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CHAPTER 1

INTRODUCTION

Optimization has resulted in new algorithms and theories being devel-

oped that can be applied to solve real-world problems in both pure and applied

science. Important problems exist in engineering, economics, computer science,

physics, and mechanics can be formulated in mathematical optimization. One

of critical problems in optimization is variation inclusion problem, which plays

a central role in nonlinear analysis around known mathematical models such

as minimization problems, split feasibility problems, convex programming, and

variational inequality, etc., with applications in signal recovery, image process-

ing, machine learning and others. In this work, we study the variational inclusion

problem, which has received much attention from many authors whose works on

theoretical results as well as iterative algorithms.

In 1970, Martinet [56] introduced the popular iteration method known

as the proximal point algorithm. In 1976, Lions and Mercier [52] proposed the

Peaceman-Rachford and Douglas-Rachford splitting algorithms for problems in-

volving the sum of two monotone operators. These algorithms are well known

in the linear case and are here extended to the case of multivalued monotone

operators. In 2000, Tseng [81] proposed the forward-backward splitting method

for finding a zero of the sum of two maximal monotone mappings. This method is

known to converge when the inverse of the forward mapping is strongly monotone.

One way to study the convergence of algorithms is finding a method that makes

an algorithm converges faster. Polyak [64] introduced the so-called heavy ball

method, a two step iterative method for minimizing a smooth convex function.

In 2001, Alvarez and Attouch [3] translated the idea of the heavy ball method to

the setting of a general maximal monotone operator using the framework of the
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proximal point algorithm. In 2003, Moudafi and Oliny [58] introduced a forward-

backward inertial procedure for solving the problem of finding a zero of the sum

of two maximal monotone operators is proposed and its convergence is estab-

lished under a cocoercivity condition with respect to the solution set. In 2015,

Lorenz and Pock [54] proposed an inertial forward-backward splitting algorithm

to compute a zero of the sum of two monotone operators, with one of the two

operators being co-coercive. In 2018, Gibali and Thong [37] introduced two mod-

ifications of the forward-backward splitting method with a new step size rule for

inclusion problems in real Hilbert spaces. The modifications are based on Mann

and viscosity-ideas. Under standard assumptions, such as Lipschitz continuity

and monotonicity, establish strong convergence of the proposed algorithms.

The aim of this thesis is to design new efficient optimization algorithms

for solving variational inclusion problems. We prove the convergence theorems

under some suitable conditions in Hilbert spaces. Finally, we apply the proposed

algorithm to solve data classification, signal recovery, and image recovery.



 

 

 

CHAPTER 2

REVIEW OF RELATED LITERATURE

AND RESEARCH

Let H be a real Hilbert space. In this research, the objective of our in-

vestigation is to solve the following variational inclusion problem: find an element

x∗ ∈ H such that

0 ∈ (F + G)x∗, (2.1.1)

where G : H → 2H is a multi-valued maximal monotone mapping and F : H → H

is a monotone and Lipschitz continuous mapping. The solution set of variational

inclusion problems is denoted by (F +G)−1(0). Approximating a solution of vari-

ational inclusion problem (2.1.1) has a variety of specific applications since many

problems can be seen as variational inclusion problem (2.1.1), for example, as

variational inequality problems, split feasibility problems, and convex minimiza-

tion problems with applications in signal and image processing, machine learning

and others, see, [10, 21, 24, 46, 33].

The resolvent mapping JG
γ : H → H associated with the multi-value

mapping G is defined by

JG
γ (x) := (I + γG)−1(x), ∀x ∈ H,

for some γ > 0, where I stands for the identity operator on H. It is well known

that the variational inclusion problem (2.1.1) is equivalent to the fixed point

equation x∗ = JG
γ (I − γF )x∗. This concept has been used to modify many split-

ting algorithms for approximating a solution of the variational inclusion problem

(2.1.1). One of the famous is the forward-backward splitting method [24, 53]
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which is defined by the following method: x1 and

xn+1 = JG
γn(xn − γnFxn), n ≥ 1,

where γn > 0 is the stepsize. This technique includes, as special cases the proximal

point algorithm [16, 60, 85] and the gradient method [87, 88].

One way to study the convergence of algorithms is finding a method that

makes an algorithm converges faster. Polyak [64] first introduced the inertial

technique which was called heavy ball method in 1964 for convergence speeding

up, this algorithm was generated for solving convex minimization.

In 2001, Alvarez and Attouch [3] extended the heavy ball method to

encompass a broader context involving a general maximal monotone operator.

This extension was achieved by strategically integrating the proximal point al-

gorithm framework, resulting in the creation of the advanced inertial proximal

point algorithm (IPA), formally represented as:

xn+1 = JG
γn(xn + θn(xn − xn−1)), n ≥ 1. (2.1.2)

They proved that under the specified condition

∞∑
n=1

θn∥xn − xn−1∥ < ∞, (2.1.3)

where {θn} ⊂ [0, 1) and {γn} is nondecreasing, the algorithm (2.1.2) weakly

converges to a zero of G. In particular, condition (2.1.3) is true for θn < 1
3
.

Here θn is an extrapolation factor and the inertial is represented by the term

θn(xn − xn−1). It is proved that the inertial terminology greatly improves the

performance of the algorithm and has a nice convergence properties [4, 25, 31, 59].

For solving a zero-finding problem of the sum of two monotone operators.
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The inertial proximal algorithm is the one of using the inertial technique with the

forward-backward algorithm. This following inertial forward-backward algorithm

(IFBA) have been proposed by Moudafi and Oliny [58]. Let x0, x1 ∈ H, γn ∈

(0, 2
L

) with L the Lipschitz constant of F , for all n ≥ 1:

yn = xn + θn(xn − xn−1),

xn+1 = JG
γn(yn − γnFxn).

Based on the condition generated in term of the sequence {xn} and parameter

θn under a cocoercivity condition F with respect to the solution set, the weak

convergence of the iterative sequence was established.

In 2015, Lorenz and Pock [54] proposed a modification of the inertial

forward-backward splitting algorithm (IFBSA). The scheme was generated as

follows:

yn = xn + θn(xn − xn−1),

xn+1 = JG
γn(I − γnF )yn,

where θn ∈ [0, 1) is an extrapolation factor and γn is a step size parameter in

positive real interval. Under conditions G : H → 2H is maximal monotone

mapping and F : H → H is single valued and cocoercive, then the sequence {xn}

generated by IFBSA converges weakly to (F + G)−1(0).

The best choices for the inertial parameter θn is the interesting topic

for many mathematicians. The well-known inertial parameter was introduced by

Beck and Teboulle [12], it is embed in the well-known fast iterative shrinkage-

thresholding algorithm (FISTA). The FISTA was introduce for convex mini-

mization problem which was generalized by the problem (2.1.1). A convex mini-
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mization problem is defined as follow:

min
x∈H

{f(x) + g(x)}, (2.1.4)

where f and g are two proper, lower semicontinuous and convex functions from

H to the set of extended real numbers R̄ := R ∪ {+∞} such that f is differ-

entiable with Lipschitz continuous gradient ∇f and g is subdifferentiable with

its computable proximal mapping. By setting G ≡ ∂g and F ≡ ∇f , then the

variational inclusion problem (2.1.1) is reduced to the convex minimization prob-

lem (2.1.4) and J∂g
λ (x) = (I + λ∂g)−1(x) = proxλg(x). The problem (2.1.4) has

received a lot of attention by many authors to solve some data classification, for

more information on the importance and development of data classifications and

methods (see in [62, 63, 72, 73]).

The FISTA algorithm is designed by choosing x1 = y0 ∈ H, t1 = 1, γ > 0

and compute

yn = proxγg(xn − γ∇fxn),

tn+1 =
1 +

√
1 + 4t2n
2

,

θn =
tn − 1

tn+1

,

xn+1 = yn + θn(yn − yn−1).

FISTA has received a great deal of attention due to its excellent computational

effect and important applications [16]. After that, Laing and Schonlieb [51] pre-

sented the proof of weak convergence theorem of modifying FISTA by setting

tn+1 =
p+
√

q+r(tn)2

2
, where p, q > 0 and 0 < r ≤ 4.

Recently, Verma et al. [83] used the idea of the inertial technique of

[64] with viscosity method and forward-backward algorithm for getting strong

convergence for the convex minimization problem (2.1.4), which is called the
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viscosity-base inertial forward-backward algorithm (VIFBA):

yn = xn + θn(xn − xn−1),

zn = αnV (yn) + (1 + αn)yn,

xn+1 = proxγng(zn − γn∇fzn),

where L > 0, θn ≥ 0, αn ∈ (0, 1), γn ∈ (0, 2
L

) and V is contractive mapping

with constant c. In this algorithm, the inertial term was used flexibly under the

suitable of its condition. A strong convergence has been prove under conditions

on the parameters αn, γn and the inertial term θn(xn − xn−1).

Another way to study the convergence of algorithms is modifying the

step size parameter to avoid calculating the norm operator of F . The famous one

of algorithms was introduced by Gibali and Thong [37] in 2018, the algorithm

was modified by Tseng type method combining with Mann algorithm for solving

monotone variational inclusion. Let x0 ∈ H, γn > 0, and µ ∈ (0, 1). This

algorithm is defined as follow:

yn = JG
γn(I − γnF )xn,

zn = yn − γn(Fyn − Fxn),

xn+1 = (1 − αn − βn)xn + βnzn,

by using the step size:

γn+1 =


min{ µ∥xn−yn∥

∥Fxn−Fyn∥ , γn}, if Fxn − Fyn ̸= 0,

γn, otherwise.

A strong convergence has been proved under mild assumptions in Hilbert spaces.

Very recently, Inthakon et al. [45], proposed a modified step size which
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is well-known that the linesearch technique calling Linesearch CN. The algo-

rithm was generated by VIFBA algorithm with Linesearch CN. The method have

been called a new machine learning algorithm (NMLA) based on optimization

method. Their algorithm is of the form

yn = xn + θn(xn − xn−1),

zn = αnV (yn) + (1 − αn)yn,

γn = Linesearch CN(zn, σ, η, δ),

xn+1 = proxγng(zn − γn∇fzn),

where σ > 0, η ∈ (0, 1), δ ∈ (0, 1
2
), θn ≥ 0, αn ∈ (0, 1) and c-contractive mapping

V . The strong convergence theorem have been obtained.

The variational inequality problem that is to find a point x∗ ∈ C such

that

⟨Fx∗, x− x∗⟩ ≥ 0, ∀x ∈ C, (2.1.5)

where F : C → H is a nonlinear monotone operator. We denote V I(C,F ) is the

solution set of variational inequality problem (2.1.5). In other words, variational

inequality problems are a special case of the problem of finding zeros of the sum

of two monotone operators. Note that the resolvent of the normal cone is nothing

but the projection operator.

It is well known that the variational inequality problem (2.1.5) is equiv-

alent to the fixed point problem, which consists of finding a point x∗ ∈ C such

that

x∗ = PC(x∗ − γFx∗),

where γ is any positive real number. The variational inequality problem (2.1.5),

which is a fundamental problem in nonlinear analysis and optimization theory,
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finds many real application, such as signal recovery, image recovery, transporta-

tion problems, economics, engineering, see [10, 48, 69, 5, 80] and the references

therein.

Recently, projection-based methods have been extensively investigated to

solve variational inequality problem (2.1.5), see [18, 19]. An important projection

method, which is called the Extragradient Method (EGM) was proposed by

Korpelevich [49] in 1976, see also [6]. The method is generated by giving the

current iterate xn, compute

yn = PC(xn − γFxn),

xn+1 = PC(xn − γFyn), (2.1.6)

where γ ∈ (0, 1
L

) and PC denotes the metric projection from H onto C.

In recent years, the EGM (2.1.6) has received great attention from many

authors, who improved it in various ways; see, e.g., [18, 19, 20] and the refer-

ences therein. In 2011, Censor et al. [20] improved the EGM (2.1.6) in Hilbert

spaces. Their method, called the subgradient extragradient method (SEGM).

Their method is of the form:

yn = PC(xn − γFxn),

Tn = {w ∈ H : ⟨xn − γFxn − yn, w − yn⟩ ≤ 0},

xn+1 = PTn(xn − γFyn). (2.1.7)

In (2.1.7), the second projection PC of the EGM (2.1.6) was replaced with a pro-

jection onto a half-space Tn which can be calculated easier more than a projection

onto a complex closed convex set C. Under the assumptions of monotonicity and

continuity of the operator F , Censor et al. [20] obtained weak convergence results

based on (2.1.7).
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Recently, Alvarez and Attouch [3], and Censor et al. [20] used the inertial

extrapolation term to speed up the rate of convergence of the SEGM for solving

(2.1.5) in Hilbert spaces. Their algorithm, called inertial subgradient extragra-

dient method (ISEGM). The algorithm is designed by choosing x0, x1 ∈ H and

compute

wn = xn + θn(xn − xn−1),

yn = PC(wn − γFwn),

Tn = {x ∈ H|⟨wn − γFwn − yn, x− yn⟩ ≤ 0},

xn+1 = PTn(wn − γFyn),

where γ > 0, θn ≥ 0 are suitable parameters. Under several appropriate con-

ditions imposed on these parameters, weak convergence result was established.

It deserves mentioning that, in the above algorithm, the Lipschitz constant is

known.

Our interest in this work is to study common solutions of variational in-

equality problems (CVIP). The CVIP is stated as follows: Let C be a nonempty

closed and convex subset of H. Let Fi : H → H, i = 1, 2, ..., N be mappings.

The CVIP is to find x∗ ∈ C such that

⟨
Fix

∗, x− x∗⟩ ≥ 0, ∀x ∈ C, i = 1, 2, ..., N. (2.1.8)

If N = 1, CVIP (2.1.8) becomes (2.1.5).

Recently, Suantai et al. [71] motivated the viscosity-type subgradient

extragradient-line method which introduced by Shehu and Iyiola [49] to solve the

CVIP (2.1.8). This algorithm was called the parallel viscosity-type subgradient

extragradient-line method (PVSEGM). The strong convergence theorem was

proved when each of the operator Fi is Lipschitz continuous monotone mapping
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that the Lipschitz constant is unknown. This algorithm starts with x1 ∈ H and

computes

yin = PC(xn − γi
nFixn), γi

n = ρl
i
n ,

γi
n∥Fixn − Fiy

i
n∥ ≤ µ∥r

ρl
i
n
(xn)∥),

zin = PT i
n
(xn − γi

nFyin),

xn+1 = α0
nf(xn) +

N∑
i=1

αi
nz

i
n, n ≥ 1, (2.1.9)

where T i
n = {z ∈ H : ⟨xn − γi

nFixn − yin, z − yin⟩ ≤ 0} with ρ, µ ∈ (0, 1) and

{αn}∞n=1 ⊆ (0, 1). The sequence {xn}∞n=1 generated by (2.1.9) was proved that

it converges strongly to x∗ ∈ V I(C,F ), where x∗ = PV I(C,F )f(x∗) is the unique

solution of the variational inequality

⟨
(I − f)x∗, x− x∗⟩ ≥ 0, ∀x ∈ V I(C,F ).

Since f is a strict contraction, its Lipschitz constant k is, in fact, strictly less

than 1 under the following conditions

(C1) lim
n→∞

α0
n = 0 and (C2)

∞∑
n=1

α0
n = ∞.

The advantage of the PVSEGM was presented to solve the problem of multiblur

effects in an image restoration. The image quality was improved sharper by

using the PVSEGM in the resolution of common resolution variational inequality

problem.

In this thesis, we design a forward-backward splitting algorithm with the

inertial technique to solve the variational inclusion problem and show stepsize

modification to generate another efficient algorithm. The weak convergence the-

orem are established under some suitable conditions in Hilbert spaces. Moreover,
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we give an example and numerical results for supporting our main theorem in

infinitely dimensional spaces. Finally, we apply our main result to solve a data

classification problem, signal recovery, and image recovery. We then compare the

performance of our algorithm with other algorithms.



 

 

 

CHAPTER 3

PRELIMINARIES

In this section, we provide some basic concepts, definitions, and lemmas

that will be used in the following sections.

3.1 Fundamentals

Definition 3.1.1 [1](Normed space) Let X be a vector space over field S (R

or C) and ∥ · ∥ : X → [0,∞) be a function. Then ∥ · ∥ is said to be a norm if the

following properties hold: for all x, y ∈ X and α ∈ S,

1. ∥x∥ ≥ 0;

2. ∥x∥ = 0 ⇔ x = 0;

3. ∥αx∥ = |α|∥x∥;

4. ∥x + y∥ ≤ ∥x∥ + ∥y∥.

∥x∥ is called the norm of x. (X, ∥ · ∥) denotes the normed space just defined.

Example 3.1.2 Rn is a normed space with the following norms:

∥x∥1 =
n∑

i=1

|xi| for all x = (x1, x2, .., xn) ∈ Rn;

∥x∥p =
( n∑

i=1

|xi|p
)1/p

for all x = (x1, x2, .., xn) ∈ Rn and p ∈ (1,∞);

∥x∥∞ = max
1≤i≤n

|xi| for all x = (x1, x2, .., xn) ∈ Rn.

Example 3.1.3 Let X = ℓ1, the linear space whose elements consist of all abso-

lutely convergent sequences (x1, x2, ..., xi, ...) of scalars (R or C),

ℓ1 = {x : x = (x1, x2, ..., xi, ...) and
∞∑
i=1

|xi| < ∞}.
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Then ℓ1 is a normed space with the norm defined by ∥x∥1 =
∑∞

i=1 |xi|.

Example 3.1.4 Let X = ℓp (1 < p < ∞) be the linear space whose elements

consist of all presumable sequences (x1, x2, ..., xi, ...) of scalars (R or C),

ℓp = {x : x = (x1, x2, ..., xi, ...) and
∞∑
i=1

|xi|p < ∞}.

Then ℓp is a normed space with the norm defined by ∥x∥p = (
∑∞

i=1 |xi|p)1/p.

Example 3.1.5 Let X = ℓ∞ be the linear space whose elements consist of all

bounded sequences (x1, x2, ..., xi, ...) of scalars (R or C),

ℓ∞ = {x : x = (x1, x2, ..., xi, ...) and {xi}∞i=1 is bounded}.

Then ℓ∞ is a normed space with the norm defined by ∥x∥∞ = supi∈N |xi|.

Example 3.1.6 Let X = L2[a, b] be the linear space of all continuous real-valued

functions on [a, b] forms a normed space X with norm defined by

∥x∥ =
(∫ b

a

x(t)2dt
) 1

2
.

Definition 3.1.7 [1](Cauchy sequence) A sequence {xn} in a normed space

X is said to be Cauchy if lim
m,n→∞

∥xm − xn∥ = 0, i.e., for ε > 0, there exists an

integer n0 ∈ N such that ∥xm − xn∥ < ε for all m,n ≥ n0.

Definition 3.1.8 [1](Convergent sequence) A sequence {xn} in a normed

space X is said to be convergent to x if lim
n→∞

∥xn − x∥ = 0. In this case, we write

xn → x or lim
n→∞

xn = x.

Definition 3.1.9 [74](Strong convergence) Let H be an inner product space

and let x ∈ H. A sequence {xn} in H is said to be converges strongly to x,

denoted by xn → x, if ∥xn − x∥ → 0.
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Definition 3.1.10 [50](Weak convergence) A sequence {xn} in a normed

space X is said to be weakly convergent if there is an x ∈ X such that for

every f ∈ X
′
,

lim
n→∞

f(xn) = f(x).

Definition 3.1.11 [1](Completeness) The space X is said to be complete if

every Cauchy sequence in X converges strongly.

Example 3.1.12 The Euclidean space Rn is complete with

d(x, y) =
√

(x1 − y1)2 + (x2 − y2)2 + ... + (xn − yn)2

where x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ Rn.

Example 3.1.13 The sequence space ℓ∞ is complete.

Example 3.1.14 The sequence space ℓp is complete.

Definition 3.1.15 [1](Inner product space) Let X be a vector space over field

S (R or C) and ⟨., .⟩ : X ×X → S be a function. Then ⟨., .⟩ is said to be an inner

product if the following properties hold: for all x, y ∈ X and α ∈ S,

1. ⟨x, x⟩ ≥ 0;

2. ⟨x, x⟩ = 0 ⇔ x = 0;

3. ⟨αx, y⟩ = α⟨x, y⟩;

4. ⟨x, y⟩ = ⟨y, x⟩;

5. ⟨x + y, z⟩ = ⟨x, z⟩ + ⟨z, y⟩.

⟨x, y⟩ is called the inner product of x and y, and ⟨y, x⟩ is conjugate symmetry of

⟨x, y⟩. (X, ∥ · ∥) denotes the inner product space just defined.

Definition 3.1.16 [1](Hilbert space) An inner product space H is said to be a

Hilbert space if it is complete, i.e., every Cauchy sequence is strongly convergent

sequence in H.
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Example 3.1.17 The Euclidean space Rn is a Hilbert space with inner product

defined by

⟨x, y⟩ =
n∑

i=1

xiyi,

where x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ Rn.

Example 3.1.18 The space l2 is a Hilbert space with inner product defined by

⟨x, y⟩ =
∞∑
i=1

xiyi,

where x, y ∈ l2.

Example 3.1.19 The space L2[a, b] is a Hilbert space with inner product defined

by

⟨x, y⟩ =

∫ b

a

x(t)y(t)dt,

where a, b ∈ [−∞,+∞] and a < b.

Proposition 3.1.20 [1] Let X be an inner product space. Then the function

∥.∥ : X → [0,+∞) defined by

∥x∥ =
√

⟨x, x⟩, x ∈ X

is a norm on X.

Proposition 3.1.21 [17](The Cauchy-Schwarz inequality) Let X be an in-

ner product space. The following inequality holds for all x, y ∈ X:

|⟨x, y⟩| ≤ ∥x∥∥y∥.

Proposition 3.1.22 [17](Properties of the inner product) The following

equalities hold: for all x, y ∈ H and α ∈ [0, 1],

1. ∥x + y∥2 = ∥x∥2 + ∥y∥2 + 2⟨x, y⟩,
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2. ∥x− y∥2 = ∥x∥2 + ∥y∥2 − 2⟨x, y⟩,

3. ⟨x + y, x− y⟩ = ∥x∥2 − ∥y∥2,

4. ∥x + y∥2 + ∥x− y∥2 = 2(∥x∥2 + ∥y∥2),

5. ∥αx + (1 − α)y∥2 = α∥x∥2 + (1 − α)∥y∥2 − α(1 − α)∥x− y∥2.

Definition 3.1.23 [9](Bounded sequence) Let H be an inner product space.

A sequence {xn} in H is said to be bounded if there is M > 0 such that for all

n ∈ N,

∥xn∥ ≤ M.

Definition 3.1.24 [1](Bounded linear operator) Let X and Y be normed

spaces and T : X → Y be a linear operator. The operator T is said to be

bounded if there is a real number M > 0 such that for all x ∈ X,

∥Tx∥ ≤ M∥x∥.

Definition 3.1.25 [1](Convex subsets) Let H be a Hilbert space. A subset

C ⊆ H is said to be convex, if (1 − λ)x + λy ∈ C for all x, y ∈ C and for all

λ ∈ [0, 1].

Definition 3.1.26 [1](Closed set) Let H be an inner product space. A subset

C of H is said to be closed if for each a sequence {xn} in C with xn → x implies

that x ∈ C.

Definition 3.1.27 [10](Weak convergence in a Hilbert space) A sequence

{xn} in a Hilbert space H is said to converge weakly to a point x in H if

⟨xn, y⟩ → ⟨x, y⟩

for all y ∈ H and denote that xn ⇀ x.

Proposition 3.1.28 [17] Let H be a Hilbert space. Then every bounded sequence

{xn} in H, there exists a weakly convergent subsequence {xnk
} of {xn}.
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Definition 3.1.29 [17] Let H be a Hilbert space. Let F : H → H be an operator.

Then

1. The operator F is called L-Lipschitz continuous with L > 0 if

∥Fx− Fy∥ ≤ L∥x− y∥, ∀x, y ∈ H.

If L = 1, then F is called nonexpansive.

2. The operator F is called monotone if

⟨Fx− Fy, x− y⟩ ≥ 0, ∀x, y ∈ H.

3. The operator F is called firmly nonexpansive if

∥Fx− Fy∥2 ≤ ∥x− y∥2 − ∥(I − F )x− (I − F )y∥2,

or equivalently

⟨Fx− Fy, x− y⟩ ≥ ∥Fx− Fy∥2, ∀x, y ∈ C.

4. β-cocoercive or β-inverse strongly monotone if βF is firmly nonex-

pansive when β > 0.

Proposition 3.1.30 [89] Let H be a Hilbert space and let F : H → H be a

β-inverse-strongly monotone mapping, then

1. F is an 1
β
-Lipschitz continuous and monotone mapping.

2. If γ is any constant in (0, 2β], then the mapping I − γF is nonexpan-

sive, where I is the identity mapping on H.
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Definition 3.1.31 [17] Let C be a nonempty subset of H and x ∈ H. If there

exists a point x∗ ∈ C such that

∥x∗ − x∥ ≤ ∥y − x∥, ∀y ∈ C,

then x∗ is called a metric projection of x on C, denoted by PCx. It PCx exists

and is unique for all x, then the function PC of H onto C is called the metric

projection.

Theorem 3.1.32 [35] Let C be a nonempty closed convex subset of H. Then,

for any x ∈ H there exists a metric projection PCx onto C and it is unique.

Proposition 3.1.33 [74] Let C be a nonempty convex subset of H and let x ∈ H,

x∗ ∈ C. Then,

x∗ = PCx ⇔ ⟨x− x∗, y − x∗⟩ ≤ 0, ∀y ∈ C.

Proposition 3.1.34 [89] Let C be a nonempty closed convex subset of a Hilbert

space X and PC the metric projection from X onto C. Then the following hold:

1. PC is idempotent:

PC(PC(x)) = PC(x) ∀x ∈ X.

2. PC is firmly nonexpansive:

⟨x− y, PC(x) − PC(y)⟩ ≥ ∥PC(x) − PC(y)∥2 ∀x, y ∈ X.

3. PC is nonexpansive:

∥PC(x) − PC(y)∥ ≤ ∥x− y∥ ∀x, y ∈ X.
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4. PC is monotone:

⟨PC(x) − PC(y), x− y⟩ ≥ 0 ∀x, y ∈ X.

5. PC is demiclosed:

xn ⇀ x0 and PC(xn) → y0 ⇒ PC(x0) = y0.

Definition 3.1.35 [10] Let H be a real Hilbert space and let f : H → R, function

f is said to be lower semi-continuous at x if xn → x, then

f(x) ≤ lim inf
n→∞

f(xn).

Definition 3.1.36 [10]( Proximal operate) Let f : Rn → R ∪ {+∞} be a

closed proper convex function, The proximal operator of f is defined by

proxf (y) = arg min
x

(
f(x) +

1

2
∥x− y∥22

)
,

and the proximal operator of the scalar function γf , where γ > 0, which can be

expressed as

proxγf (y) = arg min
x

(
f(x) +

1

2γ
∥x− y∥22

)
,

then proxγf is call the proximal operator of f with parameter γ.

Let g : H → (−∞,+∞] be a proper, lower semicontinuous and convex

function. We denote the domain of g by domg = {x ∈ H|g(x) < +∞}. For any

x ∈ domg, the subdifferential of g at x is defined by

∂g(x) = {v ∈ H|⟨v, y − x⟩ ≤ g(y) − g(x), y ∈ H}.
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Recall that the proximal operator proxg : dom(g) → H is defined by

proxg(x) = (I + ∂g)−1(z), z ∈ H. It is well-known that the proximal operator is

single-valued. Furthermore, we have

z − proxγg(z)

γ
∈ ∂g(proxγg(z)) for all z ∈ H, λ > 0. (3.1.1)

A differentiable function f is convex if and only if there holds the in-

equality

f(z) ≥ f(x) + ⟨∇f(x), z − x⟩, ∀z ∈ H. (3.1.2)

Proposition 3.1.37 [66] If g : H → (−∞,+∞] is a proper lower semicontinuous

convex function, then the subdiferential ∂g of g is a maximal monotone operator.

In particular, if g is a constant function, then ∂g = 0 is maximal monotone and

J0
γ = I for γ > 0, where 0 is a zero operator.

Example 3.1.38 Let C be a nonempty closed convex subset of H. An indicator

function iC : H → (−∞,+∞] of C is defined by

∂iC(x) =

 0, if x ∈ C,

∞, if x /∈ C.

Thus, iC is proper, lower semicontinuous and convex, and hence ∂iC is maximal

monotone such that

∂iC(x) =

 {y ∈ H : ⟨y, z − x⟩ ≤ 0, ∀z ∈ C}, if x ∈ C,

∅, if x /∈ C.

and J∂iC
γ = (I + γ∂iC)−1 = PC for all γ > 0.
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3.2 Lemmas

Lemma 3.2.1 [53] Let F : H → H be a β-cocoercive mapping and G : H → 2H

a maximal monotone mapping. Then, we have

1. for γ > 0, Fix
(
JG
γ (I − γF )

)
= (F + G)−1(0);

2. for 0 < γ ≤ γ̄ and x ∈ H, ∥x−JG
γ (I−γF )x∥ ≤ 2∥x−JG

γ̄ (I− γ̄F )x∥.

Lemma 3.2.2 [53] Let H be a real Hilbert space. Assume that F is a β-inverse

strongly monotone operator. Then, given r > 0, we have

∥JG
γ (I − γF )x− JG

γ (I − γF )y∥2 ≤ ∥x− y∥2 − γ(2β − γ)∥Fx− Fy∥2

−∥(I − JG
γ )(I − γF )x− (I − JG

γ )(I − γF )y∥2,

for all x, y ∈ Gγ = {z ∈ H : ∥z∥ ≤ γ}.

Lemma 3.2.3 [3] Let {φn}, {δn} and {αn} be the sequences in [0,+∞) such that

φn+1 ≤ φn + αn(φn − φn−1) + δn for all n ≥ 1,
∞∑
n=1

δn < +∞ and there exists a

real number α with 0 ≤ αn ≤ α < 1 for all n ≥ 1. Then the followings hold:

1. Σn≥1[φn − φn−1]+ < +∞, where [t]+ = max{t, 0};

2. there exists φ∗ ∈ [0,+∞) such that lim
n→+∞

φn = φ∗.

Lemma 3.2.4 [15] Let C be a nonempty closed convex subset of a uniformly

convex space X and T a nonexpansive mapping with the fixed point set of T

is nonempty (F (T ) ̸= ∅). If {xn} is a sequence in C such that xn ⇀ x and

(I − T )xn → t, then (I − T )x = t. In particular, if t = 0, then x ∈ F (T ).

Lemma 3.2.5 [70] Let X be a Banach space satisfying Opial’s condition and let

{xn} be a sequence in X. Let p, q ∈ X be such that

lim
n→∞

∥xn − p∥ and lim
n→∞

∥xn − q∥ exist.
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If {xnn} and {xmn} are subsequences of {xn} which converge weakly to p and q,

respectively, then p = q.

Lemma 3.2.6 [8] Let {an} and {bn} be nonnegative sequences of real numbers

satisfying
∞∑
n=1

bn < ∞ and an+1 ≤ an + bn. Then, {an} is a convergent sequence.

Lemma 3.2.7 [11] Let Ω be a nonempty set of H and {xn} be a sequence in H.

Suppose the following assertions hold.

1. For every x ∈ Ω, the sequence {∥xn − x∥} converges.

2. Every weak sequential cluster point of {xn} belongs to Ω.

Then {xn} weakly converges to a point in Ω.



 

 

 

CHAPTER 4

MAIN RESULTS

4.1 Inertial Mann forward-backward splitting algorithm for varia-

tional inclusion problems

In this section, let F be a β-cocoercive mapping on a real Hilbert space H

and G be maximal monotone operator of H into 2H such that (F +G)−1(0) ̸= ∅.

Algorithm 4.1.1 Inertial Mann forward-backward splitting algorithm

(IMFBSA)

Initialization: Select x0, x1 ∈ H, {αn} ⊂ (0, 1), {γn} ⊂ (0, 2β) and {θn} ⊂

[0,∞) satisfies the condition such that

0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β and
∞∑
n=1

θn∥xn − xn−1∥ < ∞.

Iterative step: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1),

and

zn = yn + αn(xn − yn).

Step 2. Compute

xn+1 = JG
γn(I − γnF )zn.

Replace n by n + 1 and then repeat Step 1.
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Theorem 4.1.2 The sequence {xn} generated by IMFBSA weakly converges to a

solution of (F + G)−1(0).

Proof. Let p ∈ (F +G)−1(0). Since JG
γn is firmly nonexpansive mapping and F is

β-cocoercive mapping, we deduce the following:

∥xn+1 − p∥2 = ∥JG
γn(I − γnF )zn − JG

γn(I − γnF )p∥2

≤ ∥zn − p− γn(Fzn − Fp)∥2 − ∥zn − xn+1 − γn(Fzn − Fp)∥2

= ∥zn − p∥2 + γ2
n∥Fzn − Fp∥2 − 2γn⟨zn − p, Fzn − Fp⟩

−∥zn − xn+1 − γn(Fzn − Fp)∥2

≤ ∥zn − p∥2 − γn(2β − γn)∥Fzn − Fp∥2

−∥zn − xn+1 − γn(Fzn − Fp)∥2. (4.1.1)

Indeed, we have

∥zn − p∥ = ∥yn − p + αn(xn − yn)∥

= ∥αn(xn − p) + (1 − αn)(yn − p)∥

≤ αn∥xn − p∥ + (1 − αn)∥yn − p∥

≤ ∥xn − p∥ + (1 − αn)θn∥xn − xn−1∥

≤ ∥xn − p∥ + θn∥xn − xn−1∥. (4.1.2)

By the condition of the sequence {γn}, there are γ > 0 and n0 ∈ N such that

γ ≤ γn < 2β for all n ≥ n0. It follows from (4.1.1) and (4.1.2) that, for all n ≥ n0,

∥xn+1 − p∥ ≤ ∥zn − p∥ ≤ ∥xn − p∥ + θn∥xn − xn−1∥. (4.1.3)

Applying Lemma 3.2.6 to the inequality (4.1.3) with
∞∑
n=1

θn∥xn − xn−1∥ < ∞, we

derive the sequence {∥xn − p∥} converges and so lim
n→∞

∥xn − p∥ = lim
n→∞

∥zn − p∥.
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Again, by (4.1.1), we obtain

lim
n→∞

∥Fzn − Fp∥ = lim
n→∞

∥zn − xn+1 − γn(Fzn − Fp)∥ = 0.

This implies that

lim
n→∞

∥zn − xn+1∥ = 0. (4.1.4)

On the other hand, we gain

∥zn − xn∥ = (1 − αn)∥yn − xn∥ ≤ θn∥xn − xn−1∥ → 0 as n → ∞. (4.1.5)

From γ ∈ (0, 2β), we have that the mapping JG
γ (I − γF ) is nonexpansive. Due

to (4.1.4), (4.1.5) and Lemma 3.2.1 (2), the following result is obtained:

∥xn − JG
γ (I − γF )xn∥ ≤ ∥xn − zn∥ + ∥zn − JG

γ (I − γF )zn∥

+∥JG
γ (I − γF )zn − JG

γ (I − γF )xn∥

≤ 2∥xn − zn∥ + 2∥zn − xn+1∥ → 0 as n → ∞.

Next, let x̄ be a weak sequential cluster point of {xn}. Using Lemma 3.2.1 (1) and

Lemma 3.2.4, we deduce that x̄ ∈ Fix
(
JG
γ (I − γF )

)
= (F +G)−1(0). Finally, by

Opial’s lemma (Lemma 3.2.7), we can conclude that {xn} weakly converges to a

solution of (F + G)−1(0).

From Algorithm 4.1.1, we see that the parameter {γn} needs to belong

in (0, 2β) for the convergence of the algorithm. So, the step size {γn} can be

considered in many ways. The update step is one of that, it has been updated

every step using the previous iterative scheme. We expect that the update step

size algorithm has received a great deal of attention due to its excellent compu-

tational effect and important applications: for example, see in [37, 68]. In this



 

 

 
27

work, we introduce a new update step size as follows:

Stepsize UP(γ, a1, ..., aN , k1, ..., kN) :=


min{γ, a1k1, ..., aNkN},

if aiki < ∞ ∃i ∈ {1, 2, ..., N},

γ, otherwise,

(4.1.6)

where γ ∈ (0, 2β) and a1, ..., aN , k1, ..., kN ∈ [0,∞). Inspired by Gibali [37], we

provide the different algorithm based on the Stepsize UP. The relation between

Algorithm 4.1.1 as following:

Algorithm 4.1.3 Initialization: Select x0, x1 ∈ H, {αn} ⊂ (0, 1), µ1, µ2, µ3 ∈

(0, 2), {γ1} ∈ (0, 2β) and {θn} ⊂ [0,∞) satisfies the condition such that

∞∑
n=1

θn∥xn − xn−1∥ < ∞.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1),

and

zn = yn + αn(xn − yn).

Step 2. Compute

xn+1 = JG
γn(I − γnF )zn.

γn+1 = Stepsize UP
(
γn,

∥yn − xn+1∥
∥F (yn) − F (xn+1)∥

,
∥zn − xn+1∥

∥F (zn) − F (xn+1)∥
,

∥zn − yn∥
∥F (zn) − F (yn)∥

, µ1, µ2, µ3

)
.
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Replace n with n + 1 and then repeat Step 1.

Lemma 4.1.4 The sequence {γn} generated by Stepsize UP in Algorithm 4.1.3

is a nonincreasing sequence and

lim
n→∞

γn = γ ≥ min{γ1, µ1β, µ2β, µ3β}.

Proof. By the definition of the sequence {γn}, it is obvious that {γn} is nonin-

creasing. On the other hand, we consider

µ1∥yn − xn+1∥
∥F (yn) − F (xn+1)∥

≥ µ1β,

µ2∥zn − xn+1∥
∥F (zn) − F (xn+1)∥

≥ µ2β,

and

µ3∥zn − yn∥
∥F (zn) − F (yn)∥

≥ µ3β.

This shows that if ∥F (yn)−F (xn+1)∥ ̸= 0 or ∥F (zn)−F (xn+1)∥ ̸= 0 or ∥F (zn)−

F (yn)∥ ̸= 0, then the sequence {γn} has the lower bound min{γ1, µ1β, µ2β, µ3β}.

Remark 4.1.5 From Lemma 4.1.4, we see that the condition 0 < lim inf
n→∞

γn ≤

lim sup
n→∞

γn < 2β in Algorithm 4.1.3 is satisfied. Thus, we obtain that the sequence

{xn} generated by Algorithm 4.1.3 weakly converges to a solution of (F+G)−1(0).

4.2 Modified inertial forward-backward splitting methods for varia-

tional inclusion problems

In this section, we generate a new modified inertial forward-backward

splitting algorithm for solving variational inclusion problems (2.1.1) and prove

weak convergence theorem using some suitable conditions in Hilbert spaces.
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Algorithm 4.2.1 Modified inertial forward-backward splitting algorithm

(MIFBSA)

Initialization: Select x0, x1 ∈ H, {γn} ⊂ (0, 2β), {θn} ⊂ [0, θ] for some

θ ∈ [0, 1), {αn} and {βn} are sequences in [0, 1].

Iterative step: Construct {xn} by using the following steps:

Step 1. Compute

yn = xn + θn(xn − xn−1).

Step 2. Compute

zn = (1 − βn)xn + βnJ
G
γn(I − γnF )yn.

Step 3. Compute

xn+1 = (1 − αn)JG
γn(I − γnF )xn + αnJ

G
γn(I − γnF )zn.

where JG
γn = (I + γnF )−1. Set n = n + 1 and return to Step 1.

Theorem 4.2.2 The sequence {xn} generated by Algorithm 4.2.1 weakly con-

verges to a solution of (F + G)−1(0).

Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. lim inf
n→∞

αn > 0 and lim inf
n→∞

βn > 0;

3. 0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β.

Proof. Let p ∈ (F +G)−1(0). For each n ∈ N. Since JG
γn(I−γnF ) is nonexpansive

when {γn} ⊂ (0, 2β), we have

∥xn+1 − p∥ ≤ (1 − αn)∥JG
γn(I − γnF )xn − p∥ + αn∥JG

γn(I − γnF )zn − p∥
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≤ (1 − αn)∥xn − p∥ + αn∥zn − p∥

≤ (1 − αn)∥xn − p∥ + αn

(
(1 − βn)∥xn − p∥ + βn∥JG

γn(I − γnF )tn − p∥
)

≤ (1 − αn)∥xn − p∥ + αn

(
(1 − βn)∥xn − p∥ + βn∥tn − p∥

)
≤ ∥xn − p∥ + θn∥xn − xn−1∥. (4.2.1)

From Lemma 3.2.3 and the assumption (1), we obtain lim
n→∞

∥xn − p∥ exists. This

implies that {xn} is bounded and also {yn} and {zn}. By Lemma 3.2.2, we have

∥xn+1 − p∥2 ≤ (1 − αn)∥JG
γn(I − γnF )xn − p∥2 + αn∥JG

γn(I − γnF )zn − p∥2

≤ (1 − αn)∥xn − p∥2 + αn∥zn − p∥2

≤ (1 − αn)∥xn − p∥2 + αn

(
(1 − βn)∥xn − p∥2

+βn∥JG
γn(I − γnF )yn − p∥2

)
≤ (1 − αn)∥xn − p∥2 + αn

(
(1 − βn)∥xn − p∥2

(
∥yn − p∥2

+βn − γn(2β − γn)∥Fyn − Fp∥2

−φq(∥yn − γnFyn − JG
γn(I − γnF )yn + γnFp∥)

))
≤ ∥xn − p∥2 + 2αnβnθn⟨xn − xn−1, yn − p⟩

−αnβn

(
γn(2β − γn)∥Fyn − Fp∥2

−φq(∥yn − γnFn − JG
γn(I − γnF )yn + γnFp∥)

)
.

This implies that

αnβn

(
γn(2β − γn)∥Fyn − Fp∥2 + φq(∥yn − γnFyn − JG

γn(I − γnF )yn + γnFp∥)
)

≤ ∥xn − p∥2 − ∥xn+1 − p∥2 + 2αnβnθn⟨xn − xn−1, yn − p⟩. (4.2.2)

Since lim
n→∞

∥xn−p∥ exists, it follows from (4.2.2) and the assumptions (1)-(3) that

lim
n→∞

∥Fyn − Fp∥ = lim
n→∞

∥yn − γnFyn − JG
γn(I − γnF )yn + γnFp∥ = 0. (4.2.3)
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This gives, by the triangle inequality, that

lim
n→∞

∥JG
γn(I − γnF )yn − yn∥ = 0. (4.2.4)

Since lim inf
n→∞

γn > 0, there is γ > 0 such that γn ≥ γ for all n ≥ 1. Lemma 3.2.1

(2) yields that

∥JG
γ (I − γF )yn − yn∥ ≤ 2∥JG

γn(I − γnF )yn − yn∥. (4.2.5)

Then, by (4.2.4) and (4.2.5), we obtain

lim
n→∞

∥JG
γ (I − γF )yn − yn∥ = 0. (4.2.6)

By the definition of {xn} and our assumption (1), we have

lim
n→∞

∥yn − xn∥ = lim
n→∞

θn∥xn − xn−1∥ = 0. (4.2.7)

Since {xn} is bounded and H is reflexive, ωw(xn) = {x ∈ H : xni
⇀ x, {xni

} ⊂

{xn}} is nonempty. Let q ∈ ωw(xn) be an arbitrary element. Then there exists

a subsequence {xni
} ⊂ {xn} which converges weakly to q. Let p ∈ ωw(xn) and

{xnm} ⊂ {xn} be such that xnm ⇀ p. From (4.2.7), we also have yni
⇀ q and

ynm ⇀ p. Since JG
γn(I − γnF ) is nonexpansive and (4.2.6), by Lemma 3.2.4, we

have p, q ∈ (F + G)−1(0). Applying Lemma 3.2.5, we obtain p = q.

Remark 4.2.3 We can apply our new inertial forward-backward splitting algo-

rithm to solve variational inequality problem, convex minimization problem, split

feasibility problem and constrained linear system, see [23].

From Theorem 4.2.2, we see that the Algorithm 4.2.1 needs the condition

(3) for being the nonexpansiveness of the mapping JG
γn(I − γnF ). Using this

concept, we can modify the step size {γn} in many ways. One of that, we are
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interested in the linesearh step size which has been updated every step. We expect

that the linesearch step size algorithm has received a great deal of attention due

to its excellent computational effect and important applications: for example, see

in [13, 45]. In this paper, the new Stepsize N(a, b, c, µ, δ) step size {γn} is chosen

as follows: 
γ = µ,

η = max{102∥Fa∥, 102∥Fb∥, 102∥Fc∥, 1
γ
},

γ = δ
η
,

(4.2.8)

where µ ∈ (0, 2β] and δ ∈ (0, 1). Based on the Stepsize N, the relation between

Algorithm 4.2.1 with the other work is as following:

Algorithm 4.2.4 Initialization: Select x0, x1 ∈ H, µ ∈ (0, 2β], δ ∈ (0, 1),

{θn} ⊂ [0, θ] for some θ ∈ [0, 1), {αn} and {βn} are sequences in [0, 1] and N is

a stop number of iteration.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1).

Step 2. Compute

zn = (1 − βn)xn + βnJ
G
γn(I − γnF )yn.

Step 3. Compute

xn+1 = (1 − αn)JG
γn(I − γnF )xn + αnJ

G
γn(I − γnF )zn.

γn+1 =

 Stepsize N(yn, xn, zn, µ, δ), if 1 ≤ n < N,

γN , otherwise,
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where JG
γn = (I + γG

n )−1. Replace n with n + 1 and then repeat Step 1.

Theorem 4.2.5 The sequence {xn} generated by Algorithm 4.2.4 weakly con-

verges to z ∈ (F + G)−1(0). Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. lim inf
n→∞

αn > 0 and lim inf
n→∞

βn > 0.

Remark 4.2.6 (1) From(4.2.8), we see that the sequence {γn} which introduced

by Stepsize N is nonincreasing and the limit of the sequence {γn} is less than

or equal to γN , so the condition (3) in Theorem 4.2.5 can be reduced.

(2) Since the sequence {γn} of Theorem 4.2.5 satisfies the condition (3),

hence Theorem 4.2.2 generalizes Theorem 4.2.5.

4.3 New projection algorithm for variational inclusion problems

In this section, we introduce a new projection algorithm for solving vari-

ational inclusion problem and the following conditions are assumed for the con-

vergence of the method.

Algorithm 4.3.1 New projection algorithm (NPA)

Initialization: Select x0, x1 ∈ H, {γn} ⊂ (0, 2β), {θn} ⊂ [0,∞), {ηn} and {αn}

are sequences in (0, 1).

Iterative step: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1).

Step 2. Compute

zn = yn + ηn(xn − yn).
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Step 3. Compute

xn+1 = PC(αnyn + (1 − αn)JG
γn(I − γnF )zn).

Replace n by n + 1 and then repeat Step 1.

Theorem 4.3.2 Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. 0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β;

3. lim sup
n→∞

αn > 1.

Then the sequence {xn} weakly converges to z ∈ (F + G)−1(0) ∩ C.

Proof. Let p ∈ (F + G)−1(0) ∩ C. For each n ∈ N, since JG
γn(I − γnF ) is nonex-

pansive when {γn} ⊂ (0, 2β) and F is β-inverse strongly monotone, we have

∥xn+1 − p∥ = ∥PC(αnyn + (1 − αn)JG
γn(I − γnF )zn) − p∥

≤ (1 − αn)∥yn − p∥ + αn∥yn − p∥

≤ (1 − αn)∥zn − p∥ + αn(∥xn − p∥ + θn∥xn − xn−1∥)

≤ (1 − αn)((1 − ηn)∥yn − p∥ + ηn∥xn − p∥)

+αn(∥xn − p∥ + θn∥xn − xn−1∥)

≤ (1 − αn)(∥xn − p∥ + (1 − ηn)θn∥xn − xn−1∥)

+αn(∥xn − p∥ + θn∥xn − xn−1∥)

≤ ∥xn − p∥ + θn∥xn − xn−1∥. (4.3.1)

From Lemma 3.2.3 and assumption (1), lim
n→∞

∥xn − p∥ exists. This implies that

{xn} is bounded. Since JG
γn is a firmly nonexpansive mapping, we have

∥xn+1 − p∥2 = ∥PC(αnyn + (1 − αn)JG
γn(I − γnF )zn) − p∥2
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≤ (1 − αn)∥JG
γn(I − γnF )zn − p∥2 + αn∥yn − p∥2

≤ (1 − αn)(∥(I − γnF )zn − (I − γnF )p∥2

−∥(I − JG
γn)(I − γnF )zn − (I − JG

γn)(I − γnF )p∥2)

+αn(∥xn − p∥2 + θn∥xn − xn−1∥2)

= (1 − αn)(∥zn − p∥2 + γ2
n∥Fzn − Fp∥2 − 2γn⟨zn − p, Fzn − Fp⟩

−∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥2)

+αn(∥xn − p∥2 + θn∥xn − xn−1∥2)

≤ (1 − αn)(∥zn − p∥2 + γ2
n∥Fzn − Fp∥2 − 2βγn∥Fzn − Fp∥2

−∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥2)

+αn(∥xn − p∥2 + θn∥xn − xn−1∥2)

≤ (1 − αn)[(1 − ηn)(∥xn − p∥2 + θn∥xn − xn−1∥2) + ηn∥xn − p∥2

−γn(2β − γn)∥Fzn − Fp∥2 − ∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥2]

+αn(∥xn − p∥2 + θn∥xn − xn−1∥2)

= ∥xn − p∥2 + ((1 − ηn) + αnηn)θn∥xn − xn−1∥2

−γn(2β − γn)(1 − αn)∥Fzn − Fp∥2

−(1 − αn)∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥2.

This implies that

(1 − αn)∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥2 + γn(2β − γn)∥Fzn − Fp∥2

≤ ∥xn − p∥2 − ∥xn+1 − p∥2 + ((1 − ηn) + αnηn)θn∥xn − xn−1∥2. (4.3.2)

Since lim
n→∞

∥xn − p∥ exists, if follows from (4.3.2) and assumption (1)-(3) that

lim
n→∞

∥Fzn − Fp∥ = lim
n→∞

∥zn − JG
γn(I − γnF )zn − γn(Fzn − Fp)∥ = 0.
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This gives, by the triangle inequality, that

lim
n→∞

∥zn − JG
γn(I − γnF )zn∥ = 0. (4.3.3)

Since lim inf
n→∞

γn > 0, there is γ > 0 such that γn > γ. Lemma 3.2.1 (2), the

following result is obtained:

∥zn − JG
γ (I − γF )zn∥ ≤ 2∥zn − JG

γn(I − γnF )zn∥. (4.3.4)

Then, by (4.3.3) and (4.3.4), we obtain

lim
n→∞

∥zn − JG
γ (I − γF )zn∥ = 0.

Hence,

lim
n→∞

∥zn − xn∥ = (1 − ηn) lim
n→∞

∥yn − xn∥

= (1 − ηn) lim
n→∞

θn∥xn − xn−1∥ = 0. (4.3.5)

Next, let x̄ be a weak sequential cluster point of xn. According to (4.3.5), we can

observe that x̄ is also a weak sequential cluster point of zn. By applying Lemma

3.2.1 (1) and Lemma 3.2.4, we can get that x̄ ∈ Fix(JG
γ (I−γF )) = (F +G)−1(0).

Since xn is a sequence in C and C is closed, it follows that x̄ ∈ (F+G)−1(0)∩C. By

utilizing Opial’s lemma (Lemma 3.2.7), we can obtain that xn weakly converges

to an element in (F + G)−1(0) ∩ C.

4.4 Hybrid inertial parallel subgradient extragradient-line algorithm

for variational inequality problems

In this section, we propose the hybrid inertial parallel subgradient

extragradient-line method for solving CVIP (2.1.8). Let H be a real Hilbert
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space and C be a nonempty closed convex subset of H. Let Fi : H → H be

monotone mappings and Li-Lipschitz continuous on H but Li is unknown for all

i = 1, 2, ..., N such that Υ =
N∩
i=1

V I(C,Fi) ̸= ∅. Suppose {xn}∞n=1 is generated in

the following:

Algorithm 4.4.1 Hybrid inertial parallel subgradient extragradient-line

algorithm (HIPSEA)

Initialization: Take ρ ∈ (0, 1), µ ∈ (0, 1). Select arbitrary points x0, x1 ∈ H

and {θn} ⊆ [0, θ] for some θ ∈ [0, 1). Set n := 1.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Compute

tn = xn + θn(xn − xn−1).

Step 2. Compute yin for all i = 1, 2, ..., N by

yin = PC(tn − γi
nFitn),

where γi
n = ρk

i
n and ki

n is the smallest nonnegative integer such that

γi
n ∥ Fitn − Fiy

i
n ∥≤ µ ∥ tn − yin ∥ . (4.4.1)

Step 3. Compute

zin = PT i
n
(tn − γi

nFiy
i
n),

where T i
n := {z ∈ H :

⟨
tn − γi

nFitn − yin, z − yin
⟩
≤ 0}.

Step 4. Compute

ūn = α0
n(tn) +

N∑
i=1

αi
nz

i
n, (4.4.2)
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where αi
n ∈ (0, 1), ∀i = 1, 2, ..., N and

N∑
i=0

αi
n = 1, ∀n ∈ N .

Step 5. Compute

xn+1 = PCn+1x1,

where Cn+1 := {z ∈ Cn :∥ ūn − z ∥≤∥ tn − z ∥}.

Set n + 1 → n and go to Step 1.

Lemma 4.4.2 There exists a nonnegative integer ki
n satisfying (4.4.1).

Proof. We first show that {tn} is bounded. Since Υ is a nonempty, closed and

convex subset of H, there exists a unique v ∈ Υ such that v = PΥx1. From

xn = PCnx1 and xn+1 ∈ Cn, for all n ≥ 1, we obtain

∥ xn − x1 ∥≤∥ xn+1 − x1 ∥ . (4.4.3)

On the other hand, as Υ ⊂ Cn, we obtain

∥ xn − x1 ∥≤∥ v − x1 ∥ . (4.4.4)

It follows from (4.4.3) and (4.4.4) that {xn} is bounded. By the definition of

{xn}, we obtain that {tn} is also bounded. For each i = 1, 2, ..., N and n ∈ N,

we let yiki = PC(tn − ρk
i
Fitn) for all ki ∈ N. We divide the proof into two cases

as follows:

case I: for each i = 1, 2, ..., N, if ∥ tn − yi
ni
0
∥= 0 for some ni

0 ≥ 1, then there

exists ki
n such that ki

n ≤ ni
0 satisfies (4.4.1).

case II: for each i = 1, 2, ..., N, if ∥ tn − yi
ni
1
∦= 0 for all ni

1 ≥ 1, then we assume

the contrary that

ρn
i
1 ∥ Fitn − Fiy

i
ni
1
∥> µ ∥ tn − yini

1
∥ .
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From [34] Lemma 6.3 and the fact that ρ ∈ (0, 1), we obtain

∥ Fitn − Fiy
i
ni
1
∥ >

µ

ρn
i
1

∥ tn − yini
1
∥

≥ µ

ρn
i
1

min{1, ρn
i
1} ∥ tn − yi0 ∥

= µ ∥ tn − yi0 ∥ . (4.4.5)

By using the continuity of PC and the fact that {tn} is bounded, we have that

yini
1

= PC(tn − ρn
i
1Fitn) → PC(tn), ni

1 → ∞ for all i = 1, 2, ..., N.

We consider two cases: tn ∈ C and tn /∈ C.

(i) If tn ∈ C, then tn = PC(tn). Now, since ∥ tn − yi
ni
1
∦= 0 and 0 < ρn

i
1 ≤ 1, it

follows from [34] Lemma 6.3 that

0 < ∥ tn − yini
1
∥≤ max{1, ρn

i
1} ∥ tn − yi0 ∥

= ∥ tn − yi0 ∥ . (4.4.6)

Taking ni
1 → ∞ in (4.4.5) for each i = 1, 2, ..., N , we have that

0 =∥ Fitn − Fitn ∥≥ µ ∥ tn − yi0 ∥> 0.

This is a contradiction and hence (4.4.1) is well defined.

(ii) If tn /∈ C, then for each i = 1, 2, ..., N , ρn
i
1 ∥ Fitn − Fiy

i
n ∥→ 0, as ni

1 → ∞

while

lim
ni
1→∞

µ ∥ tn − yini
1
∥ = µ lim

ni
1→∞

∥ tn − PC(tn − ρn
i
1Fitn) ∥

= µ ∥ tn − PC(tn) ∥> 0.

This is a contradiction because tn ̸= PC(tn). Therefore, linesearch in Algorithm
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4.4.1 is well defined and implementable.

Theorem 4.4.3 Assume that the conditions hold:

1.
∞∑
n=1

θn ∥ xn − xn−1 ∥< ∞.

2. lim inf
n→∞

αi
n > 0 for all i = 1, 2, ..., N .

Then the sequence {xn} generated by Algorithm 4.4.1 converges strongly to z ∈ Υ.

Proof. We split the proof into five steps.

Step 1. Show that {xn} is well defined. From C1 = C, we see that C1 is closed

and convex. Assume that Cn is closed and convex. From the definition of Cn+1

and Lemma 1.3 in [57], we obtain that Cn+1 is closed and convex. Let x∗ ∈ Υ

and sin = tn − γi
nFiy

i
n,∀n ≥ 1, i = 1, 2, .., N . Then,

∥ zin − x∗ ∥2 = ∥ PT i
n
(sin) − x∗ ∥2

= ∥ PT i
n
(sin) − sin ∥2 +2

⟨
PT i

n
(sin) − sin, s

i
n − x∗⟩

+ ∥ sin − x∗ ∥2 . (4.4.7)

From x∗ ∈ Υ ⊆ C ⊆ T i
n and the characterization of the metric projection PT i

n
,

we have

2 ∥ sin − PT i
n
(sin) ∥2 +2

⟨
PT i

n
(sin) − sin, s

i
n − x∗⟩

= 2
⟨
sin − PT i

n
(sin), x∗ − PT i

n
(sin)

⟩
≤ 0. (4.4.8)

This implies that

∥ sin − PT i
n
(sin) ∥2 +2

⟨
PT i

n
(sin) − sin, s

i
n − x∗⟩ ≤ − ∥ sin − PT i

n
(sin) ∥2 . (4.4.9)
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By the definition of Algorithm 4.4.1 the inequalities (4.4.7) and (4.4.8), we have

∥ zin − x∗ ∥2 ≤ ∥ sin − x∗ ∥2 − ∥ sin − zin ∥2

= ∥ (tn − x∗) − γi
nFiy

i
n ∥2 − ∥ (tn − zin) − γi

nFiy
i
n ∥2

= ∥ tn − x∗ ∥2 − ∥ tn − zin ∥2 +2γi
n

⟨
− tn + x∗, Fiy

i
n

⟩
+2γi

n

⟨
tn − zin, Fiy

i
n

⟩
= ∥ tn − x∗ ∥2 − ∥ tn − zin ∥2 +2γi

n

⟨
x∗ − zin, Fiy

i
n

⟩
. (4.4.10)

By the monotonicity of the operator Fi, we have

0 ≤
⟨
Fiy

i
n − Fix

∗, yin − x∗⟩
=

⟨
Fiy

i
n, y

i
n − x∗⟩− ⟨

Fix
∗, yin − x∗⟩

≤
⟨
Fiy

i
n, y

i
n − x∗⟩

=
⟨
Fiy

i
n, y

i
n − zin

⟩
+
⟨
Fiy

i
n, z

i
n − x∗⟩.

Thus ⟨
x∗ − zin, Fiy

i
n

⟩
≤

⟨
Fiy

i
n, y

i
n − zin

⟩
. (4.4.11)

Using (4.4.11) in (4.4.10), we obtain

∥ zin − x∗ ∥2 ≤ ∥ tn − x∗ ∥2 − ∥ tn − zin ∥2 +2γi
n

⟨
Fiy

i
n, y

i
n − zin

⟩
= ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2 −2

⟨
tn − yin, y

i
n − zin

⟩
+2γi

n

⟨
Fiy

i
n, y

i
n − zin

⟩
= ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2

+2
⟨
tn − γi

nFiy
i
n − yin, z

i
n − yin

⟩
. (4.4.12)
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Observe that

⟨
tn − γi

nFiy
i
n − yin, z

i
n − yin

⟩
=

⟨
tn − γi

nFitn − yin, z
i
n − yin

⟩
+
⟨
γi
nFitn − γi

nFiy
i
n, z

i
n − yin

⟩
≤

⟨
γi
nFitn − γi

nFiy
i
n, z

i
n − yin

⟩
.

Using the last inequality in (4.4.12), we have that

∥ zin − x∗ ∥2 ≤ ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2

+2
⟨
γi
nFitn − γi

nFiy
i
n, z

i
n − yin

⟩
≤ ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2

+2γi
n ∥ Fitn − Fiy

i
n ∥∥ zin − yin ∥

≤ ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2

+2µ ∥ tn − yin ∥∥ zin − yin ∥

≤ ∥ tn − x∗ ∥2 − ∥ tn − yin ∥2 − ∥ yin − zin ∥2

+µ(∥ tn − yin ∥2 + ∥ zin − yin ∥2)

= ∥ tn − x∗ ∥2 −(1 − µ)(∥ tn − yin ∥2 + ∥ yin − zin ∥2),(4.4.13)

which implies that

∥ ūn − x∗ ∥2 ≤ α0
n ∥ tn − x∗ ∥2 +

N∑
i=1

αi
n ∥ zin − x∗ ∥2

≤ ∥ tn − x∗ ∥2 .

This shows that ∥ ūn − x∗ ∥≤∥ tn − x∗ ∥. Hence, x∗ ∈ Cn, ∀n ≥ 1. This implies

that {xn} is well-defined.

Step 2. Show that xn → ω ∈ C as n → ∞. For k > j, since xk = PCk
x1 ∈ Ck ⊂
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Cj, we have

∥ xk − xj ∥2≤∥ xk − x1 ∥2 − ∥ xj − x1 ∥2 .

By (4.4.3), (4.4.4), and the fact that {xn} is bounded and nonincreasing, we have

that lim
n→∞

∥ xn − x1 ∥ exists. Hence, ∥ xk − xj ∥→ 0, as k, j → ∞, which means

that {xn} is a Cauchy sequence. Hence, there exists ω ∈ C such that xn → ω as

n → ∞. In particular, we have

lim
n→∞

∥ xn+1 − xn ∥= 0.

Step 3. Show that lim
n→∞

∥ xn − yin ∥= lim
n→∞

∥ yin − zin ∥= 0 for all i = 1, 2, ..., N .

Let x∗ ∈ Υ. Then, we have from (4.4.2), (4.4.13) and Lemma 2.1 in [22] that

∥ ūn − x∗ ∥2 = ∥ α0
n(tn) +

N∑
i=1

αi
nz

i
n − x∗ ∥2

≤ α0
n ∥ tn − x∗ ∥2 +

N∑
i=1

αi
n ∥ zin − x∗ ∥2

= ∥ tn − x∗ ∥2 −(1 − µ)
N∑
i=1

αi
n(∥ tn − yin ∥2 + ∥ yin − zin ∥2)

= ∥ xn − x∗ ∥2 +θ2n ∥ xn − xn−1 ∥2 +2
⟨
xn − x∗, θn(xn − xn−1)

⟩
−(1 − µ)

N∑
i=1

αi
n(∥ xn − yin ∥2 +θ2n ∥ xn − xn−1 ∥2

+2
⟨
xn − yin, θn(xn − xn−1)

⟩
+ ∥ yin − zin ∥2). (4.4.14)

Since xn+1 ∈ Cn+1 ⊂ Cn, we have

∥ ūn − xn+1 ∥ ≤ ∥ tn − xn+1 ∥

≤ ∥ tn − xn ∥ + ∥ xn − xn+1 ∥

= θn ∥ xn − xn−1 ∥ + ∥ xn − xn+1 ∥→ 0, as n → ∞.
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This implies that

∥ ūn − xn ∥ ≤ ∥ ūn − xn+1 ∥ + ∥ xn+1 − xn ∥→ 0, as n → ∞. (4.4.15)

It follows form (4.4.14) that

(1 − µ)
N∑
i=1

αi
n

(
∥ xn − yin ∥2 + ∥ yin − zin ∥2

)
≤ ∥ xn − x∗ ∥2 − ∥ ūn − x∗ ∥2

+θ2n ∥ xn − xn−1 ∥2

+2
⟨
xn − x∗, θn(xn − xn−1)

⟩
−(1 − µ)

N∑
i=1

αi
n

(
θ2n ∥ xn − xn−1 ∥2

+2
⟨
xn − yin, θn(xn − xn−1)

⟩)
.

By our assumptions (1), (2) and (4.4.15), we obtain

lim
n→∞

∥ yin − zin ∥= lim
n→∞

∥ xn − yin ∥= 0, ∀i = 1, 2, ..., N. (4.4.16)

Step 4. Show that ω ∈ Υ. Since ∥ xn − tn ∥= θn ∥ xn − xn−1 ∥→ 0 and

xn− yin → 0, we have tn−ω and yin → ω. Since yin ∈ C, we obtain ω ∈ C. For all

x ∈ C using the property of the projection PC , we have (Since Fi is monotone)

0 ≤
⟨
yin − tn + γi

nFitn, x− yin
⟩

=
⟨
yin − tn, x− yin

⟩
+
⟨
γi
nFitn, x− xn

⟩
+
⟨
γi
nFitn, xn − yin

⟩
=

⟨
yin − xn, x− yin

⟩
+ θn

⟨
xn − xn−1, x− yin

⟩
. (4.4.17)

From [75] Remark 3.2, we know that inf
n≥1

γi
n > 0 for all i = 1, 2, ..., N . Taking

n → ∞ in (4.4.17) yields that ⟨Fiω, x − ω⟩ ≥ 0, ∀x ∈ C. This implies that

ω ∈ V I(C,Fi) for all i = 1, 2, ..., N . This completes the proof.
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Remark 4.4.4 The condition (1) is easily implemented in numerical computation

since the value ∥xn − xn−1∥ is known before choosing θn. Indeed, the parameter

θn can be chosen such that

θn =


ϵn

∥xn−xn−1∥ if xn ̸= xn−1,

τ otherwise,
(4.4.18)

where
∞∑
n=1

ϵn < ∞ and τ ≥ 0.

Base on the choice of the inertial parameter θn and the relation between

Algorithm 4.4.1 where Fi = F for all i = 1, 2, ..., N , Algorithm 4.4.1 is reduced

to the following hybrid inertial subgradient extragradient algorithm.

Algorithm 4.4.5 Initialization: Take ρ ∈ (0, 1), µ ∈ (0, 1). Select arbitrary

points x0, x1 ∈ H and {θn} ⊆ [0, θ] for some θ ∈ [0, 1). Set n := 1.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Compute

tn = xn + θn(xn − xn−1).

Step 2. Compute yn by

yn = PC(tn − γnFtn),

where γn = ρkn and kn is the smallest nonnegative integer such that

γn ∥ Ftn − Fyn ∥≤ µ ∥ tn − yn ∥ . (4.4.19)

Step 3. Compute

zn = PTn(tn − γnFyn),
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where Tn := {z ∈ H :
⟨
tn − γnFtn − yn, z − yn

⟩
≤ 0}.

Step 4. Compute

ūn = αntn + (1 − αn)zn, (4.4.20)

where αn ∈ (0, 1).

Step 5. Compute

xn+1 = PCn+1x1,

where Cn+1 := {z ∈ Cn :∥ ūn − z ∥≤∥ tn − z ∥}.

Set n + 1 → n and go to Step 1.

4.5 Numerical example

We now give an example in infinitely dimensional spaces L2[0, 1] such

that ∥.∥ is L2-norm defined by ∥x∥ =
√∫ 1

0
|x(t)|2dt where x(t) ∈ L2[0, 1] to

support Theorem 4.2.2 and Theorem 4.2.5.

Example 4.5.1 Let F : L2[0, 1] → L2[0, 1] be defined by Fx(t) = 4x(t) where

x(t) ∈ L2[0, 1]. Let G : L2[0, 1] → L2[0, 1] be defined by Gx(t) = 2x(t) where

x(t) ∈ L2[0, 1]. We can choose x0(t) = sin(t)
2

and x1(t) = sin(t). The stopping

criterion is defined by ∥xn − xn−1∥ < 10−2.

We start computation by comparing of the Algorithm 4.2.1 with different

parameters θ where

θn =


1

n2∥xn−xn−1∥ ifxn ̸= xn−1 and n > N,

θ otherwise,
(4.5.1)

where N is a number of iterations that we want to stop. We choose γn = 0.1 and

αn = βn = n
2n+1

. Then, the results are presented in Table 1.
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Table 1: Numerical results of the different θ.

θ 0.1 0.3 0.5 0.7 0.9

CPU Time 1.6621 1.1552 1.0693 1.1088 1.1106

Iteration No. 4 4 4 4 4

1 1.5 2 2.5 3 3.5 4

Number of iterations

0

0.05

0.1

0.15

0.2

0.25

0.3

E
rr

o
rs

=0.1

=0.3

=0.5

=0.7

=0.9

Figure 1: The Cauchy error plotting number of iterations for different θ.

We compare the performance of the Algorithm 4.2.1 and Algorithm 4.2.4

with different parameters γn by setting θ = 0.5, αn = βn = n
2n+1

and δ = 0.15.

Then, the results are presented in Table 2.

Table 2: Numerical results of the different γn.

γn Algorithm 4.2.1 Algorithm 4.2.4

0.1 0.3 0.5 0.7 0.9 Stepsize N, γ1 = 0.2

CPU Time 1.6465 1.1856 1.7553 1.7359 1.6324 1.0479

Iteration No. 4 4 4 4 4 4
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2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Number of iterations

0
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0.2

0.3

0.4
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0.6

0.7

E
rr
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n
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n
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n
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n
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n
=0.7

n
=0.9

Figure 2: The Cauchy error plotting number of iterations for different γn.

We compare the performance of the Algorithm 4.2.4 with different pa-

rameters αn by setting θ = 0.5, γn = 0.2 and δ = 0.15. Then, the results are

presented in Table 3.

Table 3: Numerical results of the different αn.

αn
n

2n+1
n

5n+1
n

10n+1
n

50n+1
n

100n+1

CPU Time 1.5889 1.1416 1.0573 1.1312 1.0771

Iteration No. 4 4 4 4 4

2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Number of iterations

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

E
rr

o
rs

n
=n/(2n+1)

n
=n/(5n+1)

n
=n/(10n+1)

n
=n/(50n+1)

n
=n/(100n+1)

Figure 3: The Cauchy error plotting number of iterations for different αn.
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We compare the performance of the Algorithm 4.2.4 with different pa-

rameters βn by setting θ = 0.5, γn = 0.2 and δ = 0.15. Then, the results are

presented in Table 4.

Table 4: Numerical results of the different βn.

βn
n

2n+1
n

5n+1
n

10n+1
n

50n+1
n

100n+1

CPU Time 1.5889 1.1416 1.0573 1.1312 1.0771

Iteration No. 4 4 4 4 4

2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Number of iterations

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

E
rr

o
rs

n
=n/(2n+1)

n
=n/(5n+1)

n
=n/(10n+1)

n
=n/(50n+1)

n
=n/(100n+1)

Figure 4: The Cauchy error plotting number of iterations for different βn.

From Tables 1-4 and Figures 1-4, we noticed that in all cases, choosing

θ = 0.5, γn = 0.2, αn = n
10n+1

, βn = n
10n+1

and δ = 0.15 yield the best results for

the initialization x0(t) = sin(t)
2

and x1(t) = sin(t).



 

 

 

CHAPTER 5

APPLICATIONS

5.1 Application to Data Classification

For applying our algorithms to data classification, we focus on extreme

learning machine (ELM) proposed by Huang [44]. Let S := {(xn, tn) : xn ∈

Rn, tn ∈ Rm, n = 1, 2, ..., N} be a training set of N distinct samples, xn is an

input training data and tn is a target. The output function of ELM for single-

hidden layer feed forward neural networks (SLFNs) with M hidden nodes and

activation function A is

On =
M∑
i=1

ωiA(⟨ai, xn⟩ + bi),

where ai and bi are parameters of weight and finally the bias at the i-th hidden

node, respectively. To find the optimal output weight ωi at the i-th hidden node,

then the hidden layer output matrix H is defined as follows:

H =


A(⟨a1, x1⟩ + b1) . . . A(⟨aM , x1⟩ + bM)

...
. . .

...

A(⟨a1, xN⟩ + b1) . . . A(⟨aM , xN⟩ + bM)

 .

The main goal of ELM is to find optimal output weight ω = [ωT
1 , ω

T
2 , ..., ω

T
M ]T

such that Hω = T , where T = [tT1 , t
T
2 , ..., t

T
N ]T is the training target data. In some

cases, finding ω = H†T , where H† is the Moore-Penrose generalized inverse of H,

it may be difficult to find when the matrix H does not exist. Thus, finding such

a solution ω through convex minimization can overcome such difficulty.
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We consider regularization of least square problems using techniques like

L1 (Lasso) and L2 (Ridge) regularization. Regularization is a technique commonly

used in machine learning and statistics to prevent overfitting and improve the

generalization of models, which can lead to better generalization in classification

problems. We conduct a series of experiments on a classification problem. The

specific details of these problems are provided below.

1. The regularization of least square problem by L1 (RLSP-L1) or well-

known called the least absolute shrinkage and selection operator (LASSO):

min
ω∈RM

{1

2
∥Hω − T ∥22 + λ∥ω∥1}, (5.1.1)

where λ is a regularization parameter.

2. The regularization of least square problem by L2 (RLSP-L2):

min
ω∈RM

{1

2
∥Hω − T ∥22 + λ∥ω∥22}, (5.1.2)

where λ is a regularization parameter.

3. The regularization of least square problem by L1 with constrained by

convex set L1 (RLSP-CL1):

min
ω∈C

{1

2
∥Hω − T ∥22 + λ∥ω∥1}, (5.1.3)

where C = {ω : ∥ω∥1 ≤ ρ}, λ is a regularization parameter, and ρ > 0.

4. The regularization of least square problem by L2 with constrained by

convex set L2 (RLSP-CL2):

min
ω∈C

{1

2
∥Hω − T ∥22 + λ∥ω∥22}, (5.1.4)
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where C = {ω : ∥ω∥22 ≤ ρ}, λ is a regularization parameter, and ρ > 0.

5. The constrained least squares problem by convex set L1 (CLSP-L1):

min
ω∈C

1

2
∥Hω − T ∥22, (5.1.5)

where C = {ω : ∥ω∥1 ≤ ρ} and ρ > 0.

6. The constrained least squares problem by convex set L2 (CLSP-L2):

min
ω∈C

1

2
∥Hω − T ∥22, (5.1.6)

where C = {ω : ∥ω∥22 ≤ ρ} and ρ > 0.

For applying our algorithms to solve all of the convex minimization prob-

lems as above, we set our operator as in Table 5:

Table 5: Setting operators of our algorithms to solve all of the convex

minimization problems (5.1.1)-(5.1.6).

Problems Setting operators of our algorithms

RLSP-L1 (5.1.1) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ ∂(λ∥ω∥1), C = H

RLSP-L2 (5.1.2) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ ∂(λ∥ω∥22), C = H

RLSP-CL1 (5.1.3) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ ∂(λ∥ω∥1), C = {ω : ∥ω∥1 ≤ ρ}

RLSP-CL2 (5.1.4) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ ∂(λ∥ω∥22), C = {ω : ∥ω∥22 ≤ ρ}

CLSP-L1 (5.1.5) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ 0, C = {ω : ∥ω∥1 ≤ ρ}

CLSP-L2 (5.1.6) F (ω) ≡ ∇(12∥Hω − T∥22), G(ω) ≡ 0, C = {ω : ∥ω∥22 ≤ ρ}
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The study emphasises assessing crucial performance metrics: accuracy,

precision, recall, and F1-score [86]. These metrics are determined by considering

specific values, such as true negatives (TN), false positives (FP), false negatives

(FN), and true positives (TP).

Accuracy =
TP + TN

TP + TN + FP + FN
× 100%.

P recision =
TP

TP + FP
× 100%.

Recall =
TP

TP + FN
× 100%.

F1 − score =
2 × (Precision×Recall)

(Precision + Recall)
.

Binary cross entropy is a loss function used in machine learning and deep

learning to measure the difference between predicted binary outcomes and actual

binary labels. It quantifies the dissimilarity between probability distributions,

aiding model training by penalizing inaccurate predictions. The standard binary

cross entropy loss function [43] is the cross entropy loss when only two classes are

involved. We can calculate the loss by calculating the following mean:

Loss = − 1

output size

output size∑
i=1

yi log ŷi + (1 − yi) log(1 − ŷi),

where ŷi is the i-th scalar value in the model output, yi is the corresponding

target value, and output size is the number of scalar values in the model output.

Example 5.1.1 The dataset used in this work is a breast cancer data retrieved

from UCI Machine Learning repository [14] for training processing. This dataset

was collected periodically over 3 years by Dr. William H. Wolberg from University

of Wisconsin Hospitals. This dataset comprises of 699 instances, where the cases

are labelled as either benign or malignant and 458 of the cases are benign and 241

are malignant. The dataset is partitioned into two classes 2 and 4, where 2 denotes
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the benign class and 4 denotes the malignant class. For the implementation of the

ML algorithms, the dataset was partitioned into the training set and testing set:

630 instances were used as a training dataset and the remaining 70 instances were

used as a testing dataset. Which is divided into training and testing instances in

the ratio of 90:10. There are 16 missing values of features in the dataset. The

missing features are substituted by the mean for that feature. Finally, the dataset

is randomized to guarantee the correct circulation of data. A comprehensive

analysis is presented in Table 6.

Table 6: Breast cancer data attributes information.

Attribute Name Max Min Mean Median Standard Deviation

Clump Thickness 10 1 4.4177 4 2.8157

Uniformity of Cell Size 10 1 3.1345 1 3.0515

Uniformity of Cell Shape 10 1 3.2074 1 2.9719

Marginal Adhesion 10 1 2.8069 1 2.8554

Single Epithelial Cell Size 10 1 3.2160 2 2.2143

Bare Nuclei 10 1 3.5447 1 3.6439

Bland Chromatin 10 1 3.4378 3 2.4384

Normal Nucleoli 10 1 2.8670 1 3.0536

Mitoses 10 1 1.5894 1 1.7151

Class 4 2 2.6896 2 0.9513

For starting our computation, we set γn = 1.999
2(max(eigenvalue(HT×H)))

, αn =

1
2n+1

for Algorithm 4.1.1 and γ1 = 1.999
2(max(eigenvalue(HT×H)))

, αn = 1
2n+1

, µ = 1.1 for

Algorithm 4.1.3. The stopping criteria is the binary cross entropy Loss = 0.119.

We obtain the results of the different parameters θ̄n as seen in Table 7 when

θn =


θ̄n

n2∥xn−xn−1∥ if xn ̸= xn−1 and n > N,

θ̄n otherwise,
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where N is a number of iterations that we want to stop. We can see that param-

eters θn satisfies the condition in Algorithm 4.1.1 and Algorithm 4.1.3 all of each

case of θ̄n in Table 7.

Table 7: Numerical results of the different parameter θ̄n.

θ̄n Iteration No. Training Time

Algorithm 4.1.1

0 229 0.1221

1
10n+1

309 0.1086

1
n2 317 0.1294

1
n2+1

297 0.1020

1
∥xn−xn−1∥2+n2 315 0.1197

1
∥xn−xn−1∥5+n5 229 0.0822

Algorithm 4.1.3

0 239 0.7253

1
10n+1

213 0.3788

1
n2 213 0.4127

1
n2+1

213 0.4127

1
∥xn−xn−1∥2+n2 223 0.3842

1
∥xn−xn−1∥5+n5 218 0.4355

We can see that θ̄n = 1
∥xn−xn−1∥5+n5 greatly improves the performance of Algo-

rithm 4.1.1 and θ̄n = 1
10n+1

of Algorithm 4.1.3. Therefore, we choose it as the

default inertial parameter for later our calculation.

We next set the inertial parameters γn = 1.999
2(max(eigenvalue(HT×H)))

, θ̄n =

1
∥xn−xn−1∥5+n5 for Algorithm 4.1.1, and θ̄n = 1

∥xn−xn−1∥5+n5 , γ1 = 1.999
2(max(eigenvalue(HT×H)))

,

µ = 1.1 for Algorithm 4.1.3. For the different parameters αn, we obtain the results

as seen in Table 8 when

αn =

 ᾱn if n ≤ N,

0.5 otherwise,
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where N is a number of iterations that we want to stop. We can see that param-

eters αn satisfies the condition in Algorithm 4.1.1 and Algorithm 4.1.3 all of each

case of ᾱn in Table 8.

Table 8: Numerical results of the different parameter αn.

ᾱn Iteration No. Training Time

Algorithm 4.1.1

1
n+1

229 0.0885

1
2n+1

229 0.0822

1
10n+1

229 0.0861

n
2n+1

229 0.0779

n
10n+1

229 0.0795

Algorithm 4.1.3

1
n+1

224 0.3584

1
2n+1

213 0.3788

1
10n+1

222 0.3652

n
2n+1

223 0.4497

n
10n+1

222 0.4205

From Table 8, notice that ᾱn = n
2n+1

has the lowest number of iteration for both

of Algorithm 4.1.1 and ᾱn = 1
2n+1

has the lowest number of iteration for both

of Algorithm 4.1.3. So we choose it as the default parameter αn for later our

calculation.

Next we will set the inertial parameters θ̄n = 1
∥xn−xn−1∥5+n5 , ᾱn = n

2n+1

for Algorithm 4.1.1, and θ̄n = 1
10n+1

, ᾱn = 1
2n+1

, µ = 1.1 for Algorithm 4.1.3.

For the different step size parameters γn of Algorithm 4.1.1 and γ1 of Algorithm

4.1.3, respectively, we obtain the results as seen in Table 9.
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Table 9: Numerical results of the different step size parameter γn of Algorithm

4.1.1 and γ1 of Algorithm 4.1.3, respectively.

Iteration No. Training Time

Algorithm 4.1.1, γn

1
∥H∥2 231 0.0796

1
2∥H∥2 535 0.1909

1
2(max(eigenvalue(HT×H)))

535 0.1896

1.5
2(max(eigenvalue(HT×H)))

356 0.1202

1.999
2(max(eigenvalue(HT×H)))

229 0.0779

Algorithm 4.1.3, γ1

1
∥H∥2 220 0.3993

1
2∥H∥2 219 0.3908

1
2(max(eigenvalue(HT×H)))

219 0.3692

1.5
2(max(eigenvalue(HT×H)))

224 0.4220

1.999
2(max(eigenvalue(HT×H)))

213 0.3788

We observe from Table 9 that γn = 1.999
2(max(eigenvalue(HT×H)))

has the lowest number

of iterations for both of Algorithm 4.1.1 and Algorithm 4.1.3. We next choose it

as the default suitable step size for later our computation.

From Tables 7-9, we choose 1. θ̄n = 1
∥xn−xn−1∥5+n5 , ᾱn = n

2n+1
and γn =

1.999
2(max(eigenvalue(HT×H)))

for Algorithm 4.1.1;

2. θ̄n = 1
10n+1

, ᾱn = 1
2n+1

, µ = 1.1 and γ1 = 1.999
2(max(eigenvalue(HT×H)))

for Algorithm

4.1.3;

3. γn = 1
2(max(eigenvalue(HT×H)))

for FISTA;

4. θ̄n = 1
∥xn−xn−1∥5+n5 , ᾱn = n

2n+1
, γn = 1.999

2(max(eigenvalue(HT×H)))
and f(x) = 0.9999x

for VIFBA.

For comparison, we set sigmoid as an activation function, hidden nodes

M = 100 regularization parameter λ = 1.
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Table 10: The performance of each algorithm with the stopping criteria as

training accuracy > 90 and testing accuracy > 98.

Algorithm Iteration No. Training Time Precision Recall Accuracy

FISTA 74 0.0284 97.87 95.83 98.57

VIFBA 66 0.0249 96.00 97.83 98.57

Algorithm 4.1.1 52 0.0209 96.00 97.83 98.57

Algorithm 4.1.3 390 0.6915 97.97 95.83 98.57

Table 10 shows that our Algorithm 4.1.1 get the good number of iterations more

than FISTA and VIFBA when we stopping criteria at the same testing accuracy

greater than 98.

Table 11: The performance of each algorithm with the highest accuracy.

Algorithm Iteration No. Training Time Precision Recall Accuracy

FISTA 74 0.0284 97.87 95.83 98.57

VIFBA 80 0.0303 100.00 100.00 100.00

Algorithm 4.1.1 76 0.0265 100.00 100.00 100.00

Algorithm 4.1.3 390 0.6915 97.97 95.83 98.57

Table 11 shows that Algorithm 4.1.1 has the highest efficiency in precision, recall

and accuracy. It also has the lowest number of iterations. It has the highest

probability of correctly classifying tumours compared to algorithms examinations.

We next show the accuracy and loss graphs of training data and testing data for

considering over-fitting of Algorithm 4.1.1.
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Figures 5-6: Accuracy and Loss plots of the iteration.
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From Figures 5-6, we see that our Algorithm 4.1.1 has good fit model this means

that our Algorithm 4.1.1 suitably learns the training dataset and generalizes well

to a hold out dataset.

Example 5.1.2 In this section, we predict breast cancer by dividing it into train-

ing and testing instances in the ratio of 90:10 for both datasets. The dataset was

partitioned into training and testing sets: 630 instances were used as a training

dataset, and the remaining 70 instances were used as a testing dataset.

For starting our computation, we set the suitable step size γn = 1
2∥H∥2 ,

ᾱn = β̄n = n
10n+1

and the binary cross entropy Loss = 0.143 as the stopping

criteria, we obtain the results of the different parameters θ̄n as seen in Table 12

when

θn =


θ̄n

n2∥xn−xn−1∥ ifxn ̸= xn−1 and n > N,

θ̄n otherwise,
(5.1.7)

where N is a number of iterations that we want to stop. We can see that the

condition (1) in Theorem 4.2.2 is satisfied by parameter θn (5.1.7) all of each case

of θ̄n in Table 12.

Table 12: Numerical results of each inertial different parameter θ̄n.

θ̄n Iteration No. Training Time

0 55 0.0491

1
∥xn−xn−1∥+n3+1

55 0.0533

1
∥xn−xn−1∥+n3 55 0.0514

1
n2∥xn−xn−1∥+1

43 0.0397

tn−1
tn+1

21 0.0220

1010

∥xn−xn−1∥3+n3+1010
12 0.0141

We can see that θ̄n = 1010

∥xn−xn−1∥3+n3+1010
greatly improves the performance

of our Algorithm. Therefore, we choose it as the default inertial parameter for

later our calculation.
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We next set the inertial parameters θ̄n = 1010

∥xn−xn−1∥3+n3+1010
for θn, ᾱn =

β̄n = n
10n+1

, δ = 0.99 and the binary cross entropy Loss = 0.143 as the stopping

criteria. For the different step size parameters γn, we obtain the results as seen

in Table 13.

Table 13: Numerical results of the different step size parameters γn.

Algorithm γn Iteration No. Training Time

1
2∥H∥2 12 0.0141

0.1
2(max(eigenvalue(HT×H)))

104 0.0738

0.5
2(max(eigenvalue(HT×H)))

21 0.0144

Algorithm 4.2.1 1
2(max(eigenvalue(HT×H)))

12 0.0123

1.5
2(max(eigenvalue(HT×H)))

9 0.0129

1.9
2(max(eigenvalue(HT×H)))

8 0.0077

Algorithm 4.2.4 Stepsize N, γ1 = 1
∥H∥2 8 0.0070

We observe from Table 13 that γn = Stepsize N, γ1 = 1
∥H∥2 has the

lowest number of iterations. We next choose it as the default suitable step size

for later our computation.

Next we will set the inertial parameters θ̄n = 1010

∥xn−xn−1∥3+n3+1010
for θn,

γn = 1
∥H∥2 , δ = 0.99 and the binary cross entropy Loss = 0.143 as the stopping

criteria. For the different parameter αn, we obtain the results as seen in Table 14

when

αn =

 ᾱn if n ≤ N,

0.5 otherwise,
(5.1.8)

where N is a number of iterations that we want to stop. We can see that pa-

rameters αn satisfies the condition (2) in Theorem 4.2.5 all of each case of ᾱn in

Table 14.
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Table 14: Numerical results of the different parameters αn.

ᾱn Iteration No. Training Time

n
n+1

48 0.0486

n
2n+1

28 0.0210

n
5n+1

11 0.0099

n
10n+1

8 0.0105

n
50n+1

6 0.0072

n
100n+1

6 0.0063

From Table 14, notice that ᾱn = n
100n+1

has the lowest number of itera-

tions. So we choose it as the default parameter αn for later our calculation.

We next set the inertial parameters θ̄n = 1010

∥xn−xn−1∥3+n3+1010
for θn, γn =

1
∥H∥2 , δ = 0.99 and the binary cross entropy Loss = 0.143 as the stopping criteria.

For the different parameter βn, we obtain the results as seen in Table 15 when

βn =

 β̄n if n ≤ N,

0.5 otherwise,
(5.1.9)

where N is a number of iterations that we want to stop. We can see that pa-

rameters βn satisfies the condition (2) in Theorem 4.2.5 all of each case of β̄n in

Table 15.

Table 15: Numerical results of the different parameters βn.

β̄n Iteration No. Training Time

n
n+1

48 0.0486

n
2n+1

28 0.0210

n
5n+1

11 0.0099

n
10n+1

8 0.0105

n
50n+1

6 0.0072

n
100n+1

6 0.0063
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From Table 15, notice that β̄n = n
100n+1

has the lowest number of iterations. So

we choose it as the default parameter βn for later our calculation.

From Table 12-15, we choose 1. θ̄n = 1010

∥xn−xn−1∥3+n3+1010
, ᾱn = β̄n =

n
100n+1

, γn = 1
∥H∥2 and δ = 0.99 for Algorithm 4.2.4;

2. γn = 1.9
2(max(eigenvalue(HT×H)))

for FBSA;

3. θ̄n = 1010

∥xn−xn−1∥3+n3+1010
and γn = 1

2(max(eigenvalue(HT×H)))
for IFBSA;

4. γn = 1
2(max(eigenvalue(HT×H)))

for FISTA;

5. θ̄n = 1010

∥xn−xn−1∥3+n3+1010
, ᾱn = 1

n
, γn = 1

2(max(eigenvalue(HT×H)))
and f(x) =

0.999x for VIFBA;

6. θ̄n = 1010

∥xn−xn−1∥3+n3+1010
, ᾱn = 1

n
, δ = 0.1, σ = 0.49, η = 0.1 and f(x) = 0.999x

for NMLA.

For comparison, We set sigmoid as an activation function, hidden nodes

M = 100 and regularization parameter λ = 1 × 10−5.

Table 16: The performance of each algorithm with the stopping criteria as

training accuracy > 95 and testing accuracy > 95.

Algorithm Iteration No. Training Time Precision Recall Accuracy

FBSA 644 0.2328 97.87 95.83 98.57

IFBSA 70 0.0326 93.88 87.50 95.71

FISTA 94 0.0236 97.87 95.83 98.57

VIFBA 68 0.0151 93.88 87.50 95.71

NMLA 60 0.3666 95.74 91.67 95.71

Algorithm 4.2.4 53 0.0434 96.00 97.83 98.57
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Table 17: The performance of each algorithm at the 60 iteration.

Algorithm Iteration No. Training Time Precision Recall Accuracy

FBSA 60 0.0224 93.88 87.50 95.71

IFBSA 60 0.0330 93.88 87.50 95.71

FISTA 60 0.0628 95.83 91.67 97.14

VIFBA 60 0.0527 93.88 87.50 95.71

NMLA 60 0.6227 93.88 87.50 95.71

Algorithm 4.2.4 60 0.1022 96.00 97.83 98.57

Table 17 shows that our algorithm obtained the highest performance in precision,

recall, and accuracy with the highest probability of correctly classifying tumours

in comparison to the investigated algorithms.
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Figures 7-9: Comparison of models based on precision, recall and accuracy,

respectively.

From Figures 7-9, it is seen that our inertial forward-backward splitting algorithm

(4.2.4) performs decently in terms of precision, recall and accuracy, especially

when compared with FBSA, IFBSA, FISTA, VIFBA, and NMLA.

Example 5.1.3 In this thesis, we use the cervical cancer behavior risk dataset

from the UCI (University of California Irvine) Machine Learning Repository [55,

82]. The dataset consists of 72 samples related to cervical cancer, with 19 distinct

attributes and one designated target column. The target column represents the

class attribute, where a value of 1 indicates the presence of cervical cancer, while

a value of 0 represents its absence. For a comprehensive understanding of the

dataset’s statistical properties, please refer to Table 18.
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Table 18: Cervical cancer behavior risk data attribute information.

Attribute Name Max Min Mean Median Standard Deviation

behavior sexualRisk 10 2 9.6667 10 1.1868

behavior eating 15 3 12.7917 13 2.3613

behavior personalHygine 15 3 11.0833 11 3.0338

intention aggregation 10 2 7.9028 10 2.7381

intention commitment 15 6 13.3472 15 2.3745

attitude consistency 10 2 7.1806 7 1.5228

attitude spontaneity 10 4 8.6111 9 1.5157

norm significantPerson 5 1 3.1250 3 1.8457

norm fulfillment 15 3 8.4861 7 4.9076

perception vulnerability 15 3 8.5139 8 4.2757

perception severity 10 2 5.3889 4 3.4007

motivation strength 15 3 12.6528 14 3.2072

motivation willingness 15 3 9.6944 11 4.1304

socialSupport emotionality 15 3 8.0972 9 4.2432

socialSupport appreciation 10 2 6.1667 6.5 2.8973

socialSupport instrumental 15 3 10.3750 12 4.3165

empowerment knowledge 15 3 10.5417 12 4.3668

empowerment abilities 15 3 9.3194 10 4.1819

empowerment desires 15 3 10.2778 11 4.4823

ca cervix 1 0 0.29167 0 0.4577

Next, we divide the dataset into 80% for training and 20% for testing.

We set γn = 0.9999
max(eigenvalue(HT×H))

, ηn = 1
100n+1

, and M = 270. We compare the

performance of FBSA, IFBSA, and our algorithm. All the parameters are chosen

as seen in Table 19.



 

 

 
66

Table 19: Chosen parameters of each algorithm.

Algorithm αn θn λ ρ

FBSA - 1010

∥xn−xn−1∥5+n5+1010
0.5 -

IFBSA 9n
10n+1

1
∥xn−xn−1∥5+n5 1 -

Algorithm 4.3.1 (RLSP-L1)
1

100n+1
1010

∥xn−xn−1∥5+n5+1010
0.5 -

Algorithm 4.3.1 (RLSP-L2) 0.9 0.999 10−5 -

Algorithm 4.3.1 (RLSP-CL1)
1

100n+1
0.99 0.5 3

Algorithm 4.3.1 (RLSP-CL2) 0.9 0.9999 10−5 3

Algorithm 4.3.1 (CLSP-L1) 0.9 0.999 - 5

Algorithm 4.3.1 (CLSP-L2) 0.9 0.9999 - 3

Table 20: Comparison of the performance with each algorithm.

Algorithm Iteration No. Training time Precision Recall F1-score Accuracy

FBSA 45 0.0065 100.00 75.00 85.71 92.86

IFBSA 105 0.0066 100.00 50.00 66.67 85.71

Algorithm 4.3.1 (RLSP-L1) 45 0.0094 100.00 75.00 85.71 92.86

Algorithm 4.3.1 (RLSP-L2) 361 0.0158 100.00 100.00 100.00 100.00

Algorithm 4.3.1 (RLSP-CL1) 48 0.0056 100.00 75.00 85.71 92.86

Algorithm 4.3.1 (RLSP-CL2) 361 0.0203 100.00 100.00 100.00 100.00

Algorithm 4.3.1 (CLSP-L1) 154 0.0092 100.00 75.00 85.71 92.86

Algorithm 4.3.1 (CLSP-L2) 361 0.0171 100.00 100.00 100.00 100.00

Table 20 shows the results of the Algorithms compared in terms of ac-

curacy, precision, recall, and F1-score. The results obtained Algorithm 4.3.1

(RLSP-L2), Algorithm 4.3.1 (RLSP-CL2), and Algorithm 4.3.1 (CLSP-L2) have

the highest performance metrics. The lowest on the accuracy, precision, recall,

and F1-score are IFBSA.

We compare analysis, evaluating our algorithm against various machine

learning models, such as logistic regression, Naive Bayes, k-nearest neighbors

(kNN), weighted kNN (WkNN), artificial neural networks, decision trees, ran-

dom forests, eXtreme Gradient Boosting (XGBoost), statistical implicative anal-

ysis (SIA), multilayer perceptron (MLP), and Sigmoid-support vector machines
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(Sigmoid-SVM). Extensive research consistently demonstrates the progressive

success of these models over time. Machine learning finds applications in di-

verse domains, including medicine [27, 47], meteorology [7, 42], economy, and

outlier detection [29, 26, 28].

The performance results of methods in previous literature using a shared

dataset were analyzed. Accuracy, precision, recall, and F1-score were the evalu-

ation metrics used in the studies referenced in [36, 2, 65] and the present study,

with a division of data into training and testing sets. In contrast, the studies men-

tioned in [77, 38, 30] employed k-fold cross-validation splits the data into several

parts, k number of parts, known as k-fold, where one part is validation data, and

the rest is training data and then iterates through k-cycles, while the survey in

[55] used the entire dataset. The outcomes from these different approaches are

presented in Table 21.
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From Table 21, we see that the method studied is efficient in terms of

accuracy, precision, recall, and F1-score the highest, which is the most accurate

predictor of cervical cancer.

Figures 10-11: Accuracy and Loss plots of the iteration of RLSP-L1.
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Figures 12-13: Accuracy and Loss plots of the iteration of RLSP-L2.
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Figures 14-15: Accuracy and Loss plots of the iteration of RLSP-CL1.

Figures 16-17: Accuracy and Loss plots of the iteration of RLSP-CL2.
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Figures 18-19: Accuracy and Loss plots of the iteration of CLSP-L1.
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Figures 20-21: Accuracy and Loss plots of the iteration of CLSP-L2.

From Figures 20-21, we can see that the Accuracy tends to increase when

there are more Train Models. The gap between Training Accuracy and Validation

Accuracy is not much different, and the Loss will continue to decrease until it

remains stable at some point. There is a slight gap between Training Loss and

Validation Loss. This learning curve model shows that it is a model with good

learning.

5.2 Application to Signal Recovery

This section is devoted to the presentation of numerical experiments

which illustrate the application to signal recovery problem in compressed sensing

that involves several blurring filters. A signal recovery problem can be modelled

as the following underdetermined linear equation system:

b = Ax + ν, (5.2.1)

where x ∈ RN is the original signal, b ∈ RM is the observed signal with noise

ν, and A ∈ RM×N (M < N) is filter matrix. It is well known that the problem
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(5.2.1) to equivalent to solving the following regularized least squares problem:

min
x∈RN

1

2
∥Ax− b∥22 + λ∥x∥1, (5.2.2)

where λ > 0 is a parameter. Problem (5.2.2) can be seen as problem (2.1.1)

through the following settings: F (x) = ∇(1
2
∥Ax− b∥22) and G(x) = ∂∥x∥1.

For the experiments in this section, we choose the signal size to be

N = 1024 and M = 512 and the original signal x is generated by the uniform

distribution in [−2, 2] with m nonzero elements. We use the mean-squared error

to measure the restoration accuracy defined as MSEn = 1
N
∥xn−x∥22 < 10−4. We

choose all of parameters of Algorithm 4.1.1, Algorithm 4.1.3, FISTA and VIFBA

as in Tables 7-9.

The original signal and the measurement by using A with m = 100 are

shown in the Figure 16. Given that the initial points x0, x1 are generated by

command rand (N, 1). The comparison are presented next.

Table 22: Numerical comparison of four algorithms.

Algorithm Iteration No. Elapsed Time(s)

FISTA 254 0.1516

VIFBA 163 0.0809

Algorithm 4.1.1 145 0.0759

Algorithm 4.1.3 122 0.4084
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Figure 16: The original signal and the measurement and the reconstructed

signals by using each input for m = 100.
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Figure 17: The mean-squared error versus number of iterations for m = 100.
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From Figures 16-17, we see that the performance of our Algorithm 4.1.1

and Algorithm 4.1.3 is obviously better than FISTA and VIFBA with respect

to the mean-squared error is rather stable at the end in Algorithm 4.1.1 and

Algorithm 4.1.3 is better.

5.3 Application to Image Recovery

The image restoration problem is the recovering process of a degraded

version which is a blurred and noisy image. This problem can be formulated in

the linear equation system as follows:

b = Bx + υ, (5.3.1)

where x ∈ Rn×1 is an original image, b ∈ Rm×1 is the unknown image, υ is

additive noise and B ∈ Rm×n is the blurring operation. The main goal of image

restoration problem (5.3.1) is to find the original image x. In some case, finding

x = B−1(b − υ) maybe a difficult task, thus finding the solution x by mean of

convex minimization can overcome such difficulty, which is known as the following

least squares (LS) problem

min
x

1

2
∥b−Bx∥22, (5.3.2)

where ∥.∥ is ℓ2-norm defined by ∥x∥2 =
√∑n

i=1 |xi|2. The solution of (5.3.2) can

be estimated by many well known iteration methods [32, 40, 41, 84].

The main goal in digital image restoration is to find the unknown image

that we don’t know which one is the blurring matrix of this unknown image. This

problem can be considered in the system of least squares problems:

min
x∈Rn

1

2
∥B1x− b1∥22, min

x∈Rn

1

2
∥B2x− b2∥22, ..., min

x∈Rn

1

2
∥BNx− bN∥22 (5.3.3)
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where x is the original true image, Bi is the blurred matrix, bi is the blurred

image by the blurred matrix Bi for all i = 1, 2, ..., N . For solving (5.3.3), we can

apply our main Algorithm 4.4.1 by setting Fix = BT
i (Bix− bi) for all x ∈ Rn in

Algorithm 4.4.1 since BT
i (Bix−bi) is Lipschitz continuous for each i = 1, 2, ..., N .

This algorithm is generated as follows:



tn = xn + θn(xn − xn−1), ∀n ≥ 1,

yin = PC(tn − γi
nB

T
i (Bitn − bi)), ∀n ≥ 1 and ∀i = 1, 2, ..., N,

(lin is the smallest nonnegative integer such that

γi
n ∥ BT

i (Bitn − bi) −BT
i (Biy

i
n − bi) ∥≤ µ ∥ tn − yin ∥),

zin = PT i
n
(tn − γi

nB
T
i (Biy

i
n − bi)),

ūn = α0
n(tn) +

N∑
i=1

αi
nz

i
n, n ≥ 1,

xn+1 = PCn+1x1,

where T i
n = {z ∈ H|⟨tn−γi

nBitn−yin, z−yin⟩ ≤ 0}, Cn+1 = {z ∈ Cn| ∥ ūn−z ∥≤∥

tn − z ∥}, ρ, µ, αi
n ∈ (0, 1) and {θn} ⊆ [0, θ] for some θ ∈ [0, 1).

We will show the efficiency of our Algorithm 4.4.1 in image deblurring

for the following three blur types:

Type 1: Gaussian blur of filter size 9 × 9 with standard deviation σ = 4 (blur

matrix B1).

Type 2: Out of focus blur (Disk) with radius r = 6 (blur matrix B2).

Type 3: Motion blur specifying with motion length of 21 pixels (len = 21) and

motion orientation 11◦ (θ = 11) (blur matrix B3).
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The original Grey and RGB images are show in figures 18-19.

Figures 18-19: The original Grey and RGB image of sizes 276 × 490 and

280 × 440 × 3, respectively.

The different types of blurred Grey and RGB images degraded by the

blurring matrices B1, B2 and B3 are shown in figures 20-25.

Gaussian Blurred Image Gaussian Blurred Image

Out of Focus Blurred Image Out of Focus Blurred Image
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Motion Blurred Image Motion Blurred Image

Figures 20-25: The degraded Grey and RGB images by blurred matrices B1, B2

and B3, respectively.

We apply the PVSEGM amd our Algorithm 4.4.1 in getting the solution

of deblurring problem with the three blurring matrices B1, B2, B3. The results

of the PVSEGM and our Algorithm 4.4.1 are considered in following seven cases:

Case I: Inputting B1 on the PVSEGM and Algorithm 4.4.1.

Case II: Inputting B2 on the PVSEGM and Algorithm 4.4.1.

Case III: Inputting B3 on the PVSEGM and Algorithm 4.4.1.

Case IV: Inputting B1 and B2 on the PVSEGM and Algorithm 4.4.1.

Case V: Inputting B1 and B3 on the PVSEGM and Algorithm 4.4.1.

Case VI: Inputting B2 and B3 on the PVSEGM and Algorithm 4.4.1.

Case VII: Inputting B1, B2 and B3 on the PVSEGM and Algorithm 4.4.1.

The following parameters are used for our algorithm:

θn =


0.12 if xn ̸= xn−1 and n ≤ 10, 000

1
n2∥xn−xn−1∥ if xn ̸= xn−1 and n > 10, 000

0 Otherwise,

ρ = 0.5 and µ = 0.35. We choose µ = 0.95, ρ = 0.5, α0
n = 1 − 3n

3n+1
, α1

n = n
3n+1

,

α2
n = n

3n+1
and α3

n = 1 − α0
n − α1

n − α2
n for PVSEGM.
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Table 23: Comparison of the number of iterations in Grey images.

PSNR of 10000 Number of Iterations 33 PSNR

Inputting

PVSEGM Our Algorithm PVSEGM Our Algorithm

B1 24.70720 29.57263 4921 50

B2 26.47867 34.15647 2775 58

B3 29.50780 35.32024 801 36

B1, B2 28.59585 36.01784 975 60

B1, B3 32.37244 42.50473 446 62

B2, B3 33.47745 46.33505 538 73

B1, B2, B3 34.41830 45.79034 411 52

Moreover, the Cauchy error, the figure error and the peak signal-to-noise ratio

(PSNR) for recovering processes of the degraded Grey images by using the pro-

posed method within the first 10000 iterations are shown in figures 26-28.
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Figures 26-28: Cauchy error, Figure error and PSNR quality plots of the

proposed iteration in all cases of Grey images.
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Table 24: Comparison of the number of iterations in RGB images.

PSNR of 10000 Number of Iterations 33 PSNR

Inputting

PVSEGM Our Algorithm PVSEGM Our Algorithm

B1 33.47997 38.31203 6816 385

B2 34.13544 41.83745 5800 364

B3 37.89834 45.57931 1014 86

B1, B2 37.46071 47.54648 1253 190

B1, B3 41.57133 54.15965 509 86

B2, B3 41.77308 53.88841 634 87

B1, B2, B3 43.52842 60.59668 474 122

Moreover, the Cauchy error, the figure error and the peak signal-to-noise ratio

(PSNR) for recovering processes of the degraded RGB images by using the pro-

posed method within the first 10000 iterations are shown in figures 29-31.
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Figures 29-31: Cauchy error, Figure error and PSNR quality plots of the

proposed iteration in all cases of RGB images.
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The figures of deblurring when the 10000 iterations is the stopping criterion are

shown in figures 33-46 that be composed of the restored image and its PSNR.

Case I

PSNR = 29.57263

Case I

PSNR = 38.31203

Case II

PSNR = 34.15647

Case II

PSNR = 41.83745

Case III

PSNR = 35.32024

Case III

PSNR = 45.57931

Figures 33-38: The reconstructed Grey and RGB images with their PSNR for

Case I - Case III being used our Algorithm 4.4.1 presented in 10000 iterations

respectively.

It can be seen from figures 39-44 that the quality of restored image by

using our Algorithm 4.4.1 in solving the common solutions of deblurring problem

(VIP) with (N = 2) has improved compared with the previous result on figures

33-38.
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Case IV

PSNR = 36.01784

Case IV

PSNR = 47.54648

Case V

PSNR = 42.50473

Case V

PSNR = 54.15965

Case VI

PSNR = 46.33505

Case VI

PSNR = 53.88841

Figures 39-44: The reconstructed Grey and RGB images with their PSNR for

Case IV - Case VI used our Algorithm 4.4.1 presented in 10000 iterations

respectively.

Finally, the common solution of deblurring problem (VIP) with (N = 3)

by using the proposed algorithm is also tested (Inputting B1, B2 and B3 on the

proposed algorithm).
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Case VII

PSNR = 45.79034

Case VII

PSNR = 60.59668

Figures 45-46: The reconstructed Grey and RGB images from the blurring

operators B1, B2 and B3 (Case VII) being used our Algorithm 4.4.1 presented

in 10000 iterations, respectively.

Figures 45-46 show the reconstructed Grey and RGB images with thou-

sand iteration. It has been found that the quality (PSNR) of the recovered Grey

and RGB images obtained by this algorithm is highest compared to the previous

two algorithm.

The figures of deblurring when the 33 PSNR is the stopping criterion are

shown in figures 47-60 that be composed of the restored image and its number of

iterations.

Case I

PSNR = 29 (10000 Iteration)

Case II

PSNR = 29 (1343 Iteration)

Case III

PSNR = 29 (524 Iteration)

Case IV

PSNR = 29 (256 Iteration)
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Case V

PSNR = 29 (262 Iteration)

Case VI

PSNR = 29 (188 Iteration)

Case VII

PSNR = 29 (195 Iteration)

Figures 47-53: The reconstructed Grey images of all cases being used our

Algorithm 4.4.1 with PSNR = 29.

Case I

PSNR = 38 (10000 Iteration)

Case II

PSNR = 38 (2693 Iteration)

Case III

PSNR = 38 (414 Iteration)

Case IV

PSNR = 38 (604 Iteration)
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Case V

PSNR = 38 (248 Iteration)

Case VI

PSNR = 38 (286 Iteration)

Case VII

PSNR = 38 (284 Iteration)

Figures 54-60: The reconstructed RGB images of all cases being used our

Algorithm 4.4.1 with PSNR = 38.



 

 

 

CHAPTER 6

CONCLUSIONS

The following results are all main theorems of this thesis:

Algorithm 6.1.1 Inertial Mann forward-backward splitting algorithm

(IMFBSA)

Initialization: Select x0, x1 ∈ H, {αn} ⊂ (0, 1), {γn} ⊂ (0, 2β) and {θn} ⊂

[0,∞) satisfies the condition such that

0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β and
∞∑
n=1

θn∥xn − xn−1∥ < ∞.

Iterative step: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1),

and

zn = yn + αn(xn − yn).

Step 2. Compute

xn+1 = JG
γn(I − γnF )zn.

Replace n by n + 1 and then repeat Step 1.

Theorem 6.1.2 The sequence {xn} generated by IMFBSA weakly converges to a

solution of (F + G)−1(0).
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Algorithm 6.1.3 Initialization: Select x0, x1 ∈ H, {αn} ⊂ (0, 1), µ1, µ2, µ3 ∈

(0, 2), {γ1} ∈ (0, 2β) and {θn} ⊂ [0,∞) satisfies the condition such that

∞∑
n=1

θn∥xn − xn−1∥ < ∞.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1),

and

zn = yn + αn(xn − yn).

Step 2. Compute

xn+1 = JG
γn(I − γnF )zn.

γn+1 = Stepsize UP
(
γn,

∥yn − xn+1∥
∥F (yn) − F (xn+1)∥

,
∥zn − xn+1∥

∥F (zn) − F (xn+1)∥
,

∥zn − yn∥
∥F (zn) − F (yn)∥

, µ1, µ2, µ3

)
.

Replace n with n + 1 and then repeat Step 1.

Lemma 6.1.4 The sequence {γn} generated by Stepsize UP in Algorithm 6.1.3

is a nonincreasing sequence and

lim
n→∞

γn = γ ≥ min{γ1, µ1β, µ2β, µ3β}.

Algorithm 6.1.5 Modified inertial forward-backward splitting algorithm

(MIFBSA)

Initialization: Select x0, x1 ∈ H, {γn} ⊂ (0, 2β), {θn} ⊂ [0, θ] for some
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θ ∈ [0, 1), {αn} and {βn} are sequences in [0, 1].

Iterative step: Construct {xn} by using the following steps:

Step 1. Compute

yn = xn + θn(xn − xn−1).

Step 2. Compute

zn = (1 − βn)xn + βnJ
G
γn(I − γnF )yn.

Step 3. Compute

xn+1 = (1 − αn)JG
γn(I − γnF )xn + αnJ

G
γn(I − γnF )zn.

where JG
γn = (I + γnF )−1. Set n = n + 1 and return to Step 1.

Theorem 6.1.6 The sequence {xn} generated by Algorithm 6.1.5 weakly con-

verges to a solution of (F + G)−1(0). Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. lim inf
n→∞

αn > 0 and lim inf
n→∞

βn > 0;

3. 0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β.

Algorithm 6.1.7 Initialization: Select x0, x1 ∈ H, γ ∈ (0, 2β], δ ∈ (0, 1),

{θn} ⊂ [0, θ] for some θ ∈ [0, 1), {αn} and {βn} are sequences in [0, 1] and N is

a stop number of iteration.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1).
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Step 2. Compute

zn = (1 − βn)xn + βnJ
G
γn(I − γnF )yn.

Step 3. Compute

xn+1 = (1 − αn)JG
γn(I − γnF )xn + αnJ

G
γn(I − γnF )zn.

γn+1 =

 Stepsize N(yn, xn, zn, µ, δ), if 1 ≤ n < N,

γN , otherwise,

where JG
γn = (I + γG

n )−1. Replace n with n + 1 and then repeat Step 1.

Theorem 6.1.8 The sequence {xn} generated by Algorithm 6.1.7 weakly con-

verges to z ∈ (F + G)−1(0). Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. lim inf
n→∞

αn > 0 and lim inf
n→∞

βn > 0.

Algorithm 6.1.9 New projection algorithm (NPA)

Initialization: Select x0, x1 ∈ H, {γn} ⊂ (0, 2β), {θn} ⊂ [0,∞), {ηn} and {αn}

are sequences in (0, 1).

Iterative step: Construct {xn} by using the following steps:

Step 1. Define

yn = xn + θn(xn − xn−1).

Step 2. Compute

zn = yn + ηn(xn − yn).
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Step 3. Compute

xn+1 = PC(αnyn + (1 − αn)JG
γn(I − γnF )zn).

Replace n by n + 1 and then repeat Step 1.

Theorem 6.1.10 Assume that the following conditions hold:

1.
∞∑
n=1

θn∥xn − xn−1∥ < ∞;

2. 0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 2β;

3. lim sup
n→∞

αn > 1.

Then the sequence {xn} weakly converges to z ∈ (F + G)−1(0) ∩ C.

Algorithm 6.1.11 Hybrid inertial parallel subgradient extragradient-

line algorithm (HIPSEA)

Initialization: Take ρ ∈ (0, 1), µ ∈ (0, 1). Select arbitrary points x0, x1 ∈ H

and {θn} ⊆ [0, θ] for some θ ∈ [0, 1). Set n := 1.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Compute

tn = xn + θn(xn − xn−1).

Step 2. Compute yin for all i = 1, 2, ..., N by

yin = PC(tn − λi
nFitn),

where λi
n = ρk

i
n and ki

n is the smallest nonnegative integer such that

λi
n ∥ Fitn − Fiy

i
n ∥≤ µ ∥ tn − yin ∥ . (6.1.4)

Step 3. Compute
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zin = PT i
n
(tn − λi

nFiy
i
n),

where T i
n := {z ∈ H :

⟨
tn − λi

nFitn − yin, z − yin
⟩
≤ 0}.

Step 4. Compute

ūn = α0
n(tn) +

N∑
i=1

αi
nz

i
n,

where αi
n ∈ (0, 1), ∀i = 1, 2, ..., N and

N∑
i=0

αi
n = 1, ∀n ∈ N .

Step 5. Compute

xn+1 = PCn+1x1,

where Cn+1 := {z ∈ Cn :∥ ūn − z ∥≤∥ tn − z ∥}.

Set n + 1 → n and go to Step 1.

Lemma 6.1.12 There exists a nonnegative integer ki
n satisfying (6.1.4).

Theorem 6.1.13 Assume that the conditions hold:

1.
∞∑
n=1

θn ∥ xn − xn−1 ∥< ∞.

2. lim inf
n→∞

αi
n > 0 for all i = 1, 2, ..., N .

Then the sequence {xn} generated by Algorithm 6.1.11 converges strongly to z ∈

Υ.

Algorithm 6.1.14 Initialization: Take ρ ∈ (0, 1), µ ∈ (0, 1). Select arbitrary

points x0, x1 ∈ H and {θn} ⊆ [0, θ] for some θ ∈ [0, 1). Set n := 1.

Iterative Steps: Construct {xn} by using the following steps:

Step 1. Compute

tn = xn + θn(xn − xn−1).

Step 2. Compute yn by

yn = PC(tn − λnFtn),
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where λn = ρkn and kn is the smallest nonnegative integer such that

λn ∥ Ftn − Fyn ∥≤ µ ∥ tn − yn ∥ . (6.1.5)

Step 3. Compute

zn = PTn(tn − λnFyn),

where Tn := {z ∈ H :
⟨
tn − λnFtn − yn, z − yn

⟩
≤ 0}.

Step 4. Compute

ūn = αntn + (1 − αn)zn,

where αn ∈ (0, 1).

Step 5. Compute

xn+1 = PCn+1x1,

where Cn+1 := {z ∈ Cn :∥ ūn − z ∥≤∥ tn − z ∥}.

Set n + 1 → n and go to Step 1.
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