{ Az (f(z) * (f(y - 2))), Ar(f(¥)}
= rmin{Az(f(z - (y - 2))), Ar(f(y))}

= min{f " (A)r(z- (y - 2). f(A)ry)}, (=)
F Az 2) = Ar(f (= - 2)) ((E=3)
= A (f(2) * f(2))

< rmax{A;(f(2) * (F(5) * J()). A(f(p))} (@)
= mmax{A;(f(2) * (/(y - ). Ar( ()}
— mmax{ A, (f(x - (y - 2))). A(f()}

— mmax{ f (A)1(x - (y - ), S (A ()}, (=)
I (A)p(a-2) = Ap(f(x - 2)) (=)



= Ap(f(z) * [(2))

= mmin{Ap(f(z) * (f(y) = f(2))), Ar(f(y))}

= rmin{Ar(f(z) * (f(y - 2))), Ar(f(y))}

=mmin{Ap(f(z-(y-2))), Ar(f(y))}

= min{f " (A)p(z- (y-2), F (Ar)}
F N1z - 2) = Ar(f(z - 2))

= Ar(f(z) = f(2))

< max{Azr(f(z) = (f(y) * f(2))), A\r(f(y))}

= max{r(f(2) * (f(y - 2))), Ar(f(¥))}

= max{Ar(f(z - (y-2))), M(f(y)}

= max{f ' (N)r(z - (y-2)), fT (M)},
FH 0@ 2) = M(f(a - 2))

= M (f(z) * f(2))

> min{Ar(f(x) * (f(y) * f(2)): Ar(£(y))}

= min{A;(f(2) * (f(y - 2))), Ar(f(v))}

= min{A;(f(z - (y - 2))), A (f(y))}

= min{f = (N)r(z- (y-2)), f (Ni(®)},
F V(- 2) = Ap(f(z - 2))

= Ap(f(2) * f(2))

< max{Ap(f(z) = (f(y) * [(2))), Ar(f (¥))}

= max{\r(f(2) * (f(y - 2))), Ae(f(v))}

= max{\p(f(z - (y-2))), A\r(f(y)}

=max{f ' (Nr(x-(y-2)), f Nr)}-

Hence, f~!(«) is a neutrosophic cubic UP-ideal of X.
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(5) Assume that o7 is a neutrosophic cubic strong UP-ideal of Y. Then
4/ is a neutrosophic cubic UP-ideal of Y. By the proof of [4}], we have [~ (&)
satisfies the conditions (B23) and (B44). Let z,y,z € X. Then

FH(A)r(z) = Ar(f(2)) (=)
= rmin{Ar((f(2) * f(y)) * (f(2) * [(2))), Ar(f(y))} ~ ((E2LT))
= rmin{Ar(f(z - y) * f(z - 2)), Az(f(y))}
= rmin{Ar(f((z -y) - (2 - 2))), Ar(f(y))}
= min{f " (A)r((zy) - (2 2)), f(A)r(y)}, (=)

FH A () = Ar(f () (E=)
= rmax{A;((f(z) * f(y)) * (f(2) * f(2)), Ar(f(y)}  ((B211))
= rmax{A;(f(z -y) * f(z - 1)), Ai(f(y)}
= rmax{A;(f((z-y) - (z-2))), Ai(f(y))}

= mmax{ /" (A)r((z - ) - (z- 2)), " (A))}, ((E5D))
FH A p(x) = Ap(f() ((E50D))

= mmin{Ap((f(2) # f(u)) * (F(2) * f(2))), Ar(f(y)}  ((EZTD))

= min{Ap(f(z-y) * f(z- 2)), Ar(f(y))}

= min{Ar(f((z-9) - (z- ), Ar(f(9))}

= min{f ' (A)r((z-y) - (z- @), T (A)r@)}, ((E5D))
F7 V(@) = Ar(f(x)) (E53))

< max{Ar((f(2) * f(9)) * (f(2) % f(@), M (f(v)}  (@EZT2))

= max{Ar(f(z - y) = f(z - 2)), M (f ()}

= max{Ar(f((z- ) - (2 2)), Ar(f (1)}

= max{f ' Nr((z- ) - (z-2)), F " V() (@53))
ST (@) = Ar(f (=) (@538))

> min{Ar((f(2) * f(y) * (f(2) * f(2))), A (f ()} (E212))
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= min{A(f(z-y) * f(z-2)), \i(f(y))}

= min{A;(f((z-y) - (z-2))), Ai(f(y))}

= min{f ' (\)r((z-y) - (2 2)), [T (N1(w)} (7))
T Nrp(@) = Ap(f(2)) (E27))

< max{Ap((f(2) * f(y) * (f(2) * f(2)), Ar(f(y)}  ((EZT2))

= max{Ap(f(z-y) * f(z-2)), Ar(f(y))}

= max{Ar(f((z-y) - (z-2))), Ar(f(y))}

= max{f " (N)r((z-y) - (z-2)), F(Nr®)} (E27))

Hence, f~!(/) is a neutrosophic cubic strong UP-ideal of X. O

Definition 4.5.8 A NCS & = (Ar;p, A\rrr) in X has NCS-property if for
any nonempty subset S of X, there exist elements aqr p, frrp € S (instead of

ar, ar, ap, Br, B, Br € S) such that

Ar(ar) = rsupes{Ar(s)},
Aj(ar) = rinfses{A;(s)},
Ap(ar) = rsup,cs{Ar(s)},
Ar(Br) = infes{Ar(s)},
Ar(Br) = supyes{Ai(s)}, and
Ap(Br) = infses{Ar(s)}.

Definition 4.5.9 Let X and Y be any two nonempty sets and let f : X — Y be

any function. A NCS & = (Ar;p, A\rrr) in X is said to be f-invariant if

(Vz,y € X)(f(2) = f(y) = Ar1r(®) = Arrr(y), A\rrr(®) = Arrr(y)).
(4.5.10)

Lemma 4.5.10 Let (X,-,0x) and (Y, *,0y) be UP-algebras and let f: X — Y
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be a UP-epimorphism. Let & = (Arrr, Ar1r) be an f-invariant NCS in X with
NCS-property. For any x,y € Y, there exist elements arrp,yrir € [ (x) and

Brrr, ¢rrr € [~ y) such that

f(A)r(z) = Ar(ar), f(A)r(z) = Ar(ar), f(A)r(z) = Ap(ar),
fN)r(@) = Ar(yr), (N r(z) = Ar(y1), fA)r(x) = Ar(yr),
f(A)r(y) = Ar(Br), f(A)r(y) = Ar(Br), f(A)r(y) = Ar(Br),
FN)r(y) = Ar(or), f(N)i(y) = A(¢r), f(N)r(y) = Ar(ér),
f(A)r(zxy) = Ar(ar - Br), f(A)1(z xy) = Ai(a; - Br),
f(A)p(z+y) = Ap(ar - Br),

FNr(z*y) = Ar(yr - or), fF(A)1(@ xy) = Ar(vr - 1),

fV)r(@ *y) = Ae(yr - ér).

Proof. Let z,y € Y. Since f is surjective, we have f~(z), f~!(y), and f~'(x-y)
are nonempty subsets of X. Since & has NCS-property, there exist elements

or 1, F, YTI,F € f_1($)75T,1,F, OrIF € f_l(y)y and ar g, brr € f_l(llf * 1) such

that

F(A)r(x) = rsupye 1) {Ar(s)} = Ar(ar),
f(A)r(z) = rinfee 1) {Ar(s)} = Ar(ar),
f(A)p(x) = r5up,c 1) {Ar(s)} = Ar(ar),
fNr(@) = infoep1@){Ar(s)} = Ar(yr),
FN)1(@) = supye g1 {A1(s)} = Ar(),
fN)r(x) = infee -1 {Ar(s)} = Ar(vr),
F(A)r(y) = 1supye () {Ar(s)} = Ar(Br),
FA)i(y) = rinfocp10){Ar(s)} = Ar(Br),

f(A)F(y) = 1supyep-1(){Ar(s)} = Ar(Br),



f)1r(y) = infeep1){Ar(s)} = Ar(or),
FN1(y) = supge -1, {A1(5)} = Ar(ér),
FNr(y) = infoer-1){Ar(s)} = Ar(F),

and

f(A)r(x * y) = rsup,e p-1(4uy { A7 ()} = Ar(ar),
f(A)1(z *y) = rinf e p1 (50 {A1(5) } = Ar(ag),
fA)F(z * y) = 135UP,c p-1(2uy) 1 AR (8)} = Ar(ar),
F)7(x * y) = infoe p-1(amy) { A ()} = Ar(br),
f()\)](l’ * y) = SUDsef—1(zxy) {)\I(S)} = )‘I(bl)’
SN E(x xy) = infocp1u) {Ar(5)} = Ar(br).

Since

flar) =z xy = f(ar) * f(Br) = f(ar - Br),
flar) =z xy = f(ar) * f(Br) = flou - B1),
flar) =z xy = f(ar) = f(Br) = flar - Br),
flor) = xxy = f(yr) * flor) = for - ¢1),
for) =z xy = flyr)* f(or) = [y - 1),
for) =z xy = f(yr)* f(or) = f(yF - dr),

and &7 is f-invariant, we have

f(A)r(z xy) = Ar(ar) = Ar(ar - Br),
f(A)1(z *xy) = Ar(ar) = Ar(ar - Br),

f(A)r(zrxy) = Ap(ar) = Ap(ar - Br),
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f)r(x*y) = Ar(br) = Ar(yr - ¢1)
fVr(@ xy) = Ar(br) = Ar(v1 - é1)

TN r(xxy) = Ap(brr) = Ar(vr - OF).

O

Theorem 4.5.11 Let (X,-,0x) and (Y, *,0y) be UP-algebras, f: X — Y be a
UP-epimorphism, and &/ = (Ar;p, Arrr) be @ NCS in X. Then the following

statements hold:

(1) If o is an f-invariant neutrosophic cubic UP-subalgebra of X with NCS-
property, then the image f(<7) of o/ under f is a neutrosophic cubic UP-

subalgebra of Y.

(2) If o/ is an f-invariant neutrosophic cubic near UP-filter of X with NCS-
property, then the image f(<f) of & under f is a neutrosophic cubic near
UP-filter of Y.

(3) If o is an f-invariant neutrosophic cubic UP-filter of X with NCS-property,
then the image f(/) of @ under f is a neutrosophic cubic UP-filter of Y.

(4) If o is an f-invariant neutrosophic cubic UP-ideal of X with NCS-property,
then the image f(</) of &/ under f is a neutrosophic cubic UP-ideal of Y.

(5) If o is an f-invariant neutrosophic cubic strong UP-ideal of X with NCS-
property, then the image f(<f) of @/ under f is a neutrosophic cubic strong
UP-ideal of Y.

Proof. (1) Assume that &/ = (Ar; p, Arrr) is an f-invariant neutrosophic cubic
UP-subalgebra of X with NCS-property. Let x,y € Y. Since f is surjective, we

have f~1(x), f~1(y), and f~!(z xy) are nonempty. By Lemma EZ510, there exist



elements arrp,yr1r € 1 (x) and Bz, ¢r1r € [ (y) such that

f(A)z(z) = Ar(ar), [(A)r(x) = Ar(az), f(A)r(z) = Ar(ar),

fNr(@) = Ar(yr), fF(N)1(2) = Ar(vr), F(N) () = Ar(vr),
f(A)r(y) = Ar(Br), f(A)r(y) = Ar(B1), f(A)r(y) = Ar(Br),
FNr() = Ar(ér), fN)1(y) = Ai(or), f(Nr(y) = Ar(or),

f(A)r(z xy) = Ar(ar - Br), f(A)1(z x y) = Ar(ar - Br),
f(A)r(z*y) = Ar(ar - Br),

f)r(x xy) = Ar(yr - ¢7), FN (@ xy) = A1(vr - é1),

)

f()\)F(fB i y) = )\F(”YF “PF).

Then

FA)p(z *y) = Ar(ar - Br)

= rmin{Ar(ar), Ar(Br)}

= rmin{ f(A)r(z), f(A)r(v)},
f(A)r(z xy) = Ar(ar - Br)

=< rmax{A;(az), A1(Br)}

= rmax{f(A)(x), f(A)1(y)},
F(A)p(z xy) = Ap(ar - Br)

= rmin{Ap(ar), Ar(Br)}

= rmin{ f(A)r(z), f(A)r(y)},
f)r(x*y) = Ar(yr - o1)

< max{Ar(yr), AMr(ér)}

= max{f(A)r(z), f(N)r(y)},

f)r(@ xy) = Ar(vr - 1)
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> min{A;(y1), Ar(¢r) } ((E22))
= min{f(A)s(x), fF(N:(y)},

fN)r(x*y) = Ap(yr - oF)
< max{Ar(yr), \r(¢r)} ((22))

= max{f(\)r(z), fN)r(y)}.

Hence, f(<7) is a neutrosophic cubic UP-subalgebra of Y.

(2) Assume that & = (Ar 1 r, Ar;F) is an f-invariant neutrosophic cubic
near UP-filter of X with NCS-property. By Theorem BTR [T], we have 0x €
f71(0y) and so f~1(0y) # 0. Thus

f(A)7(0y) = rsupye p-1(0,) {Ar(s)} = Ar(0x)
f(A)1(0y) = rinf,c-10,){As(s)} = Ar(Ox)

f(A)r(0y) = rsupye 10,y {Ar(s)} = Ar(Ox)
FN)r(0y) = infsep-100){Ar(s)} < Ar(0x)
/

(4.5.11)

Oy
F)r(0y) = supyep-1(0,)1A1(8)} = Ar(0x)
(M r(0y) = infycp-100,){Ar(s)} < Ap(0x)

Let y € Y. Since f is surjective, we have f~!(y) # (. By (EZ233) and (E23), we
have Ar(0x) > Ar(s), Ar(0x) = Ar(s), Ap(0x) = Ap(s), \r(0x) < Ar(s), Ar(0x)
> A1(5), Ar(0x) < Ap(s) for all s € f~!(y). Then Ar(0x) is an upper bound of
{A7(8)}ser1@y), Ar(0x) is a lower bound of {A;(s)}scf-1(y), Ar(0x) is an upper
bound of {Ap(s)}sep-1(y), Ar(0x) is alower bound of {Ar(s)}sep-1(y), Ar(0x) is an
upper bound of {\;(s)}ser-1(y), and Ap(0x) is a lower bound of {Ap(s)}ses-1(y)-
By (E5T1), we have

f(A)r(0y) = A7(Ox) = rsup,e -1 { A7 ()} = f(A)r(y),

f(A)1(0y) < Ap(0x) Zrinfyepan{Ar(s)} = f(A)1(y),
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Let z,y € Y. By Lemma B30, there exist elements ar; p, yr1.r € f~Hx) and
Brir, érrr € [~ (y) such that

Then

f(A)r(x*y) = Ar(ar - Br)

> Ar(Br) ((E=2m))
= f(A)r(y),

fA)(z xy) = Ar(or - )
= Ar(Br) ((23))
= [(A)(y),

f(A)p(x+y) = Ap(ar - Br)
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> Ap(Br) ((E23))
= f(A)r(y),

FNr(zxy) = Ar(yr - ¢r)
< Ar(¢r) ((2m))
= f(N)r(y),

F1(@ xy) = Ar(vr - 1)
> Ar(¢r) ((Zm))
= f(N)1(y),

fQ)r(@xy) = Ap(yp - ¢F)
< Ar(¢r) ((E2m))

= f(AN)r(y).

Hence, f(7) is a neutrosophic cubic near UP-filter of Y.

(3) Assume that & = (Ar 1 r, Arsr) is an f-invariant neutrosophic cubic
UP-filter of X with NCS-property. Then &7 is a neutrosophic cubic near UP-filter
of X. By the proof of [2], we have f(47) satisfies the conditions (2423) and (224).
Let z,y € Y. By Lemma 510, there exist elements ar; p,yrrr € f'(z) and

Brir,¢rrr € f~(y) such that

f(A)r(x) = Ar(ar), f(A)i(x) = Ar(ar), f(A)r(x) = Ap(ar),
FNr(@) = Ar(yr), FA)1(2) = Ar(vn), FA)p(x) = Ap(yr),
) (y) = Ar(Br), f(A)1(y) = Ai(Br), F(A)r(y) = Ar(Br),
FNr(y) = Ar(¢r), F(N1(y) = Ar(d1), FNe(y) = Ar(dr),
fA)r(x xy) = Ar(ar - Br), f(A)i(x +y) = Ar(ar - Br),
f(A)p(z+y) = Ap(ar - fr),

fNr(xxy) = Ar(yr - or), fN) 1w xy) = Ai(r - 1),



f)r(*y) = Ar(yr - ér).

Then

f(A)r(y) = Ar(Br)

= rmin{Az(ar - Br), Ar(ar)}

= rmin{ f(A)r(z xy), f(A)r(z)},

FA)i(y) = Ar(Br)

< rmax{A;(as - B1), Ar(as)}

= rmax{f(A)s(z xy), f(A)1(z)},
f(A)r(y) = Ar(Br)

= rmin{Ar(ar - Br), Ap(ar)}

= rmin{ f(A)p(z *y), f(A)r(z)},

fQ)r(y) = Ar(or)

< max{\r(yr - ¢r), Ar(yr)}

= max{f(\)r(z *y), f(\)r(z)},
FN)1(y) = Ar(er)

> min{A;(v7 - ¢1), Ar(vr)}

= min{f(A);(z *y), f(A)1(z)},
fN)r(y) = Ap(or)

< max{Ar(yr - ¢r), A\r(7F)}

= max{f(A)r(z *y), f(A)r(z)}

Hence, f(7) is a neutrosophic cubic UP-filter of Y.
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(4) Assume that & = (A1 r, Ar,; F) is an f-invariant neutrosophic cubic

UP-ideal of X with NCS-property. Then o is a neutrosophic cubic UP-filter of
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X. By the proof of 3}, we have f(<f) satisfies the conditions (E4=3) and (E=24).

Let x,y,2 € Y. By Lemma B510, there exist elements arrp,yrrr € [ (2),

Brir, ¢rir € f~Hy) and Y7 p,wrrr € f71(2) such that

) (y) = Ar(Br), f(A)1(y) = A(Br), f(A)r(y) = Ar(Br),

FN1(y) = Ao(r), F(N1(y) = Ar(dn), F(N)p(y) = Ar(or),

f(A)r(x % 2) = Ar(ar - r), f(A)r(z * 2) = Ar(as - 1),

f(A)p(z * 2) = Ap(ar - ),

N (wx2) = Ar(yr - wr), f(N) (2 2) = Ar(yr - wi),

SN p( + 2) = Ap(vr - wr),

JA)r(z* (y* 2)) = Ar(ar - (Br - ¢r), f(A)r(@ * (y % 2)) = Ar(ar - (Br - i),
f(A)p(z * (y *2)) = Ap(ar - (Br - ¥r)),

N+ (y* 2)) = dr(yr - (br - wr)), FN) (@ (y * 2)) = Ar(r - (61 - wr)),
ey 2)) = Ar(ye - (dF - wr)).

Then

f(A)r(z * 2) = Ar(ar - 1pr)
= rmin{Ar(ar - (Br - ¥r)), Ar(Br)} ((Ez))
= rmin{f(A)r(z* (y * 2)), f(A)r(y)},

fA)(z * 2) = Ar(ar - ¢r)
= rmax{A(as - (Br - 1)), Ar(B1)} ((23))
= rmax{ f(A)r(z * (y * 2)), f(A):1(y)},

f(A)r(x *z) = Ap(ar - Yr)
= mmin{Ap(ar - (Br - ¥r)), Ar(Br)} ((Ez3))
= rmin{f(A)p(z * (y * 2)), f(A)r(y)},
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fN)r(x = 2) = Ar(yr - wr)
< max{Ar(yr - (1 - wr)), Ar(or)} ((zm))
= max{f(A)r(z = (y * 2)), f(MN)r(y)},

F)1(w* 2) = Ar(yr - wi)
> min{ Az (v - (¢1 - wi)), Ar(é1)} ((21m))
= min{f(A)r(z * (y * 2)), f(N)1(y)},

fN)p(@ * 2) = Ap(yp - wr)
< max{Ar(yr - (¢r - wr)), Ar(dr)} ((zm))

= max{f(Np(z* (y* 2), fN)r(y)}.

Hence, f(<7) is a neutrosophic cubic UP-ideal of Y.

(5) Assume that & = (A1 r, Ar; F) is an f-invariant neutrosophic cubic
strong UP-ideal of X with NCS-property. Then &7 is a neutrosophic cubic UP-
ideal of X. By the proof of [4}], we have f(<f) satisfies the conditions (4=3) and

(B24). Let x,y,z € Y. By Lemma B5 10, there exist elements arr r, yrrr €

=), Bryr érar € [ (y) and Ypp p,wrrp € f7(2) such that

f(A)r(z) = Ar(ar), [(A)i(z) = Ar(ar), f(A)r(z) = Ar(ar),

V(@) = Ar(yr), FA)1(x) = Ar(v0), FA)p(x) = Ar(vr),

FA)r(y) = Az(Br), f(A)i(y) = Ar(Br), F(A)r(y) = Ar(Br

FN1(y) = Ar(or), fFN1(y) = Ai(dr), F(Np(y) = Ar(or
FA)r((zxy) * (zxx)) = Ar((Yr - br) - (Yr - a7)

FA)i((zxy) * (2 x2)) = Ar((¢r - Br) - (Y1 - ar)),

A F((z xy) = (zx x)) = Ap((Yr - Br) - (YF - aF)),

FN)r((zxy) * (2% x)) = Ar((wr - ér) - (Wr - 7)),

)

)
)
);
),
);
)
)
)
(2 y) * (2% 2)) = Ar((wr - ¢1) - (wr - 71)),



FVe((zxy) x (zx 7)) = Ap((wr - ¢r) - (Wr - 7P))-

Then

f(A)r(z) = Ar(ar)
= rmin{ Az ((¢r - Br) - (Yr - ar)), Ar(Br)}

=rmin{f(A)r((z xy) * (z xx)), f(A)r(y)},

f(A)1(z) = Ar(ar)
= rmax{A;((¢r - Br) - (Y1 - ar)), Ar(Br)}

= rmax{ f(A);((z xy) * (z*x x)), f(A)1(y)},

f(A)r(z) = Ar(ar)
= rmin{Ap((¢Yr - Br) - (Wr - ar)), Ar(Br)}

= rmin{ f(A)r((z *y) * (2 x 2)), f(A)r(y)},

fN)r(x) = Ar(yr)

< max{Ar((wr - ¢7) - (wr - 7)), Ar(or)}

= max{f(A)r((z *y) * (z *x 2)), f(N)r(y)},
FN)1(x) = Ar(r)

> min{Ar((wr - ¢1) - (wr - 1)), Ar(ér)}

= min{f(A);((z * y) * (zx x)), f(A)1(y)},
fNr(x) = Apr(yr)

< max{Ar((wr - ¢F) - (Wr - VF)), Ar(¢r)}

= max{f(N)r((z*y) * (zx2)), FN)p(y)}.

Hence, f(/) is a neutrosophic cubic strong UP-ideal of Y.
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CHAPTER V

CONCLUSIONS

From the study, we get the following results.

1. Every neutrosophic UP-subalgebra of X satisfies the conditions (E14),
(A1), and (EI8).

2. A NS A in X is constant if and only if it is a neutrosophic strong UP-ideal
of X.

3. If A is a neutrosophic UP-subalgebra of X satisfying the following condition:

(

Ar(x) = Ar(y)

(Ve,ye X) [z -y#0= S\ /(z) < A\i(y) ,

Ap(2) = Ap(y)

\

then A is a neutrosophic near UP-filter of X.

4. If A is a neutrosophic near UP-filter of X satisfying the following condition:

Ar = A1 = Ap,

then A is a neutrosophic strong UP-ideal of X.

5. If A is a neutrosophic UP-filter of X satisfying the following condition:

Ar(y - (z-2)) = Ar(z- (¥ 2))
(Vl’,y,ZEX) AI(Z/(CUZ)):AI(SU(ZUZ)) )
Ar(y - (x-2) = Ap(z - (y - 2))

then A is a neutrosophic UP-ideal of X.
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6. If A is a NS in X satisfying the following condition:

Ve,y,ze€ X) | z2<z-y=

(

Ar(z) > min{Ar(z), A\r(y)}

Ar(z) < max{A;(z), Ar(y)} )

Ap(z) > min{\p(x), \r(y)}

\

then A is a neutrosophic UP-subalgebra of X.

7. If Ais a NS in X satisfying the following condition:

Ve,y,ze X) | z<z-y =

(

Ar(y) > min{Az(2), Ar(z)}

A(y) < max{Ar(2), Ar(z)} [

Ap(y) = minfAp(2), Ap(2)}

\

then A is a neutrosophic UP-filter of X.

8. If Ais a NS in X satisfying the following condition:

(Va,z,y,z € X)

a<z-(y-2)=

(

Ar(z - z) > min{\r(a), \r(y)}

Ar(z - 2) <max{A;(a), \;(y)} ;

\/\F(SC . Z) > mln{)‘F(a)7/\F(y>}

then A is a neutrosophic UP-ideal of X.

9. A NS A in X satisfies the following condition:

(Vx,y,z € X)

2<T-Yy=>

Ar(2) 2 Ar(y)

\

if and only if A is a neutrosophic strong UP-ideal of X.
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14.

15.

16.

17.
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If the constant 0 of X is in a nonempty subset G of X, then a NS AG[ng;i]

in X satisfies the conditions (B14), (A1), and (B-14).

If a NS AG[a+’5_’7+] in X satisfies the condition (ETA4) (resp., (EI3),

a6t~

(E1M)), then the constant 0 of X is in G.

A NS AG[zfg;r_r} in X is a neutrosophic UP-subalgebra (resp., neutro-
sophic near UP-filter, neutrosophic UP-filter, neutrosophic UP-ideal, neu-
trosophic strong UP-ideal) of X if and only if a nonempty subset G of X is a
UP-subalgebra (resp., near UP-filter, UP-filter, UP-ideal, strong UP-ideal)

of X.

A NS A in X is a neutrosophic UP-subalgebra (resp., neutrosophic near
UP-filter, neutrosophic UP-filter, neutrosophic UP-ideal) of X if and only
if for all «, 8,7 € [0, 1], the sets U(Ar; «), L(Ar; B), and U(Ag;y) are either
empty or UP-subalgebras (resp., near UP-filter, UP-filter, UP-ideal) of X.

A NS A in X is a neutrosophic strong UP-ideal of X if and only if the sets
EAr; Ar(0)), E(Ar; A1(0)), and E(Ag; Ar(0)) are strong UP-ideals of X.

Every special neutrosophic UP-subalgebra of X satisfies the conditions

(E=x2), (A=23), and (E=20).

A NS A in X is a neutrosophic UP-subalgebra (resp., neutrosophic near UP-
filter, neutrosophic UP-filter, neutrosophic UP-ideal, neutrosophic strong
UP-ideal) of X if and only if A is a special neutrosophic UP-subalgebra
(resp., special neutrosophic near UP-filter, special neutrosophic UP-filter,

special neutrosophic UP-ideal, special neutrosophic strong UP-ideal) of X.

A NS A in X is constant if and only if it is a special neutrosophic strong

UP-ideal of X.
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18. If A is a special neutrosophic UP-subalgebra of X satisfying the following

19.

20.

21.

condition:

(Vo,ye X) [z y#0= S\ (z) > \(y) ,

then A is a special neutrosophic near UP-filter of X.

If A is a special neutrosophic near UP-filter of X satisfying the following
condition:

>\T = )\I = )‘Fa
then A is a special neutrosophic strong UP-ideal of X.

If A is a special neutrosophic UP-filter of X satisfying the following condi-

tion:
Ar(y - (z-2) = Ar(z - (y - 2))
(Vr,y,2€ X) | My~ (z-2)=X(z-(y-2) |>
Ae(y-(z-2) = Ap(z-(y-2))

then A is a special neutrosophic UP-ideal of X.

If Ais a NS in X satisfying the following condition:

p

Ar(z) < max{Ar(z), Ar(y)}

(Vz,y,2 € X) [ 2 <2y = ¢ \(2) > min{\;(z), \;(y)} ,

\)\F(z) < max{Ap(x), A\r(y)}

then A is a special neutrosophic UP-subalgebra of X.
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22. If A is a NS in X satisfying the following condition:

p

Ar(y) < max{Ar(2), Ar(z)}

(Vo,y,z € X) [ 2 <2y = A\(y) > min{\(2), A\ (z)} ,

| Ar(y) < max{Ap(z), Ap(z)}
then A is a special neutrosophic UP-filter of X.

23. If Ais a NS in X satisfying the following condition:

(

Ar(z - 2) < max{Ar(a), Ar(y)}

(Va,z,y,2 € X) | a<z-(y-2) = A\(z-2) >min{\(a), \(y)} ,

\)‘F(x - z) <max{Ar(a), Ar(y)}
then A is a special neutrosophic UP-ideal of X.

24. A NS A in X satisfies the following condition:

;

Ar(z) < Ar(y)

(Va:,y,zGX) ngyj )\[(Z)Z/\[(y)

Ae(2) < Ap(y)

\

if and only if A is a special neutrosophic near UP-filter of X.

25. Let at,a~, 8%, 87,9",7 €[0,1]. Then the following statements hold:

NGt Bt l—at 1-8— 1—~+
(1) AS[5 00 = OAL T 5], and

(2) GA[a‘,ﬁJw—] _ AG[l—a*,1—5+,1_f].

at,f= .yt 1-at,1-67,1-—F

26. If the constant 0 of X is in a nonempty subset G of X, then a NS GA[M’W’V?]

at, =yt

in X satisfies the conditions (A224), (I=23), and (I=X8).



27.

28.

29.

30.
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If a NS GA[OT’W’T] in X satisfies the condition (E=Z4) (resp., (E=XA),

Oé+76_y’)/+
(2=21)), then the constant 0 of X isin G.
A NS GA[Z;gle] in X is a special neutrosophic UP-subalgebra (resp.,
special neutrosophic near UP-filter, special neutrosophic UP-filter, special
neutrosophic UP-ideal, special neutrosophic strong UP-ideal) of X if and

only if a nonempty subset G of X is a UP-subalgebra (resp., near UP-filter,
UP-filter, UP-ideal, strong UP-ideal) of X.

A NS A in X is a special neutrosophic UP-subalgebra (resp., special neutro-
sophic near UP-filter, special neutrosophic UP-filter, special neutrosophic
UP-ideal) of X if and only if for all , 3,y € [0, 1], the sets L(Ar; «), U(Ar; B),
and L(Ag;~y) are either empty or UP-subalgebras (resp., near UP-filter, UP-
filter, UP-ideal) of X.

If A is an interval-valued neutrosophic UP-subalgebra of X, then
(Vo € X)(Ar(0) = Ar(z)),

(Vo € X)(Ar(0) = As(x)),

(Ve € X)(Arp(0) = Ap(z)).

An IVNS A in X is constant if and only if it is an interval-valued neutro-

sophic strong UP-ideal of X.

If A is an interval-valued neutrosophic UP-subalgebra of X satisfying the

following condition:

(Ve,y € X) | oy #0=§ Ap(z) = As(y) :




33.

34.

35.
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then A is an interval-valued neutrosophic near UP-filter of X.

If A is an interval-valued neutrosophic near UP-filter of X satisfying the
following condition:

AT = AI = AF7
then A is an interval-valued neutrosophic strong UP-ideal of X.

If A is an interval-valued neutrosophic UP-filter of X satisfying the following

condition:

s
s
<
=
F

I

S
e

=
<
"y

then A is an interval-valued neutrosophic UP-ideal of X.

If A is an IVNS in X satisfying the following condition:

(

Ar(2) = rmin{ Az (x), Ar(y)}

(Vo,y,z € X) | 2 <2 -y= { Aj(2) < rmax{A;(z), A;(y)} ,

Ap(z) = rmin{Ag(x), Ar(y)}

\

then A is an interval-valued neutrosophic UP-subalgebra of X.

If A is an IVNS in X satisfying the following condition:

(

Ar(y) = rmin{Ar(z), Ar(z)}

(Vo,y,2 € X) [ 2 <2y = Ai(y) < rmax{A;(z), A;(z)} ,

Ap(y) = rmin{Ap(z), Ap(z)}

\

then A is an interval-valued neutrosophic UP-filter of X.
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38.

39.

40.

41.

42.
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If A is an IVNS in X satisfying the following condition:

4

Ar(x - z) = rmin{Ar(a), Ar(y)}

(Va,z,y,z€ X) [a<x-(y-2) = A;(x - 2) < rmax{A;(a), A;(y)}

Ap(x - 2z) = rmin{Ar(a), Ar(y)}

\

then A is an interval-valued neutrosophic UP-ideal of X.

An IVNS A in X satisfies the following condition:

(Vo,y,2 € X) | 2 <a-y = A1(2) < Ar(y)

if and only if A is an interval-valued neutrosophic strong UP-ideal of X.

If the constant 0 of X is in a nonempty subset G of X, then the IVNS
ACG[ Y% in X satisfies the conditions (A34), (E=33), and (A7)

a—,bt+,é"
If the IVNS A¢ [Ztg;i] in X satisfies the condition (EZ34) (resp., (E=3H),
(223M)), then the constant 0 of X is in G.

The IVNS AG[Zti;i] in X is an interval-valued neutrosophic UP-sub-
algebra (resp., interval-valued neutrosophic near UP-filter, interval-valued
neutrosophic UP-filter, interval-valued neutrosophic UP-ideal,
interval-valued neutrosophic strong UP-ideal) of X if and only if a nonempty
subset G of X is a UP-subalgebra (resp., near UP-filters, UP-filters, UP-
ideals, strong UP-ideal) of X.

An IVNS A in X is an interval-valued neutrosophic UP-subalgebra (resp.,
interval-valued neutrosophic near UP-filter, interval-valued neutrosophic

UP-filter, interval-valued neutrosophic UP-ideal) of X if and only if for all
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a,b,¢ € [[0,1]], the sets U(Ap;a), L(A;;b), and U(Ap; ) are either empty
or UP-subalgebras (resp., near UP-filters, UP-filters, UP-ideals) of X

An TVNS A in X is an interval-valued neutrosophic strong UP-ideal if
and only if for all a,b,¢ € [[0,1]], the sets E(Ap; Ar(0)), E(Ar; A7(0)), and
E(Ap; Arp(0)) are strong UP-ideals of X.

If o = (A, A) is a neutrosophic cubic UP-subalgebra of X, then

Ar(0) = Ap(z)
(Vo € X) [ Ap(0) < As(x) (P1)
Ap(0) = Ap(z)

and

A
(Vo e X) [ Ar(0) > As(z) | - (P2)
A

ANCS & = (A, A) in X is a neutrosophic cubic UP-subalgebra (resp., neu-
trosophic cubic near UP-filter, neutrosophic cubic UP-filter, neutrosophic
cubic UP-ideal, neutrosophic cubic strong UP-ideal) of X if and only if the
IVNS A is an interval-valued neutrosophic UP-subalgebra (resp., interval-
valued neutrosophic near UP-filter, interval-valued neutrosophic UP-filter,
interval-valued neutrosophic UP-ideal, interval-valued neutrosophic strong
UP-ideal) of X and the NS A is a special neutrosophic UP-subalgebra (resp.,
special neutrosophic near UP-filter, special neutrosophic UP-filter, special

neutrosophic UP-ideal, special neutrosophic strong UP-ideal) of X.

ANCS o7 = (A, A) in X is constant if and only if it is a neutrosophic cubic
strong UP-ideal of X.
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47. If &/ = (A, A) is a neutrosophic cubic UP-subalgebra of X satisfying the

following condition:

(VZL’,yGX) xy;é():> )

Ap(x) < Ar(y)

\

then & = (A, A) is a neutrosophic cubic near UP-filter of X.
48. If &/ = (A, A) is a neutrosophic cubic near UP-filter of X satisfying the
following condition:

AT:AI:AF7/\T:)\I:)\F7

then & = (A, A) is a neutrosophic strong UP-ideal of X.

49. If & = (A, A) is a neutrosophic cubic UP-filter of X satisfying the following

condition:

Ar(y - (z-2)) = Ar(z - (y - 2))
Ay - (z-2)) = A(z - (y - 2))
(Ve.g.2 € X) Ap(y - (z-2)) = Ap(z - (y - 2)) |
Ar(y - (z-2)) = Ar(z - (y-2))
Ay - (z-2) =XAi(z- (y-2))
Ap(y - (z-2)) = Ap(z- (y-2))

then &7 = (A, A) is a neutrosophic cubic UP-ideal of X.



50. If @ = (A, A) is a NCS in X satisfying the following condition:

.

Ve,y,z€ X) | z<z-y=

\

Ar(2) = rmin{Az(z), Ar(y)}
Ag(z) 2 rmax{A;(z), Ar(y)}
Ap(2) = rmin{Ap(z), Ap(y)}
Ar(z) < max{Ar(z), Ar(y)}
Ar(2) 2 min{Ar(2), Ar(y) }

Ap(2) < max{Ap(z), Ar(y)}

then &7 = (A, A) is a neutrosophic cubic UP-subalgebra of X.

51. If o = (A, A) is a NCS in X satisfying the following condition:

(

Ve,y,ze X) | z2<z-y=

\

then & = (A, A) is a neutrosophic

Ar(y) = rmin{Az(z), Ar(z)}
Ap(y) = rmax{A;(z), As(x)}
Ap(y) = rmin{Ap(2), Ap(z)}
Ar(y) < max{Ar(2), Ar(z)}
Ar(y) = min{A;(2), Ar() }

Ar(y) < max{Ar(2), Ar(z)}

cubic UP-filter of X.
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52. If @ = (A, A) is a NCS in X satisfying the following condition:

(

Ap(x - 2) = rmin{Ar(a), Ar(y)}
Aj(x - 2) <rmax{A;(a), A;(y)}
Ap(x - 2z) = rmin{Ar(a), A

Va,z,y,z€ X) |a<z-(y-2)= 1< ( ) tAro W} )
Ar(z - 2) < max{Ar(a), Ar(y)}

)\[(l’ o Z) > min{)\f(a)v )‘I(y)}

Ap(x - 2) < max{Ar(a), Ap(y)}

\

then &7 = (A, A) is a neutrosophic cubic UP-ideal of X.

53. A NCS & = (A, A) in X satisfies the following condition:

(

Vr,y,ze€ X) | z2<x-y=

\

if and only if &/ = (A, A) is a neutrosophic cubic strong UP-ideal of X.

54. ANCS & G[[Ztg;i], [z;gfﬁ]] in X is a neutrosophic cubic UP-subalgebra
(resp., neutrosophic cubic near UP-filter, neutrosophic cubic UP-filter, neu-
trosophic cubic UP-ideal, neutrosophic cubic strong UP-ideal) of X if and
only if a nonempty subset G of X is a UP-subalgebra (resp., near UP-filter,

UP-filter, UP-ideal, strong UP-ideal) of X.

55. ANCS & = (A, A) in X is a neutrosophic cubic UP-subalgebra (resp., neu-



96.

o7.

58.
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trosophic cubic near UP-filter, neutrosophic cubic UP-filter, neutrosophic
cubic UP-ideal) of X if and only if for all [sp,sn], [Sn, Skl Sk, Sk] €
[[0,1]] and tp,t;,tp € [0, 1], the sets U(Ar; [s1y, s1,]), L(A5; [s1,, 1)),
U(AF; [sF,, Sr]), LA t7), U(Ar; tr), and L(Ap; tr) are either empty or UP-
subalgebras (resp., near UP-filter, UP-filter, UP-ideal) of X.

ANCS o/ = (A, A) in X is a neutrosophic cubic strong UP-ideal of X if and
only if the sets E(Ar; Ar(0)), E(Ar; A7(0)), E(Ar; Ar(0)), E(Ar, Ar(0)),
E(A1,21(0)), and E(Ap, Ar(0)) are strong UP-ideals of X.

Every neutrosophic cubic UP-filter (resp., neutrosophic cubic UP-ideal, neu-

trosophic cubic strong UP-ideal) of X is order preserving.

Let (X,-,0x) and (Y, %,0y) be UP-algebras, f: X — Y be a UP-homo-
morphism, and &/ = (A7 p, Arr) be a NCS in Y. Then the following

statements hold:

(1) If & is a neutrosophic cubic UP-subalgebra of Y, then the inverse
image (&) of & under f is a neutrosophic cubic UP-subalgebra of
X.

(2) If o is a neutrosophic cubic near UP-filter of Y which is order preserv-
ing, then the inverse image f~1(&/) of & under f is a neutrosophic

cubic near UP-filter of X.

(3) If &7 is a neutrosophic cubic UP-filter of Y, then the inverse image
f7Y() of & under f is a neutrosophic cubic UP-filter of X.

IS a neutrosophic cubic -ldeal of Y, then the inverse 1mage
4) If o i hi bic UP-ideal of Y, then the i i
[~H«) of & under f is a neutrosophic cubic UP-ideal of X.

(5) If o is a neutrosophic cubic strong UP-ideal of Y, then the inverse
image f~!'(«) of & under f is a neutrosophic cubic strong UP-ideal
of X.
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59. Let (X,-,0x) and (Y, *,0y) be UP-algebras and let f: X — Y be a UP-
epimorphism. Let & = (Ar;p, Arrr) be an f-invariant NCS in X with
NCS-property. For any z,y € Y, there exist elements ar ;. p,y7.1r € f~(z)

and Brrr, ¢rrr € ' (y) such that

f(A)r(x) = Ar(ar), f(A)i(x) = Ar(or), f(A)p(z) = Ap(ar),
F)r(@) = Ar(yr), f(MN)i(z) = Ar(y1), (A r(z) = Ar(yr),
F(A)r(y) = Ar(Br), f(A)1(y) = Ar(Br), f(A)r(y) = Ar(Br),
FN)r(y) = Ar(or), f(N)i(y) = A(¢r), f(N)r(y) = Ar(ér),
f(A)r(z xy) = Ar(ar - Br), [(A)r(z = y) = Ar(or - Br),
f(A)r(zxy) = Ar(ar - Br),

f)r(@*y) = Ar(yr - ¢r), f(N)1(@*y) = A(vr - 1),

FNr(@*y) = Ae(vr - oF).

60. Let (X,-,0x) and (Y,*,0y) be UP-algebras, f: X — Y be a UP-epi-
morphism, and & = (A7 p, Arrr) be a NCS in X. Then the following

statements hold:

(1) If o is an f-invariant neutrosophic cubic UP-subalgebra of X with
NCS-property, then the image f(/) of &/ under f is a neutrosophic
cubic UP-subalgebra of Y.

(2) If & is an f-invariant neutrosophic cubic near UP-filter of X with
NCS-property, then the image f(/) of &/ under f is a neutrosophic
cubic near UP-filter of Y.

(3) If o7 is an f-invariant neutrosophic cubic UP-filter of X with NCS-
property, then the image f() of &/ under f is a neutrosophic cubic
UP-filter of Y.

(4) If o7 is an f-invariant neutrosophic cubic UP-ideal of X with NCS-
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property, then the image f(</) of o/ under f is a neutrosophic cubic
UP-ideal of Y.

(5) If o is an f-invariant neutrosophic cubic strong UP-ideal of X with
NCS-property, then the image f(&7) of &7 under f is a neutrosophic
cubic strong UP-ideal of Y.
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