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ABSTRACT

Fixed point theory takes a large amount of literature, since it provides useful tools to solve many problems
that have applications in different fields like engineering, economics, chemistry and game theory etc. Iterative
methods are popular tools to approximate fixed points of nonlinear mappings. In computational mathematics, it is
of vital interest to know which of the given iterative procedures converge faster to a desired solution, commonly
known as the rate of convergence. Thus, when studying an iterative procedure, we should consider two criteria
which are the faster and the simplify.

In this dissertation has separated by three parts. The first part of this dissertation is to propose a novel
Noor iteration technique, called the CT-iteration for approximating a fixed point of continuous functions on closed
interval. Then, a necessary and sufficient condition for the convergence of the CT-iteration of continuous functions
on closed interval is established. We also compare the rate of convergence between the proposed iteration and
some other iteration processes in the literature. Specifically, our main result shows that CT-iteration converges
faster than CP-iteration to the fixed point. We finally give numerical examples to compare the result with Mann,
Ishikawa, Noor, SP and CP iterations.

The second part of dissertation is to introduce a new faster iteration scheme and establish convergence
results for approximation of fixed points of nonexpansive mappings in the framework of Banach spaces. Further,
we show that our iteration process is faster than a number of existing iteration processes. We support our analytic
proof by numerical examples in which we approximate the fixed point by a computer using MATLAB program.
Furthermore, we apply our results to find solutions of constrained minimization problems, split feasibility problems
and image deblurring problems.

Third, using sunny nonexpansive retractions, which are different from the metric projection in Banach
spaces, a new type of study regarding the iterative methods in view of two quasi-nonexpansive nonself mappings
is presented. We also give the convergence analysis for the proposed method in the background of uniformly
convex Banach spaces. Moreover, we apply our results to find solutions of common zeros of accretive operators,
convexly constrained least square problems, and convex minimization problems. Furthermore, we also discuss

novel applications of these methods to differential problems, image deblurring, and signal recovering problems.

The results obtained in this dissertation extend and generalize some results in the literature.
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CHAPTER 1

INTRODUCTION

Fixed point theory takes a large amount of literature, since it provides
useful tools to solve many problems that have applications in different fields like
engineering, economics, chemistry and game theory etc. Iterative methods are
popular tools to approximate fixed points of nonlinear mappings. In computa-
tional mathematics, it is of vital interest to know which of the given iterative
procedures converge faster to a desired solution, commonly known as the rate of
convergence. Thus, when studying an iterative procedure, we should consider two
criteria which are the faster and the simplify. In this direction, some of notable
studies were conducted by Mann, Ishikawa, Noor, Phuengrattana and Suantai,
Cholamjiak and Pholasa (see |16, 24, B4, B4, 41]). In addition, the fixed point
mappings were studied as much as studies on the iterative methods. Different
varieties of these mappings are available in the literature. The well known of
them, are contraction mappings, nonexpansive mappings and Lipschitzian map-
pings, and these are the continuous ones. Therefore, in this study, we handle the

general mapping which is a class of continuous mapping.

Let C' be a closed interval on the real line and let f : C — C be a
continuous function. A point p € C' is called a fized point of f if f(p) = p.

Now, we will consider some of these schemes related to this work.

Mann [34] introduced Mann iteration, which generates a sequence {u,, }

as follows :

Unt1 = (1 — )t + an f(uy) (1.0.1)

for all n > 1, where «,, € [0,1]. Such an iteration process is known as Mann



iteration. In 1991, Borwein and Borwein [I0] proved the convergence theorem for
a continuous function on the closed and bounded interval in the real line by using

iteration (COC).

Another classical iteration process was introduced by Ishikawa [24] which

is formulated as follows:

tn = (1 T Bn)sn + 6nf(5n);

Snt1 = (L — ap)sn + an f(tn) (1.0.2)

for all n > 1, where {a,,} and {f,,} are sequences in [0,1]. Such iterative method
is called Ishikawa iteration. In 2006, Qing and Qihou [45] proved the convergence
theorem of the sequence generated by iteration () for a continuous function
on the closed interval in the real line (see also [44]).

In 2000, Noor [35] defined the following iterative scheme by [; € C' and

my = (1 - ,un)ln + an(ln)7
Up = (1 w ﬁn)ln + ﬁnf(mn)a

lnv1 = (1 — an)ly + anf(vn) (1.0.3)

for all n > 1, where {a,}, {f.} and {u,} are sequences in [0,1], which is called
Noor iteration [35] for continuous functions on an arbitrary interval in the real

line.

Clearly, the Mann and Ishikawa iteration processes are special cases of
the Noor iteration process. Because of its simplicity, the method (IT=3) has been
widely utilized to solve the fixed point problem, and as a result, it has been en-
hanced by many works, as seen in |27, BA, B7, 47].

In 1976, Rhoades [49] proved the convergence of the Mann and Ishikawa

iterations for the class of continuous and nondecreasing functions on unit closed



interval. After that in 1991, Borwein and Borwein [I0] obtained the convergence
result to Mann iteration for continuous functions on a bounded closed inter-
val. Qing and Qihou [d5] extended results in [I0] to an arbitrary interval and
to Ishikawa iteration and presented a necessary and sufficient condition for the
convergence of Ishikawa iteration of continuous functions on an arbitrary inter-
val (see also [44]). There are many articles have been published on the iterative
methods using for approximation of fixed points of nonlinear mappings, see for
instance ([0, 24, B4, B5, 44, 45, 49]). However, there are only a few articles
concerning comparison of those iterative methods in order to establish which one
converges faster. As far as we know, there are two ways for comparison of the
rate of convergence. The first one was introduced by Berinde [8]. He used this
idea to compare the rate of convergence of Picard and Mann iterations for a class
of Zamfirescu operators in arbitrary Banach spaces. Popescu [43] also used this
concept to compare the rate of convergence of Picard and Mann iterations for
a class of quasi-contractive operators. It was shown in [57] that the Mann and
Ishikawa iterations are equivalent for the class of Zamfirescu operators. In 2006,
Babu and Prasad [6] showed that the Mann iteration converges faster than the
Ishikawa iteration for this class of operators. Two years later, Qing and Rhoades
[46] provided an example to show that the claim of Babu and Prasad [6] is false.
However, this concept is not suitable or cannot be applied to a class of contin-
uous self-mappings defined on a closed interval. In order to compare the rate
of convergence of continuous self-mappings defined on a closed interval, Rhoades
[@9] introduced the other concept which is slightly different from that of Berinde

to compare iterative methods which one converges faster as follow.

Definition 1.0.1 ([49]) Let C' be a closed interval on the real line and let f :
C' — C be a continuous mapping. Suppose that {z,,} and {w,} are two iterations

which converge to the fixed point p of f. Then {x,} is said to converge faster



than {w,} if

|2 — p| < |w, — p

for all n > 1.

Phuengrattana and Suantai [41] introduced and studied the SP—iteration

as follows: h; € C and

€n = (1 = ,Un)hn + ,unf(hn)a
dn o (1 1 ﬁn)en + /an(en)7
Bt = (1— co)ely + o () (1.0.4)

for all n > 1, where {a,}, {8.} and {u,} are sequences in [0,1]. They showed
that (ITO4) converges to a fixed point of f. Moreover, the rate of convergence is
better than those of Mann (), Ishikawa (CO2) and Noor (C3) in the sense
of Rhoades [49].

Clearly Mann iteration is special cases of SP—iteration. Some interesting

results concerning fixed point theory of continuous functions can be found in [20].

Recently, by combining the SP-iteration and Noor iteration, Cholamjiak

and Pholasa [I6] proposed the CP—iteration as follows: w; € C' and

Tn = (1 - :un)wn =+ /v‘nf(wn)a
dn = (1 — Tp — ﬁn)wn + TaTn + an(rn)a

Wn+1 = (1 = Tn — O‘n)rn + Ynln + anf(Qn) (105)

for all n > 1, where {a, }, {5}, {in}, {7} and {~,} are sequences in [0, 1]. They
proved some convergence theorems of such iterations for continuous functions on

an arbitrary interval. Also, they compared the rate of convergence of Mann,



Ishikawa, Noor and CP iterations by numerical examples and concluded that

CP-iteration converges faster than all of them.

Inspired and motivated by these facts, we introduce and study a new
accelerated iteration process for solving a fixed point problem for continuous
function on an arbitrary interval in the real line. The scheme is defined as follows.

Let C be a closed interval on the real line and f : C' = C given mapping.

Then for an arbitrary x; € C, the following iteration scheme is studied:

Zn = (1 - ,Un)xn + ,Unf(xn)?
Yn = (1 — Tp — ﬁn)xn + Tnf(mn) + ﬁnf(zn)7

Tnt+1 = (1 — In — an)zn + an(zn) ain anf(yn)7 n > 17 (106>

where, {a,}, {Bn}, {tn}, {7} and {7,} are appropriate real sequences in [0, 1].

The iterative scheme (ICI8) is called the CT-iteration for continuous functions.

Once the existence of a fixed point of some mapping is established, then
to find the value of that fixed point is not an easy task, that is why we use
iterative processes for computing them. By time, many iterative processes have

been developed and it is impossible to cover them all.

Numerical reckoning fixed points for nonlinear operators is nowadays an
active research direction of nonlinear analysis. This because they found appli-
cations to variational inequalities, equilibrium problems, computer simulation,
image encoding and much more. Classical iterations such as Picard, Mann and
Ishikawa represent pioneers research work in this regard; please, see Mann [34]
and Ishikawa [25]. Nowadays, this research direction is developed by Agarwal et
al. [2] and Noor [B5]. Speed of convergence play important role for an iteration
process to be preferred on another iteration process. In [60], Rhoades mentioned

that the Mann iteration process for decreasing function converges faster than the



Ishikawa iteration process and for increasing function the Ishikawa iteration pro-
cess is better than the Mann iteration process. Also the Mann iteration process
appears to be independent of the initial guess (see also [61]). In [2], the authors
claimed that Agarwal iteration process converge at a rate same as that of the Pi-
card iteration process and faster than the Mann iteration process for contraction

mappings.

Let E be a uniformly convex Banach space, C' be a nonempty closed
convex subset of E. Throughout this work, N denotes the set of all positive
integers T': C' — C' is said to be nonexpansive if [|Tz — Ty| < ||z — y|| for all
x,y € C' and for all n € N. For arbitrary chosen x; € C, construct a sequence

{z,}, where z,, is defined iteratively for each positive integer n > 1 by:

Tpy1 = Ty, (1.0.7)

Tpr1 = (1 — ap)x, + Ty, (1.0.8)

Tpi1 = (1 — ap)x, + anTyn,

(1.0.9)

The sequences {x,} generated by (1), (IIR) and (C9) are called

Picard, Mann [34] and Ishikawa [?4] iteration sequences respectively.

In 1955, Krasnoselskii [32] showed that the Picard iteration scheme (IZ0Z0)
for a nonexpansive mapping 1" may fail to converge to fixed point of T even if
T has a unique fixed point, but the Mann sequence (ITOR) for «,, = %,Vn >1

converges strongly to the fixed point of 7.

Mann and Ishikawa iteration methods have been studied by several au-
thors for approximation fixed points of nonexpansive mappings, see, e.g., [3, 4,

75, 29, B0, B8, B3, bR, 61, 63, 65, 63).



In 2000, Noor [35] defined the following iterative scheme, by x; € C' and

Tpi1 = (1 — ap)x, + a,Tyn,
Yn = (1= Bn)zn + BT 2, (1.0.10)

for all n > 1, where {a,}, {5,} and {v,} are sequences in (0,1).

Recently, Agarwal et al. [2] introduced the following iteration process.

For arbitrary chosen x; € C' construct a sequence {z,} by

Tnt+1 = (1 — O‘n>Txn + anTyna

Yn = (1 = Bn)zn + BnTxy, n €N,

(1.0.11)

where {a,} and {f,} are in (0,1). They showed that this process converges at a
rate that is the same as that of the Picard iteration (I0Z4) and faster than the

Mann iteration (IIR) for contractions mapping.

Motivated by the previous ones, we introduce a new faster iteration pro-
cess for numerical reckoning fixed points of nonexpansive mappings, where the

sequence {x,} is generated iteratively by x; € C' and

Tpt+1 = (1 - an)Txn + anTyna

zn = (1 = )T + YT xn,
where {a,}, {8.} and {~,} are real sequences in (0,1).

There is also another interesting problem related to zero point problem.
Assume that £ is a real Banach space. Suppose that A : £ — £ is an operator

and B : £ — 2¢ is a set-valued operator. We study the following zero point



problem: find an element u € £ such that

0 € Au + Bu. (1.0.13)

This topic is generally known to consist of specific instances, convex program-

ming variational inequalities, split feasibility problem and minimization problem

([, 17, 26, 2R

<y iy

A

I, B9, bY]) which have applications in data science, image recov-

ery and signal processing [31, 89| can be designed a mathematical model like this
from (CO13).

Many mathematicians have been interested in analyzing fixed points us-
ing some iterative methods in recent years. With the considerable improvements
in fixed point theory in the last several years, iterative concepts have emerged
as a topic of increasing interest. Iteration qualities involving types of sequences
and types of operators have not been thoroughly investigated and are currently
being debated. Because of its considerable usefulness in fixed point theory and its
implementations, the idea of operators has populated a prominent part in present
scientific studies employing algorithmic approaches. A number of studies (see [9])
have observed fixed points using iterative techniques. It is worth noting that the

type of operators used in fixed point studies becomes important.

Let I be a nonempty closed convex subset of £ and § : K — K is
the operator with at least one fixed point. Many researchers suggested various
strategies for finding an approximate solution in order to analyse a fixed point.
Picard iteration process [40] is one of the most widely utilized iterative processes,

was represented like ([COZ7).

Other iterative methods for modifying the Picard iteration method have
also been efficiently researched, such as Mann iteration (CI8), and Ishikawa

iteration (C9).



Agarwal, O’Regan, and Sahu [2] presented the S—iteration method in the

Banach space is defined by:

Unt1 = (1 —n)Sup + 1, S((1 — Ip)upn + 9,8uy,), n > 1,

where {n,} and {0, } are sequences in (0,1). They showed that this iteration
method is independent of the process of iteration Mann and Ishikawa and con-

verges faster than both.

Abbas and Nazir [1] proposed a new iteration technique for approximat-
ing fixed points of nonexpansive mappings in uniformly convex Banach space in
2014. The sequence {z,} in this system model, beginning at the initial prediction

u=uy € C, is given by:

zn = (1 —9,)Su, + 9,Swy,,

Up+1 = (]- B nn)Szn + nnswna n Z ]-a

where {n,}, {0,} and {¢,} are sequences in (0, 1). According to the researchers,
this strategy converges to a fixed point of contraction mapping faster than all
Picard, Mann, and Agarwal iteration processes. Some of the other well-known
three—step iteration processes are Noor [35], Ullah and Arshad [64] (AK-iteration),
Sahu et al. [63] and Thakur et al. [62] and Phuengrattana and Suantai [21] (S P-

iteration).

Signal processing and numerical optimization are two separate science—
based topics that have interacted. Compressed sensing (CS) [[4] is perhaps the
most convincing example of the two fields interacting. There have been several

analyses related to these algorithms and their applicability in signal processing
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The first purpose of this dissertation is to give a necessary and sufficient
condition for the strong convergence of the CT-iteration of continuous functions
on an arbitrary interval and improve the rate of convergence compared to previ-
ous work. Specifically, our main result shows that CT-iteration converges faster
than CP-iteration to the fixed point. Numerical examples are also presented to
compare the result with Mann, Ishikawa, Noor, SP and CP iterations. Conse-
quently, we have that CT-iteration converges faster than the other schemes in

the same category.

The second purpose of this dissertation is to prove convergence results
for nonexpansive mappings using the iteration (CII2). We also prove that the
iteration (COIA) converges faster than Picard, Mann, Ishikawa, Noor and Agar-
wal et al. iteration processes for contractive mappings in the sense of Berinde
[R]. We also present numerical examples to compare the convergence of (ITI1Y)
with Picard, Mann, Ishikawa, Noor and Agarwal et al. iterations. Moreover, we
apply our results to find solutions of constrained minimization problems, split

feasibility problems and image deblurring problems.

The third purpose of this dissertation is to construct a new iteration
process for calculating common solutions of the common fixed point problems
and apply our results for solving the problem in (ITII3). Furthermore, we find
common solutions of convexly constrained least square problems, convex mini-
mization problems and applied to differential problems, image restoration and

signal processing.

The dissertation is divided into 4 chapters. Chapter 1 is an introduction
to the research problems. Chapter 2 deals with basic concepts and preliminaries
and give some useful results that will be used in later chapters. Chapter 3 is the
main results of this research with divided into 3 sections as follows:

(1) Novel Noor iterations technique for solving nonlinear equations.
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(2) Numerical reckoning fixed points for nonexpansive mappings via a
faster iteration process and its application to constrained minimization problems,
split feasibility problems and image deblurring problems .

(3) New iterative methods for nonlinear operators as concerns convex
programming applicable in differential problems, image deblurring and signal
recovering problems.

Chapter 4 summarizes all the theorems in this dissertation.



CHAPTER II

PRELIMINARIES

2.1 Metric Spaces, Linear spaces, Normed spaces and Banach spaces

We study functions defined on the real line R. Every pair of points have

available a distance function,call d, denote by d(z,y) = |z — y|.

Definition 2.1.1 [33] A metric space is a pair (X, d), where X is a set and d
is a metric on X (or distance function on X), that, a real valued function defined

on X x X such that for all x,y, z € X we have:

(1) d(z,y) =0,

(2) d(z,y) = 0 if and only if z = y,

(3) d(z,y) = d(y,x) (symmetry),

(4) d(z,y) < d(z,2) + d(z,y)(triangle inequality).

Example 2.1.2 In real line R, define

d(z,y) = |z —y|

for all z,y € R. Then (R, d) is a metric space.

Example 2.1.3 In euclidean plane R?, define

d(z,y) = V(& —m)? + (& — m)%,

where = = (£1,&),y = (1,72) € R% Then (R?, d) is a metric space.

Example 2.1.4 Let X be the set of all bounded sequences of complex numbers;

that is every element of X is a complex sequence

Tr = (617527 )
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such that |¢;| < ¢, for all j =1,2,... and ¢, is a real number which may depend

on z, but does not depend on j and define

d(x,y) = sup [§; —n;,
jEN
where y = (n;) € X and N=1,2,.... Then (X,d) is a metric space.

We first consider important types of subsets a given metric space (X, d).

Definition 2.1.5 [33] Given a point zy € X and a real number r > 0, we define
three types of sets:

(a) B(zg;r) =z € X|d(x,x9) <1 (Open ball),

(b) B(xo:;r) = & € X|d(x,z0) <7 (Closed ball),

(¢) S(zo;7) = x € X|d(x,x9) = r (Sphere).

In all three cases, x is called the center and r the radius.

Definition 2.1.6 [33] Let (X, d) be a metric space. A subset U C X is open if
for every € X there exists > 0 such that B(xz,r) C U. A set U is closed if its
complement, X \ U, is open.

Definition 2.1.7 B3] Let X = (X,d) and Y = (Y,d) be metric spaces. A
mapping T : X — Y is said to be continuous at a point xy € X if for every € > 0

there is a 0 > 0 such that

d(Txz,Txy) < e forall x satistying d(x.zg) <.

T is said to be continuous if it continuous at every point of X.
Definition 2.1.8 [33] A sequence {x,} in a metric space X = (X, d) is said to
be convergent if there is an € X such that

lim d(z,,z) =0.

n—o0
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x is called the limit of {x,} and we write

lim z,, =z or, simple x, —
n—oo

we say that {z,} converges to z. If {z,} is not convergent, it is said to be

divergent.

We call a nonempty subset M C X a bounded set if its diameter

0(M) = sup d(z,y)

z,yeM

is finite. And we call a sequence {z,} in X a bounded sequence if the correspond-

ing point set is a bounded subset of X.

Definition 2.1.9 [33] A sequence {z;} in a metric space X is said to be Cauchy

if for each € > 0 there exists N € N such that d(z;,z;) < € for all j,k > N.

The space X is said to be complete if every Cauchy sequence in X con-

verges.

Theorem 2.1.10 [33] The real line and the complex plane are complete metric

spaces.

Theorem 2.1.11 [B3] A mapping T : X — Y of a metric space (X,d) into a

metric space (Y,d) is a continuous at a point xg € X if and only if

Tp — xg tmplies Tx, — Txg.

Particularly useful and important metric spaces are obtained if we take

a vector space and define on it a metric by means of norm.

Definition 2.1.12 [33] A linear space or vector space X over R is a set X

endowed with structure by the prescription of
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(i) an operation X x X — X called the addition in X, denoted by +;
(ii) an operation R x X — X called the scalar multiplication in X, denoted by
(v, ) to ar in X.

The set X satisfying the following properties for all x,y,2 € X and o, 8 € R:

(1) 24+y=y+ux;
(2) z+y)+z=a+(y+2);

(3) there exists an element 0 € X called the zero vector of X such that z+0 =z

for all x € X;

(4) for every element x € X, there exists an element —z € X called the additive

inverse or the negative of x such that z + (—x) = 0;
(5) a(z+vy) = ax + ay;
(6) (a+ B)r = ax + fu;
(7) (af)z = a(Br);
8) 1-z=uz.

Example 2.1.13 Consider the set

n
P(vy,v9,...,0,) = {E aivi:al,ag,...,aneR}.
i=1

For any x = ayv1 + ... + anv,,y = byvy + ... + bv, € R” and a € R, we define

their addition x + y and their scalar multiplication ax by

r+y=(ar+b)vi+--+ (a,+by)v, and ax = aaiv; + -+ aa,v,.



16

Then x 4+ y € P(vy,v9,...,v,) and ax € P(vy,v,...,v,). Further we have that
these operations satisfy (1)-(8). Hence P(vy,vs,...,v,) is a linear space with

these operations.

Example 2.1.14 Consider the Fuclidean space or n-tuple space

X =R"={z=(a1,as,...,a,) : a; € R}.

For any © = (a1, a9,...,a,),y = (b1,ba,...,b,) € R" and o € R, we define their

addition x 4+ y and their scalar multiplication ax by
r+y= (a1 +b,a3+0bs,...,a,+0b,) and azx = (aay,aas,...,aaq,).

Then x +y € R™ and ax € R". Further we have that these operations satisfy
(1)-(8). Hence X = R" is a linear space with these operations.
Definition 2.1.15 [33] A normed space is a pair (X, || - ||) where X is a linear
space over R and || - || : X — R is a function satisfying the following properties:

(1) ||z|| > 0 for all z € X (nonnegative);

(2) ||z|| = 0 if and only if x = 0 (strictly positive);

(3) |lax|| = |a||jz|| for all scalars o € R and each z € X (homogeneous);

4) ||z +y|| < ||z|| + ||ly|| for each z,y € X (triangle inequality).

The function || - || is called a norm on X. The norm space just defined is denoted

by (X |- 1)-

A norm on X defines a metric d on X which is given by

d(l’,y) = ||ZL‘ _y”? (x,y € X)
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and is called the metric induced by the norm.

The norm is continuous, that is * — ||z|| is a continuous mapping of
(X, - 1) into R
Example 2.1.16 R* is a normed space with the following norms:
k

|lz||1 = Z |z;| for all x = (x1, s, .., 2;) € R¥;

i=1

k Y
|z, = ( E ]xi|p) “for all &= (z1, s, .., 2%) € R and p € (1, 00);
il

|20 = 1rr<1;a<>§§|xl| for all x = (z1,29,..,2%) € RF.

Example 2.1.17 Let X = [, the linear space whose elements consist of all

absolutely convergent sequences (x1, s, ..., 74, ...) of scalars (R or C),
(ee]
I ={x:x=(21,29,...,7...) and Z |z;| < oo}
i=1

Then [, is a normed space with the norm defined by [|z||; = Y2, |74

Example 2.1.18 Let X = [, (1 < p < 00) be the linear space whose elements

consist of all p-summable sequences (1, Za, ..., ¥;, ...) of scalars (R or C),
oo
l, ={x: 2= (21,29, ..., 7, ...) and Z |z;|P < oo}
i=1

Then [, is a normed space with the norm defined by ||z, = (3252, |=:]?) /7.

Example 2.1.19 Let X = [, the linear space whose elements consist of all

bounded sequences (z1, xa, ..., x;, ...) of scalars (R or C),
lo ={z: 2= (21,29,...,2;,...) and {x;};2, is bounded}.

Then [ is a normed space with the norm defined by ||z|/c = sup;cy |-
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Theorem 2.1.20 [33] The norm associated with an inner product satisfies the
thiangle inequality:

2+ yll < =]l + llyll-

Theorem 2.1.21 [60] For any inner product space X, the following holds:
lz + yll* + llz = yll* = 2flz]|* + 2[ly]|*.

Definition 2.1.22 [33] Let X and Y be normed spaces and 7' : X — Y be a
linear operator. The operator T is said to be bounded if there is a real number

¢ > 0 such that for all x € X,
[ Tz]| < cf|]].

Definition 2.1.23 [33] A sequence z,, in a normed space X is said to be strongly

convergent (or convergent in the norm) if there is an € X such that
lim ||z, — z||.
n—oQ

This is written

lim z,, =z
n—oo

or simply

Ty — T
x is called the strong limit of z,,, and we say that x,, converges strongly to z.

Weak convergence is defined in terms of bounded linear functionals on
X as follows.

Definition 2.1.24 [33] A sequence z,, in a normed space X is said to be weakly
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convergent if there is an € X such that for every f € X',

lim f(2,) = f(a).

n—oo

This is written

T, — T.

x is called the weak limit of z,, and we say that x,, converges weakly to z.

Definition 2.1.25 [33] A sequence {z,}%, in a normed space X is said to be

bounded if there exists a positive number M such that ||z,|| < M for all n > 1.

Definition 2.1.26 [60] A sequence {z,}>°, in a normed space X is said to be a
Cauchy sequence if there exists a sequence {«, }5°, C [0, 00) such that ||z, —z;|| <

o, for all { > n > 1 and lim,,_,o, a,, = 0.

Definition 2.1.27 [33] A normed space is said to be complete if every Cauchy

sequence is convergent.

A Banach space is a complete normed space ( complete in the metric
defined by the norm.). Let £ be a real Banach space with norm ||-|| and £* be its
dual. The value of f € £* at u € € is denoted by (u, f). We denote by B)[v] the

closed ball with the center at v and radius \:
Byv] ={ue&:|v—u| <A}

Definition 2.1.28 [b9] A Banach space £ is said to be uniformly convex if for
any x, 0 < x < 2, the inequalities ||u|| < 1, ||v]] < 1 and |ju — v|| > x imply there

exists § = §(x) > 0 such that  [|u+v| <1—04.

Definition 2.1.29 [69] Let £ be a Banach space and Sg = {z € £ : ||z|| = 1} unit
sphere on €. For all A € (0,1), and z,y € Sg with x # y, if ||(1 — Nz + Ay|| < 1,

then & is called strictly convex.
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If £ is a strictly convex Banach space and ||z]| = ||y|| = [|Jaz + (1 — a)y/|

for z,y € £ and a € (0, 1), then z = y.

Definition 2.1.30 [59] The space & is said to be smooth if

e tyl — |
t—0 t

(2.1.1)

exists for each z and y in Sg. In this case, the norm of £ is called Gateaux

differentiable.

For all y € Sg, if the limit (210) is attained uniformly for x € Sg, then

the norm is said to be uniformly Gateaux differentiable or Frechet differentiable.

2.2 Inner product spaces and Hilbert spaces

Definition 2.2.1 [33] An inner product space is a vector space X with an
inner product defined on X. Here, an inner product on X is a mapping of X x X
into the scalar field K of X; that is, with every pair of vectors x and y there is
associated a scalar which is written by (z,y) and called the inner product of z
and y, such that for all vectors z, y, z and scalars a we have

(IP1) (x,z) > 0;

(IP2) (z,z) = 0 < x = 0;

(IP3) (az,y) = alz,y);

(IP4) (z,y) = (y,x);

(IP5) (z 4+ y,2) = (z, 2) + (2,y).

Example 2.2.2 The function (-,-) : R¥ x R¥ — R defined by

k
(x,y) = leyz for all & = (z1, 22, ..., ¥x), ¥ = (Y1, Y2, ., ) ERF  (2.2.1)
i=1
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is an inner product on R¥. In this case R* with this inner product is called real

Fuclidean k-space.

Definition 2.2.3 [33] An inner product space which is complete with respect to

the induced norm is called a Hilbert space.

Example 2.2.4 The Euclidean space R is a Hilbert space with inner product
defined by

(= zai P AR

where x = (z!, 22, ..., 2%), y = (y*, %, ..., v*) € R,

2.3 Convex sets and convex functions

Definition 2.3.1 [69] Let C be a subset of a linear space X. Then C' is said to

be convex if (1 — Az + Ay € C for all z,y € C and all scalar A € [0, 1].

Example 2.3.2 1. Every subspace of vector space is convex.
2. B(x;r) = {x: ||z| < r}is convex.

3. [0,1]% = [1,0] x [1,0] X ... x [1,0] is convex in R*.

Proposition 2.3.3 [59] Let C' be a subset of a linear space X. Then C' is convex
if and only if \ixq + Aoxo + ... + My € C for any finite set {x1,xs,..., x5} C C

and scalars \; > 0 with A\{ + X o+ ... + A, = 1.

Definition 2.3.4 [59] Let X be a linear space and f : X — (—o00,00] be a
function. Then f is said to be convex if f( Az + (1 —N)y) < Af(z) + (1 —N)f(y)
for all z,y € X and X € [0, 1].

Example 2.3.5 1. f(x) = |z|’ where p > 1 is a convex function in R.

2. f(z) = 2° — 2% is a convex function in [}, 00).

3

3. f(z) = zlogz is a convex function in R*.
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Definition 2.3.6 [60] A function f: H — R is said to be lower semicontinuous

on H if for any A\ € R, the set
{r e H: f(r) <A} is closed.

f: H — R is also said to be convez if for any =,y € H and for any o € (0,1),
there holds

flaz+ (1 —a)y) < af(z) + (1 —a)f(y).
Definition 2.3.7 [60] Let f : H — R be a function. For a sequence {z,}3°, C H
the limit inferior of {f(x,)}52, in [—o0, +00] is

liminf f(z,) := sup inf f(zy)

n—00 n>1 NN

and its limit superior in [—oo, +00] is

lim sup f(z,) := inf sup f(zy).

i
n—00 nzlp<N

Definition 2.3.8 [60] A function h : H — R U {400} be a proper, lower semi-
continuous (l.s.c.), and convex function. The subdifferential of h at x is defined
by

Oh(z)={ve H: (v,y—z)+h(z) <hly),y € H}.

2.4 Fixed points of continuous, nonexpansive and sunny nonexpan-

sive mappings

Let C' be a closed interval on the real line and let f : C — C be a

continuous function. A point p € C' is called a fized point of f if f(p) = p.

Definition 2.4.1 [67] Let C' be subset of a Banach space X. A mapping T :

C' — C is called nonexpansive if [|Tz — Ty|| < ||z — y|| for all z,y € C. The set
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of all fixed points of T is denoted by F(T) = {z € C|z = Tx}.

Definition 2.4.2 [60] Let (X, d) be a metric space. Then a map 7" : X — X is

said to be contractive if there exists k € [0, 1) such that

d(T(x),T(y)) < kd(z,y)

for all z,y € X.

Definition 2.4.3 [67] Let C be subset of a Banach space X. A self-mapping
f:C — C is called contraction on C' of there exists a constant a € (0,1) such
that || f(z)— f(y)|| < a|lz—y|| for all z,y € C. We use Il to denote the collection

of all contraction on C'.

Theorem 2.4.4 [60] Let X be a complete metric space and let T be a contraction

of X into itself. Then T has a unique fixed point.

In the following we will recall some useful operators and its properties.

Definition 2.4.5 [7] A mapping T : C' — C is said to be

(1) quasi-nonexpansive with F(T) # () if

Tz —p|| < ||z —p|| forall z€C and pe F(T).

(2) L-Lipschitz if there exists a constant £ > 0 such that

|Tx — Tyl < L||lx —y|| forall z,yeC.

Definition 2.4.6 [59] A subset K of Banach space £ is said to be retract of £ if

there is a continuous mapping Q from £ onto K such that Qu = u for all u € K.

We call such Q a retraction of £ onto K. It follows that, if a mapping Q

is a retraction, then Qu = v for all v in the range of Q.



24

Definition 2.4.7 [69] A retraction Q is called a sunny if Q(Qu+\(u—Qu)) = Qu
for all w € £ and A > 0.

If a sunny retraction @ is also nonexpansive, then I is called a sunny

nonexpansive retract of £ [21].

Banach spaces are comparable to Hilbert spaces in that sunny nonex-
pansive retractions perform the same role. We note that if I is a closed and
convex subset of a uniformly smooth Banach space £ (the norm of £ is Gateaux
differentiable), then there exists and is unique a sunny nonexpansive retraction

from & to K.

Definition 2.4.8 [38] We call the space £ satisfies the Opial’s condition if for

any sequence {x,} in &, x,, — = implies that

lim sup ||z, — z|| < limsup ||z, — y||
n—00 n—o0

for all y € £ with y # x.

Definition 2.4.9 [7] A mapping 7' : C' — & is demiclosed at y € & if for each
sequence {z,} in C and each z € £, x,, = = and Tz,, — y imply that z € C' and

Tr =y.

Lemma 2.4.10 [22] Let C be a nonempty closed convex subset of a uniformly
convex Banach space £, and T a nonexpansive mapping on C'. Then, I — T is

demiclosed at zero.

Lemma 2.4.11 [66] Suppose that & is a uniformly convex Banach space and
0<p<t,<qg<1foraln e N. Let {x,} and {y,} be two sequences of €
such that limsup,, . ||z.]| < 7, limsup,, . [|lynl| < 7 and limsup,, . ||[tn2n +

(1 —tn)ynll = 7 hold for some r > 0. Then lim, . ||z, — yn| = 0.
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Lemma 2.4.12 [?] Let £ be a reflexive Banach space satisfying the Opial’s con-
dition, C' a nonempty convex subset of £, and T : C'— X an operator such that
I — T demiclosed at zero and F(T) # 0. Let {x,} be a sequence in C' such that
limy, o0 |0 — Ty || = 0 and lim,, o [|2, — pl| exists for allp € F(T). Then {x,}
converges weakly to a fived point of T'.

For a set-valued operator A : & — 2°, we denote its domain, range and

graph as follows:

DA ={uecl: Au#0},R(A) =U{Ap:p e D(A)}

and

GA) ={(u,v) €EXxE:ueD(A),v e Au},

respectively. The inverse A1 of A is defined by u € A~ 1w, if and only if v € Au.

Definition 2.4.13 [60] A is called accretive if Vu; € D(A) and v; € Au; (i = 1,2),
there exists j = J(uy — ug) such that (v; — vq,7) > 0.
An accretive operator A in a Banach space £ is said to satisfy the range

condition if D(A) C R(I + p.A) for all p > 0, where D(A) denotes the closure of

the domain of A.

It is well known that for an accretive operator A which satisfies the range

condition, A70 = Fiz(J) for all p > 0.

Let H be a real Hilbert space. If A : £ — 2¢ is an m-accretive operator |1,
[7, 5], then A is called maximal accretive operator [I8], and for all u > 0,
R(Z + nA) = H if and only if A is called maximal monotone.[bd9] Denote by

dom(h) the domain of a function h : H — (—o0, <], i.e.,
dom(h) = {u € H : h(u) < co}.

Lemma 2.4.14 [62] Let h € To(H). Then, Oh is maximal monotone.
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Lemma 2.4.15 [66] Let £ be a Banach space, and p > land R > 0 be two fized
numbers. Then, £ is uniformly convex if and only if there exists a continuous,
strictly increasing, and convex function ¢ : [0,00) — [0,00) with ¢(0) = 0 such

that

low + (1 = e)o]” < Jlull” + (1 = a)[[o]|” — a1 = a)p((lu — o),

for all u,v € B[0] and a € [0, 1].

Lemma 2.4.16 [54] Let K be a nonempty subset of a Banach space € and S :
K — & a uniformly continuous mapping. Let {u,} C K be an approzimating fixed
point sequence of S, i.e. lim,_, ||u, —Su,|| = 0. Then, {v,} is an approzimating

fized point sequence of S whenever {v,} is in K such that lim,, . ||u, — v,| = 0.

Lemma 2.4.17 [12] Let K be a nonempty closed convex subset of a uniformly
conver Banach space £. If § : K — & is a nonexpansive mapping, then T — S

has the demiclosed property with respect to 0.

2.5 Rate of convergence

Definition 2.5.1 [49] Let C' be a closed interval on the real line and let f : C' — C
be a continuous mapping. Suppose that {z,} and {w,} are two iterations which
converge to the fixed point p of f. Then {x,} is said to converge faster than {w, }
if

‘xn _p’ S |wn _p’

for all n > 1.

The following definitions about the rate of convergence are due to Berinde
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Definition 2.5.2 [§] Let {a,} and {b,} be two sequences of real numbers con-

|lan—al

|6 —0]

verging to a and b respectively. If lim,, ., = 0, then {a,} converges faster

than {b,}.
Definition 2.5.3 [8] Suppose that for two fixed-point iteration processes {z,}

and {u,}, both converging to the same fixed point p, the error estimates

|z, — pll < an for all n > 1,

[un = pl| < bn for all n>1

are available, where {a,} and {b,} are two sequences of positive numbers con-
verging to zero. If {a,} converges faster than {b,}, then {z,} converges faster

than {u,} to p.

2.6 Proximal operator
Definition 2.6.1 [33] Let function f : X — (—o00,00]. Then f is said to be
proper if there exists x € X with f(z) < oo.

Definition 2.6.2 [7] Let f : R" — RU{+o00} be a closed proper convex function,

The proximal operator prox, : R" — R" of f is defined by

prox;(v) = argmin(f(z) + (1/2)llz — v]|;).

and the proximal operator of the scalar function af, where a > 0, which can be

expressed as

prox,(v) = argmin(f(x) + (1/2a) [z — v[[3),

then prox, is call the proximal operator of f with parameter a.
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Example 2.6.3 Let f(z) = 3||Az — b||* when A € RM*YN and v > 0 then
Proxs(x) = (I + yATA) ' (z + vATD).

Example 2.6.4 Let f(x) = ||z||; when z = (21,23, ...,2x) € RY then

Proxs(x) = (sign(z;)max|z;| — 1, 0)1-]11-

Lemma 2.6.5 [19] Let r > 0 and R,; = 2Prox,; — I then R,; is nonexpansive

mapping.

The following are a set of methods intended for regression in which the
target value is expected to be a linear combination of the features. In mathemat-

ical notation, if ¢ is the predicted value.
J(w,z) = wo + wix + ... + WHT,.

Across the module, we designate the vector w = (wy, ..., w,) as coef and wy as

intercept to perform classification with generalized linear models.

Linear regression fits a linear model with coefficients w = (wy, ..., w,) to
minimize the residual sum of squares between the observed targets in the dataset,
and the targets predicted by the linear approximation. Mathematically it solves
a problem of the form:

min | Xuw — 3

Linear regression will take in its fit method arrays X, y and will store the
coefficients of the linear model in its coef member. The coefficient estimates for
Ordinary Least Squares rely on the independence of the features. When features

are correlated and the columns of the design matrix X have an approximately
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linear dependence, the design matrix becomes close to singular and as a result, the
least-squares estimate becomes highly sensitive to random errors in the observed
target, producing a large variance. This situation of multicollinearity can arise,

for example, when data are collected without an experimental design.

Ridge regression addresses some of the problems of Ordinary Least Squares
by imposing a penalty on the size of the coefficients. The ridge coefficients mini-

mize a penalized residual sum of squares:
min || Xw —y|5 + afwl3

the complexity parameter a > 0 controls the amount of shrinkage: the larger the
value of , the greater the amount of shrinkage and thus the coefficients become
more robust to collinearity. As with other linear models, Ridge will take in its fit
method arrays X,y and will store the coefficients of the linear model in its coef

member.

The Lasso is a linear model that estimates sparse coefficients. It is useful
in some contexts due to its tendency to prefer solutions with fewer non-zero
coefficients, effectively reducing the number of features upon which the given
solution is dependent. For this reason, Lasso and its variants are fundamental
to the field of compressed sensing. Under certain conditions, it can recover the
exact set of non-zero coefficients. Mathematically, it consists of a linear model

with an added regularization term. The objective function to minimize is:
min | Xw — g3 + afjul].

The Lasso estimate thus solves the minimization of the least-squares penalty with
allw||; added, where « is a constant and ||w||; is the {; — norm of the coefficient

vector.



CHAPTER I11

MAIN RESULTS

3.1 Novel Noor iterations technique for solving nonlinear equations
3.1.1 Convergence theorem

In this section, we provide the convergence theorem of CT-iteration

(I8) for continuous functions on an arbitrary closed interval.

Now, we will give some crucial lemmas for proofs of our main results.

Lemma 3.1.1 Let C be a closed interval on the real line (can be unbounded) and
let f:C — C be a continuous function. Let {c,},{Bn}, {ttn}, {1} and {7,} be
sequences in [0, 1] such that Zan = 00, lim oy = O,Zﬁn < 00, ZM" < 00,

n=1

Z%L < o0 and Zrn < 00. From an arbitrary initial guess v, € C, define the

sequence {z,} uszng (x4@). If x, — a, then a is a fixed point of f.

Proof. Let x, — a, and suppose a # f(a). Then {z,} is bounded. So, {f(x,)} is
bounded by the continuity of f. So are {y,},{z.},{f(yn)} and {f(z,)}. More-
over, z, — a since x,, — a and u, — 0. We also have y, — a since z,, — a,

Bn — 0 and 7, — 0. From (COM), we get

Tnt+1 = (1 — Yn — an)zn i 7nf(zn) + anf(yn>

= Zn + Y (f(20) = 2n) + @ (f(Yn) — 2n). (3.1.1)

Let pr = f(2x) — 2k, @x = f(yx) — zx. Then, we have

lim p, = hm (f(zk) —z;) = fla) —a #0,

k—o0

lim g, = 11120(f(yk) —z) = f(a) —a #0.

k—o0
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From (BI) we get

tn= 21+ > W(f(z) = 2) + Y anl(f(uk) — 2)

=2+ Z%pk + Z QG-
k=1 k=1

It is worth noting here that Z Yipr < 0o since lim pg # 0 and Z Vi < 0o. This
k—o0
k=1 k=1
shows that {x,} is a divergent sequence since klim qr # 0 and Z oy, = 0o. This
—00
k=1
contradicts to the convergence of {x,}. Hence f(a) = a and a is fixed point of

S O

Lemma 3.1.2 Let C be a closed interval on the real line (can be unbounded) and
let f:C — C be a continuous function. Let {c,},{Bn}, {ttn}, {1} and {7} be

sequences in [0, 1] such that E a, = oo, lim a, =0, g B, < 00, g i < OO,
n—oo
n=1 n=1

n=1
Z% < o0 and ZTn < 00. From an arbitrary initial guess v, € C, define the

n=1 n=1
sequence {x,} using (IA). If {x,} is bounded, then {x,} is convergent.

Proof. Suppose {z,} is not convergent. Let a = liminf, z,, and b = limsup,, z,,.
Then a < b. We first show that if a < m < b, then f(m) = m. Suppose
f(m) # m. Without loss of generality, we suppose f(m) — m > 0. Since f
is continuous, there exists 6 with 0 < § < b — a such that for |z — m| < 6,
f(z) — x > 0. By continuity of f and {z,} is bounded we have that {f(z,)} is
bounded, so {z,},{y.n}, {f(z.)} and {f(y.)} are bounded sequences. Using

Tpt1 — Tp = (1 — Yn — an)(zn - xn) + ’Yn(f(zn> - xn) + O‘n(f(yn) - xn)7
Yn — Tn = Tn(f<xn) - wn) =+ ﬂn(f(zn> - mn):
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we can easily show that |z, —x,| — 0, |y, —x,| — 0 and |z,+1 — x| = 0. Thus,

there exists a positive integer N such that

) )
Yn — Tn| < =, |20 — 2p| < §,Vn > N. (3.1.2)

’$n+1 _xn’ < 57 ’ 9

Since b = limsup,, ©,, > m, there exists k; > N such that Ly, > M. Let ng, =k,
then z, > m. For x;, there exist two cases as follows:

(i) zx > m+ 2, then x4, > x, — 3 > m using (BI2). So, we have
Tpy1 > M.

{i)m<azp,<m+3S thenm—2 <y, <m+dandm—3$ <z <m+4

by (BI2). So, we obtain |z, —m| < § <6, [y, —m| < 4, |2 —m| < 6. Hence
f(xk) — x>0, f(yk) —yr > 0, f(Zk> — 2z > 0. (313)
In addition,

yr — 2z = (1= 7 = Bi) (@ — 2&) + 7(f (2n) — 2&)

+ Be(f (2k) — 2c)

= (1 =7 = B) (@ — 2) + 70 (f () — )
+ i@k — 2) + Be(f (2k) — 2k)

= (1= Be)(wr — 21) + 7e(f (21) — 1)
+ Be(f(2) — 2c)

= (L= Be)p(wr — fax)) + me(f (2) — 21)
+ Br(f(2k) — 21)- (3.1.4)

From (BT), (B13) and (BT4), we have

Trpr = 2 + Ve (f (1) — 21) + ar(f(ur) — 2x)
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= + i f (2n) — 2r) + % (f () — 20) + o (f (yr) — yr) + awlye — 21)
= o + e (f () — @) + 7 (20) = 20) + e (f (ye) — i)
+ (= (L = B (f (wr) — ) + e(f (@r) — 21) + Be(f (20) — 21))
= o + pu(f (@) — @) + % (f (20) — 20) + e (f (ye) — vi)
— (L = B (f (i) — @) + i (f (wr) — @) + B (f (20) — 2e)
= o+ pue (L — (X = Br))(f (k) — i) + e f (26) — 2i) + ar(f (k) — Yr)
+ o (f (@) — 2n) + anBr(f (2k) — 2k)
= + (L — o+ o) (f (@) — 1) + W f () — 26) + o (f (k) — yr)
+ o (f (@) — @) + awBe(f (21) — 2k)

> T

Thus xk1 > x > m. This together with (i) and (ii), imply 2., > m. Similarly,

we get that 1o > m, xp13 > m,... . Thus we have x,, > m for all n > k = ny,.

So a = limy,_, x,, > m, which is a contradiction with a < m. Thus f(m) = m.
We next consider the following two cases.

(i) There exists xps such that a < xp < b. Then f(zp) = zp. It follows that

v = (1= par)zar + par f(oar) = 2m

and

yv = (L —7ar — Bur)em + arf(@ar) + B f (21)

= (1 =7 — Bum)em + T f(xar) + Burf(xar)

=Tp-

It follows that

Ty = (1 —var — aar) 2 +var f (2r) + ane f (yar)
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= (L —7n — var)ar + v f () + cnr f ()

= T)-

Similarly, we obtain x); = xp01 = Tpre0 = ... . It clear that z, — xj;. Since
there exists x,, — a,z) = a. This shows that z,, — a, which is a contradiction.
(ii) For all n,z,, < a or x, > b. Since b —a > 0 and nlggo |Tpi1 — xn| = 0, there
exists N such that |Tni1 — Tn| < @ for n > N. So, it is seen that z, < a
for n > N, or it is always that =, > b for n > N. If z, < a for n > N, then
b= ;llglo T, < a, which is a contradiction with a < b. If x, > b for n > N, then
a = ]}1_{20 T, > b, which is a contradiction with a < b. Thus we conclude that

r, — a. The proof is completed. O

We are now ready to prove the main theorem.

Theorem 3.1.3 Let C be a closed interval on the real line (can be unbounded) and
let f:C — C be a continuous function. Let {ca,},{5n}, {tn}, {1} and {7,} be

sequences in [0, 1] such that Zan =3 oo,éi_}rilo a, =0, Zlﬁn < 00, Zl/fm < 00,

n=1
nyn < 00 and ZTn < 00. From an arbitrary initial guess x1 € C', define the
n=1 n=1
sequence {x,} using (ITLA). Then {x,} is bounded if and only if it converges to
a fized point of f .

Proof. Sufficiency is obvious. It suffices to show that if {z,} is bounded, then
{z,} converges to a fixed point. Let {x,} be a bounded sequence. Using Lemma
BT, we have {z,} is a convergent sequence. Hence, by Lemma BT, it converges

to a fixed point of f. O

When C' = [a, b] in Theorem B3, we obtain the following result.

Corollary 3.1.4 Let f : [a,b] — [a,b] be a continuous function. Let {c,}, {5},

{tn}, {1} and {7} be sequences in [0,1]. Let {x,} be a sequence generated
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iteratively by xy € [a,b] and

= (1 - //Jn)xn + ,UJnf(xn);
Yn = (1 — Tn — Bn)xn + Tnf(xn> + an<2n),

Tp+1 = (1 — VYn — Oén>zn bt f)/nf(zn) + anf(yn)u n Z 17

whereZozn—oo hm a, =0, Zﬁn<oo Zun<oo Zvn<ooand27n

< 0. Then {z,} converges to a ﬁxed point off

3.1.2 Rate of convergence

In this section, we compare the convergence rate of (IZ08) with the CP—
iteration proposed in [I6]. We show that the CT-iteration (@) converges faster
than the CP—iteration ([CO3) for the class of continuous nondecreasing functions

on an arbitrary interval in the sense of Rhoades [49].

We next prove some crucial lemmas which will be used in the sequel.

Lemma 3.1.5 Let C be a closed interval on the real line and let f : C — C' be
a continuous and nondecreasing function. Let {a,},{Bn}, {ttn}, {7} and {7}
be sequences in [0,1). Let {w,} and {z,} be sequences defined by (IA) and
(IT4), respectively. Then the following hold:

(1) If f(wy) < wy, then f(wy,) < w, for alln > 1 and {w,} is nonincreasing.
(11) If f(wy) > wy, then f(w,) > w, for alln > 1 and {w,} is nondecreasing.
(iii) If f(x1) < @1, then f(z,) < x, for alln >1 and {z,} is nonincreasing.

() If f(x1) > x1, then f(x,) > x, for alln > 1 and {x,} is nondecreasing.

Proof. (i) Let f(wy) < wy. Then f(w;) < r < w;. Since f is nondecreasing,
we have f(r;) < f(w;) < m < w;. This implies f(r1) < ¢¢ < wy. Thus

flq1) < f(wy) <7y <wi. For g1, we consider the following two cases.
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Case 1. f(r1) < ¢ < 7. Then f(q1) < f(r) < ¢ <7 < wp. This
implies f(q1) < wy < wy. Thus f(wse) < f(wy) < r; < wy. It follows that if
flq1) < we < qq, then f(we) < f(q1) < we, if ¢ < wy < 7, then f(wy) <
f(r1) < ¢ < wy and if r; < wy < wy, then f(wq) < f(wy) < r; < wy. Thus we

have f(wsy) < ws.

Case 2: 11 < ¢ < wy. Then f(q1) < f(wy) < r; < wy. This implies
flqr) < wy < wy. Thus f(wy) < f(wr) < < @@ < wy. It follows that
if f(1) < wy < @1, then f(wy) < f(q1) < wo and if ¢ < wy < wy, then

f(ws) < f(w1) < ¢1 < we. Hence, we have f(wsy) < ws.

In conclusion by Case 1 and Case 2, we have f(ws) < ws. By continuing
in this way, we can show that f(w,) < w, for all n > 1. This implies r,, < w,, for
all n > 1. Since f is nondecreasing, we have f(r,) < f(w,) < w, for all n > 1.
Thus ¢, < w, for all n > 1, then f(g,) < f(w,) < w, for all n > 1. Hence, we

have w11 < w, for all n > 1, that is {w,} is nonincreasing.
(77) By using the same argument as in (i), we obtain the desired result.

(173) Let f(z1) < 1. Then f(z1) < 21 < 1. Since f is nondecreasing,
we have f(z1) < f(z1) < z3 < 2y. This implies f(z1) < y1 < x1. Thus f(y;) <

f(z1) < 21 < z1. For 43, we consider the following two cases.

Case 1: f(z1) < 11 < z1. Then f(y1) < f(z1) < 21 < 1. It follows
that if f(y1) < xo < wyp, then f(xs) < f(y1) < o, if y1 < xy < 2, then
flze) < f(z1) < 1 < zg and if 21 < x9 < 2, then f(x2) < f(z1) < 21 < 2o

Thus we have f(xs) < 5.

Case 2: z; < y1 < x1. Then f(y;) < f(z1) < z1 < x1. This implies
fly1) < w9 < zq. Thus f(zs) < f(z1) < 21 < y1 < x1. It follows that if
fly1) < z2 <y, then f(xe) < f(y1) < @ and if y; < xg < @9, then f(xg) <

f(z1) < y1 < z2. Hence, we have f(z3) < 5.
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In conclusion by Case 1 and Case 2, we have f(xs) < x5. By continuing
in this way, we can show that f(z,) < x, for all n > 1. This implies z, < x,, for
all n > 1. Since f is nondecreasing, we have f(z,) < f(x,) < z, for all n > 1.
Thus y, < z, for all n > 1, then f(y,) < f(x,) < x, for all n > 1. Hence, we

have x,41 < x, for all n > 1, that is {z,} is nonincreasing.
(iv) Following the proof line as in (7ii), we obtain the desired result. [

Lemma 3.1.6 Let C' be a closed interval on the real line and let f: C — C be a
continuous and nondecreasing function. Let {ca,}, {60}, {ttn}, {7} and {7} be
sequences in [0,1). For wy = x; € C, let {w,} and {x,} be sequences defined by
the CP-iteration () and CT-iteration (IILA), respectively. Then the follow-
ing are satisfied:

(i) If f(wy) < wy, then z, < w, for alln > 1.

(i) If f(wq) > wy, then x, > w, for alln > 1.

Proof. (i) Let f(w;) < w;. Then f(z1) < x1 since wy = 1. From (CI8), we get
f(z1) < z1 < 1. Since [ is nondecreasing, we obtain f(z1) < f(z1) < 21 < 1.
Hence f(z1) < y1 < z;. Using the CP—iteration (C0H) and CT-iteration ([CO8),

we obtain the following estimation:
a1 == (1= m)(z1 —wi) + m(f(21) = fwr)) =0.
So, 2 = ry, and so
y1— @ = (1—7—Bu)(x1 —wi) + 1(f(21) — 1) + Bu(f(21) — f(r1)) < 0.

Hence, we have y; < ¢;. Since f is nondecreasing, we have f(y;) < f(q1). We

next obtain

Ty —wy = (1—y1—a1)(z1 —71) + 1 (f(21) — @) +aa(f(y1) — f(q)) <0,

S0, T3 < wy. Assume that z; < wg. Thus f(xg) < f(wg). From Lemma BTH
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(i) and Lemma BIH (iii), we get f(wy) < wy and f(xy) < zx. It follows that
Flan) < 2 < 2y and f(z,) < f(zx) < z. Thus
2k — e = (L= ) (@ — wi) + p(f (2x) — fwn)) < 0.
So, 21, < ri. Since f(z1,) < f(ry), we have
Yk — e = (L= 71— Bi) (@ — wi) + 7 (f (@) — 1) + B (f (z1) — [ (1)) <O,

80, Yr < qg, which yields f(yx) < f(qgx). In addition, f(zx) < f(ag) < zx < ay,
using (IW), we have

f(ze) =y = (1= 7o = Be) (f (2x) — 21) + 7 (f(2x) — f(2r)) + Br(f(2x) —
f(z1)) <0.

So, f(z) — ar = (f(2k) — y) + (Y — @) < 0.
This shows that
Th1 — Wit = (L=ye—aw) (z—re) 7 (f (20) =)+ (f (yr) = f(ar)) <0,
which gives, xx11 < wgi1. By induction, we conclude that z,, < w, for all n > 1.
(77) From Lemma B3 (éi), Lemma BTH (iv) and the same argument as
in (), we can show that x,, > w, for all n > 1. O
For convenience, we write algorithm (IT08) by CT'(x1, , B, fins Yy Try f)-

Proposition 3.1.7 Let C be a closed interval on the real line and let f: C — C

be a continuous and nondecreasing function such that F(f) is nonempty and

bounded with x1 > sup{p € C : p= f(p)}. Let{an},{Bn}, {tn}, {7} and {7} be
sequences in [0,1). If f(x1) > x1, then {x,} defined by CP(x1, a, Bu, tins Yy Try f)

and CT(x1, A, Buy tns Yo, Tns f) do not converge to a fized point of f.

Proof. From Lemma B3 ((4), (¢v)), we know that {z,} is nondecreasing. Since
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the initial point z; > sup{p € C : p = f(p)}, it follows that {z,} does not

converge to a fixed point of f. m

Proposition 3.1.8 Let C be a closed interval on the real line and let f : C'— C
be a continuous and nondecreasing function such that F(f) is nonempty and
bounded with x1 < inf{p € C : p = f(p)}. Let {awn},{Bn}, {ttn}, {1} and {7} be
sequences in [0,1). If f(x1) < @1, then {x,} defined by C P(x1, &, Bry tny Yns Ty f)

and CT(x1, y, Bry s Yo, Tns f) do mot converge to a fized point of f.

Proof. From Lemma BT ((7), (74i)), we know that {z,} is nonincreasing. Since
the initial point z; < inf{p € C : p = f(p)}, it follows that {z,} does not

converge to a fixed point of f. O]

Next, we compare the rate of convergence of CT-iteration with CP-

iteration.

Theorem 3.1.9 Let C' be a closed interval on the real line and let f : C'— C' be a
continuous and nondecreasing function such that F(f) is nonempty and bounded.
Let {an}, {Bn}, {tn}, {1n} and {7} be sequences in [0,1). For wy = x; € C,
let {w,} and {x,} be sequences defined by the CP—iteration (IZA) and the CT-
iteration (II@), respectively. If the CP-iteration {w,} converges to p € F(f),
then the CT-iteration {x,} converges to p. Moreover, the CT-iteration (IIL4)
converges faster than the CP—iteration (ITL3).

Proof. Assume that the CP-iteration {w,} converges to p € F(f). Put L =
inf{p e C:p= f(p)} and U =sup{p € C : p = f(p)}. For w; = z1, we devide

our proof into the following three cases:
Case 1: wy =x1 > U, Case 2: wy =21 < L, Case 3: L<w, =21 <U.

Case 1: w; = z7 > U. By Proposition B2, we get f(w;) < w; and

f(x1) < 1. So, by Lemma BT (i), we have x,, < w, for all n > 1. By induction,
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we can show that U < x, for all n > 1. Then, we have 0 < x,, — p < w,, — p,
which yields |z, — p| < |w, — p| for all n > 1. This shows that z,, — p. By
Definition P25, we conclude that the CT-iteration {z,} converges faster than

the CP—iteration {w,}.

Case 2: w; = x; < L. By Proposition BTR, we get f(w;) > w; and
f(z1) > x;. This implies, by Lemma BT (i), that z,, > w, for all n > 1. So, by
induction, we can show that x,, < L for alln > 1. Then, we have |z,,—p| < |w,—p|
for all n > 1. It follows that z, — p and the CT-iteration {z,} converges faster

than the CP-iteration {w,}.

Case 3: L < w; =y < U. Suppose that f(wy) # wy. If f(wy) < wq, we
have, by Lemma BT (i), that {w,} is nonincreasing with limit p. Lemma BTHA
(1) gives p < z,, < w,, for all n > 1. It follows that |z, — p| < |w, — p| for all
n > 1. Therefore z,, — p and the result follows. If f(w;) > w;, by Lemma BTH

(1) and Lemma BT (z7), then we can also show that the result holds. O

3.1.3 Numerical examples
In this section, some numerical examples are given to demonstrate the
convergence of the algorithm defined in this paper. For convenience, we call the

iteration (@) the CT-iteration.

Example 3.1.10 f : [-1,4] — [—1,4] defined by f(z) = %. The fixed point

of the function is p = —0.166925066. Initial point is 1 = 4 and control conditions
afe@n:mv 5nzm, Hn:m, %:mandm:ﬁ.

The stopping criteria is |z, — p| < 1075.

Example 3.1.11 f : [1,00] — [1, 00| defined by f(x) = 2%3—(/log(z + 9) — 1)%.

The fixed point of the function is p = 1. Initial point is 21 = 9 and control condi-

: _ 1 _ 1 _ 1 _ 1 1
tions are o, = (g 1)05> Bn = 1200 Hn = Gyyses Tn = Gy1yzs and 7, = e

The stopping criteria is |z, — p| < 1075.
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n Mann Ishikawa Noor Cp SP CT-iteration
Un S L wn R T I
1 4 4 4 4 4 4 4.1669251
5 1.3932393  0.7533402  0.6286365 0.451696663 0.2932282  0.0012006 0.1681257
10 0.0461983  -0.0497313 -0.0662004 -0.090005411 -0.1191936 -0.1529447 0.0139804
15 -0.1207432 -0.1415242 -0.1450865 -0.150271594 -0.1573078 -0.1643412 0.0025839
20 -0.1538461 -0.1597323 -0.1607405 -0.162211234 -0.1643099 -0.1662565 0.0006686
25 -0.1625577  -0.1645237 -0.1648603 -0.165351661 -0.1660745 -0.1667147 0.0002104
30 -0.1652901 -0.1660262 -0.1661522 -0.166336214 0.1666125 -0.1668496 0.0000755
35 -0.1662585 -0.1665587 -0.1666100 -0.166685055 -0.1667994 -0.1668953 0.0000298
No. of 133 126 124 119 113 97

iterations

Table 3.1.1: Mann, Ishikawa, Noor, CP, SP and CT iterations for f(z) = ””3"173_3.

[z — pl
n Initial points were close to p Initial points were far from p
r1=-0.3 1= -0.2 x1=-0.1 =10 1= 0.1 z1= 1 1= 2 T 3

1 0.1330749 0.0330749  0.0669251  0.1669251  0.2669251 | 1.1669251 2.1669251  3.1669251
5 0.0001234 3.21x107° 6.72x107° 0.0001716  0.0002780 | 0.0008025 0.0023414  0.0209243
10 1.03x107°  2.71x107% 5.58x107% 1.43x107° 2.31x107° | 6.70x107" 0.0001956  0.0017466
15 1.93x10°¢ 5.29x1077 1.01x107% 2.61x1076 4.26x107% | 1.23x10° 3.61x107> 0.0003229
20 5.26x1077 1.61x1077 2.35%1077 6.52x1077 1.07x107% | 3.17x107% 9.38x107% 8.35x107°
25 1.88x1077 7.39x107% 5.10x107% 1.82x1077 3.16x1077 | 9.75x107" 2.97x107% 2.63x107°
30 8.91x107% 4.80x107% 3.21x107% 4.38x107% 9.18x107* | 3.28x107" 1.08x107% 9.45x107%
35 5.54x107% 1.43x107% 2.15x107% 3.00x107% 1.59x10~% | 1.09x10~7 4.49x10~7 3.75x10°6

Table 3.1.2: The sequences generated by CT-iteration for given ;= -0.3, -0.2, -0.1, 0, 0.1,
1, 2 and 3 in Example BT10.

Figure 3.1.1: Error values obtained from CT, Ishikawa, Noor, SP, CP and Mann iterations

for given 1 =4 of f(x) = w3+13_3
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n Mann Ishikawa, Noor CP SP CT-iteration

u, 5 A w, ha 7 Toa— 7l
1 9 9 9 9 9 9 8
5 1.5901350 1.5674767 1.5674116 1.4934240 1.3822427 1.2214054 0.2214054

10 11277881 1.1222912 1.1222778 1.1071548 1.0795988 1.0458060 0.0458060
15 1.0423403  1.0404612 1.0404568 1.0355209 1.0259652 1.0148665 0.0148665
20 1.0170313 1.0162644 1.0162626 1.0142875 1.0103511 1.0059037 0.0059037
25 1.0077061 1.0073563 1.0073555 1.0064638 1.0046562 1.0026478 0.0026478
30 1.0037823  1.0036097 1.0036093 1.0031722 1.002276 1.0012913 0.0012913
35 1.0019726  1.0018822 1.0018820 1.0016542 1.0011834 1.0006701 0.0006701
40 1.0010788 1.0010292 1.0010291 1.0009046 1.0006457 1.0003650 0.0003650
45 1.0006131  1.0005849 1.0005849 1.0005141 1.0003663 1.0002068 0.0002068
No. of 124 123 123 121 116 108
iterations

Table 3.1.3: Mann, Ishikawa, Noor, CP, SP and CT iterations for f(z) = 2°3
(v/log(z +9) —1)3 and 71 = 9.

[0 — 2|
n Initial points were close to p Initial points were far from p
;= 1.5 =) 1= 2.5 1= 3 ;= 3.5 1= 15 x1= 40 x1="T0
1 0.5 1 1.5 2 2.5 14 39 69

5 0.0227557 0.0421025 0.0594148 0.0753317 0.0902155 | 0.3361598 0.7234206 1.1203709
10 0.0048476  0.008938 0.0125785 0.0159083 0.0190081 | 0.0685687 0.1417523 0.2124014
15 0.0015833 0.0029173 0.0041027 0.0051859 0.0061934 | 0.0221860 0.0454512 0.0675607
20 0.0006301  0.0011607 0.0016320 0.0020625 0.0024627 | 0.0088014 0.0179776 0.0266527
25 0.0002829  0.0005210 0.0007325 0.0009256 0.0011051 | 0.0039458 0.0080498 0.0119216
30 0.0001380  0.0002542 0.0003573  0.0004515 0.0005391 | 0.0016798 0.0039226 0.0058065
35 7.16x107° 0.0001319 0.0001854 0.0002343 0.0002798 | 0.0009983 0.0020349 0.0030114

Table 3.1.4: The sequences generated by CT-iteration for given x;= 1.5, 2, 2.5, 3, 3.5, 15, 40
and 70 in Example BT

10”

—CT 3
— Ishikawa|
—Noor

SP 4
—CP
—Mann

Absolute Error
T

I I I
0 20 40 60 80 100 120 140
Number of iterations(n)

Figure 3.1.3: Mann, Ishikawa, Noor, SP, CP and CT iterations for given z1= 9 of f(z) =

293 — (y/log(x +9) — 1)3.
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Figure 3.1.4: Convergence behaviors for given x1= 1.5, 2, 2.5, 3, 3.5, 15, 40 and
70 in Example BT TT.
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Table BT and B4 confirm that the proposed method performs fa-
vorably with rapid convergence and Table BT, Table B13, Figure B, BT,
B3 and Figure BT show the behavior of six comparative methods consisting
of Mann iteration, Ishikawa iteration, Noor iteration, CP-iteration, SP-iteration
and CT-iteration in converging to the fixed point of the numerical experiments.
The results of the both examples indicates that the CT-iteration converges faster
than the other methods. Even though the initial points are differently selected as
shown on Figure BT and Figure B4, the convergence of CT-iteration still be
better than other methods. The effect of initial point being close to or far from p
is not observed from these examples. The control sequnces {, }, {8n}, {tn}, {7}
and {7,} of the examples are chosen to satisfy on conditions with Corollary B=T4.
The option of sequences is flexible for user application. However, the optimal

chioce of them is an open problem to investigate.

Next, we will consider on the rate of convergence between the CT-
iteration and the algorithm defined in this paper. The Definition 22570 will be
used to indicate the rate of covergence in the numrical aspects and results are

scoped only on the Example BT 10 and Example BT

We also give a graphic to compare the rates of convergence of the itera-

tions mentioned in Example BTI10 visually. as Figure B-I_3
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Figure 3.1.5: Convergence comparison of sequence generated by Mann iteration
(uy), Ishikawa iteration (s,), Noor iteration (I,), CP-iteration (w,) and SP-
iteration (h,)with CT-iteration (x,,) for Example BTT0.

We also give a graphic to compare the rates of convergence of the itera-

tions mentioned in Example BTIT1 visually. as Figure BT @
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Figure 3.1.6: Convergence comparison of sequence generated by Mann iteration
(uy), Ishikawa iteration (s,), Noor iteration (I,), CP-iteration (w,) and SP-
iteration (h,)with CT-iteration (z,) for Example BT

Table BT3 and B4 show the absolute errors of Mann, Ishikawa, Noor,
CP, SP and CT itertations of the Example BTT0 and Example BTTTT, respec-
tively. Table B8 and Table BT show ratios between the absolute error of
CT-iteration and those of other methods and graphs of Table BTT@ and Table
BTR are represented on Figure BT3 and Figure BT8. Clearly, the graphs on

both figures converge to constants less than 1. It indicates that the sequences of

absolute error of CT-iteration are less than those sequences of other methods. By
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Definition ZZ5, we can conclude that CT-iteration converges to the fixed point

faster than other method. These results verify the proof on the section BT

which show that CT-iteration converge faster than Mann, Ishikawa, Noor, CP,

and SP itertations.

Mann Ishikawa Noor CP SP CT-iteration
n ‘un_p‘ |S1L_p| ‘ln_p‘ ‘wn_p| ‘hn_p| |:1:n_p‘
4.1669251 4.1669251 4.1669251 4.1669251 4.1669251

22
23
24
58
59
60

8.2979337E-03
6.6660003E-03
5.3826746E-03

2.1520207E-05
1.8878297E-05
1.6580113E-05

4.5630635E-03
3.6655020E-03
2.9597038E-03

1.1825202E-05
1.0373410E-05
9.1105165E-06

3.9235100E-03
3.1517630E-03
2.5448946E-03

1.0168014E-05
8.9196769E-06
7.8337653E-06

2.6579550E-03
2.1335990E-03
1.7216513E-03

6.8241504E-06
5.9858026E-06
5.2566342E-06

1.6397483E-03
1.3103941E-03
1.0529971E-03

3.9132032E-06
3.4293688E-06
3.0089633E-06

4.1669251

4.1302723E-04
3.2789365E-04
2.6185811E-04

8.7880715E-07
8.7880712E-07
6.7356212E-07

Table 3.1.5: The rate of convergence of Mann, Ishikawa, Noor, CP, SP and CT

iterations for f(x)

19

z3+2—3

given in Example BTT10.

Rate of convergence between two sequences

‘xn_p’

|xn_p‘

‘xn_p’

|xn_pl

’xn_p|

|un4p|

|3n*p|

“n *p|

|wn*p|

’hn *p|

1
5
10
20
30
40
50
60

1.0000
0.1077615
0.0655970
0.0511132
0.0461208
0.0434849
0.0418128
0.0406258

1.0000
0.1826927
0.1192918
0.0929416
0.0838958
0.0791196
0.0760882
0.0739361

1.0000
0.2113296
0.1387968
0.1080929
0.0975696
0.0920146
0.0884893
0.0859869

1.0000
0.2876608
0.2003645
0.1592907
0.1446444
0.1367792
0.1317378
0.1281362

1.0000
0.3653690
0.2928943
0.2556291
0.2412792
0.2331997
0.2278379
0.2238863

Table 3.1.6: Convergence comparison of sequences generated by Mann itera-
tion, Ishikawa iteration, Noor iteration, CP—iteration and SP-iteration with CT—
iteration (see in Table BTTH) for numerical experiment of Example BTT0.
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Mann

|“’n - p|

Ishikawa
|5n —p ‘

Noor
|ln B p|

CP

|w,, — p|

SP
|hn _[)|

CT-iteration
|zn — P

35
36
37
86
87
88

8

1.9725555E-03
1.7422239E-03
1.5415695E-03

1.4487895E-05
1.3400554E-05
1.2400552E-05

8

1.8822249E-03
1.6623962E-03
1.4708985E-03

1.3817536E-05
1.2780466E-05
1.1826702E-05

8

1.8820245E-03
1.6622192E-03
1.4707419E-03

1.3816066E-05
1.2779106E-05
1.1825443E-05

8

1.5884142E-03
1.4029143E-03
1.2413182E-03

1.1662020E-05
1.0786712E-05
9.9817516E-06

8

1.1834264E-03
1.0447074E-03
9.2393975E-04

8.5946173E-06
7.9488484E-06
7.3550156E-06

8

6.7014401E-04
5.9139201E-04
5.2285805E-04

4.8221305E-06
4.4593406E-06
4.1257981E-06

Table 3.1.7: The rate of convergence of Mann, Ishikawa, Noor, CP, SP and CT
iterations for f(z) = %3 — (y/log(xz + 9) — 1)® given in Example BT

Rate of convergence between two sequences

|.%'n—p| |xn_p| Ixn_p| |xn_p‘ |$n_p|

lun — p |sn — |l — pl [, — p A — p)

1 1.0000 1.0000 1.0000 1.0000 1.0000
5 03751776 0.3901578 0.3902026 0.4675022 0.5792274
10 0.3584529 0.3745653 0.3746062 0.4453414 0.5754611
20 0.3466405 0.3629859 0.3630247 0.4303450 0.5703508
40 0.3384200 0.3547035 0.3547413 0.4202962 0.5653881
60 0.3350960 0.3513080 0.3513454 0.4162480 0.5629381
80 0.3332460 0.3494062 0.3494434 0.4139888 0.5614158
100 0.3537939 0.3709719 0.3710114 0.4220645 0.5970553

Table 3.1.8: Convergence comparison of sequences generated by Mann itera-
tion, Ishikawa iteration, Noor iteration, CP—iteration and SP-iteration with CT—
iteration (see in Table BTI77) for numerical experiment of Example BT
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3.2 Numerical reckoning fixed points for nonexpansive mappings via
a faster iteration process and its application to constrained min-
imization problems, split feasibility problems and image deblur-

ring problems
3.2.1 Rate of Convergence

In this section, we show that the iteration process (ITII2) converges
faster than the iteration of Picard (Id). To support our understanding using

MATLAB software, we provide two numerical examples.

Theorem 3.2.1 Let C' be a nonempty closed convex subset of a norm space E.

Let T be a contraction with a contraction factor k € (0,1) and fized point p. Let

{un} be defined by the iteration process ([-0-1) and {z,} by (ITI12), where {a,},
{6.} and {~,} arein [e,1 — €] for alln € N and for some € in (0, 1). Then {x,}

converges faster than {u,}. That is, our process ([CIIIB) converges faster than

(L77).

Proof. Using (II2), we have

120 = Il = I(1 = v) %0 + T2y — |
= |1 = ) (@ — p) + yu(Txn — p)|
< (1 = y)llzn = pll + Wl Tzn — pll
< (1 =w)llzn = pll + kvallzn — pll
= (1 =y + kv |z — pll
=1~ (% — k) llzn — pll

= (1= (1= E)y)llen — pll,



and so

[y = pll = |(1 = Ba)Tn + BnTzn — 1|
= [(1 = Ba)(Tzp — p) + Bu(T2: — p)|
< (1= BTy — pll + Ball T2 — p
< k(1 = Bu)llzn — pll + kBull2n — pll
k(1 = Ba)llzn — pll + kBu((1 = (1 = k)ya) |20 — pl|)
= Bul@n = pll + (kBn — (1 = K)kBayn) |20 — pl]

(
(

k(1 = Bn) + Bn — (1 = k)Bayn)l|7n — Dl
(

k(1

k(1 — (1 L k)ﬁnPYn)Hxn _pH

This implies that

[2n1 = pll = [[(1 = cn)Twn + anTyn — pl|
= (1 = an)(Ten = p) + on(Tyn — p)|
< (1 = an)lTzn — pll + anl|Tyn — pll
< k(L = on)[zn = pll + kanlly. — pl|
= k(1 = an)l[zn = pll + kan(k(1 = (1 = k) Buyn) 20 — pl)
= k(1 = an)l|zn — pll + Ko (1 — (1 = &) Buyn)llzn — pl
= k(1 — o) + k2 an(1 — (1 = £)Banllzn — o
= k(1 = an) + kan(1 = (1 = k) Baya)) 20 = pl|
= k(1 = an) + k(an — (1 = k)anSum)) |2 =l
< k((1 = an) + (an = (1 = K)o foym)) 20 — p

= k(1 — (1 — k)anBoyn) |z — D|-

50



o1

Repetition of above processes gives the following inequalities

(

[t =pll - < k(1 =1 = k)anSuy) 20 = pll;
len —pll < k(A= (1 =F)an1fn1¥n-1)lzna = pl;

||xn71 _pH S k(l - (1 - k)anf2ﬁnf27nf2>”$n72 - p”7

[z =pll - <K= (1= Kafim)lz = pl,

o=l < k(L= (1= K)agfio)lleo — ol

From above inequalities, we derive

n

lzn1 = pll < lwo — pll&™ [ [(1 = (1 = k)a;877;).

J=0

It follows that
201 — pll < llzo — pllE" (1 = (1 — k)apfy)"*!

for all n € N and for some «, 3,7 > 0 such that o« < «,, < 1,8 < 6, < 1

and v < v, < 1. By the definition of the Picard iteration process, we have

|tns1 — pll < Kl|un, — pl|
for all n € N. Note that [[u,41 — p|| < |lug — p||k"*. Let
an = K" Hug — p

and

by = k"L = (1 = k)aBy)" |z — pll.
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Then

b _ k(1= (1= K)aBy)" |z — pl

an ket uo — p
_ (A== Fk)apy)" Mz —pl
luo — pll

Define 6,, = (1 — (1 — k)afv)" . Therefore, we have

oy Ot _ (L= (1= K)apy)™?

noe B, (1= (1—k)aBy)™
=1—(1-k)apy

< 1.

It thus follows from well-known ratio test that "> 6, < co. Hence, we have

lim,, .o #, = 0 which implies that

bn,
lim — =0
n—00 (y,
Consequently {z,} converges faster than {u,}. O]

Now, we present an example which shows that our iteration process
(IIT2) converges at a rate faster than Agarwal et al. iteration process (ICTOI),
Mann iteration process (ITI8), Ishikawa iteration process (I9), Noor iteration

process (ICOIM) and Picard iteration process (I[C4).

Example 3.2.2 Let £ = R and C' = [1,50]. Let T : C' — C be a mapping,
which is defined by T'(z) = v/22 — 8z + 40 for all # € C. Choose a,, = 0.85, 3, =
0.65,7, = 0.45, with the initial value z; = 40. The corresponding our itera-
tion process, Agarwal et al. iteration process, Noor iteration process, Ishikawa
iteration process, Mann iteration process and Picard iteration processes are re-

spectively given in Table B=21.
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Step

Picard

Mann

Ishikawa

Noor

Agarwal

New iteration

1

0 O U k= Wi

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

40.0000000000
36.3318042492
32.7008496221
29.1159538575
25.5892777970
22.1381326176
18.7880774656
15.5784221001
12.5721859009
9.8733161157
7.6482574613
6.1081734180
5.3333287129
5.0771808572
5.0160062399
5.0032258274
5.0006461643
5.0001292729
5.0000258562
5.0000051713
5.0000010343
5.0000002069
5.0000000414
5.0000000083
5.0000000017
5.0000000003
5.0000000001
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000

40.0000000000
36.8820336118
33.7905308732
30.7306375124
27.7090706072
24.7347891266
21.8200359935
18.9820007784
16.2455313784
13.6475866165
11.2442765494
9.1201110370
7.3913650188
6.1732610225
5.4814708358
5.1725897008
5.0576419946
5.0187159301
5.0060176595
5.0019286052
5.0006174572
5.0001976174
5.0000632408
5.0000202374
5.0000064760
5.0000020723
5.0000006631
5.0000002122
5.0000000679
5.0000000217
5.0000000070
5.0000000022
5.0000000007
5.0000000002
5.0000000001
5.0000000000

40.0000000000
34.8751575132
29.8335259837
24.9067432334
20.1467307646
15.6449263114
11.5741197024
8.2638548016
6.1736938982
5.3185408455
5.0768890301
5.0179832209
5.0041744485
5.0009673150
5.0002240577
5.0000518932
5.0000120186
5.0000027835
5.0000006447
5.0000001493
5.0000000346
5.0000000080
5.0000000019
5.0000000004
5.0000000001
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000

40.0000000000
33.9816211055
28.0887816012
22.3811620460
16.9736024952
12.0962209155
8.2289280979
6.0182077910
5.2517005165
5.0576355955
5.0129587850
5.0029016212
5.0006491038
5.0001451769
5.0000324684
5.0000072614
5.0000016240
5.0000003632
5.0000000812
5.0000000182
5.0000000041
5.0000000009
5.0000000002
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000

40.0000000000
34.3249281505
28.7529148550
23.3289757744
18.1321892967
13.3147454600
9.1939307941
6.3717274607
5.2434387591
5.0298139084
5.0033662656
5.0003761718
5.0000419870
5.0000046858
5.0000005229
5.0000000584
5.0000000065
5.0000000007
5.0000000001
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000

40.0000000000
32.3527454021
24.9217277329
17.8627609012
11.5463790857
6.9395376930
5.2225332988
5.0138389524
5.0007808271
5.0007808271
5.0000024535
5.0000001375
5.0000000077
5.0000000004
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000
5.0000000000

Table 3.2.1: Comparative results.

All sequences converges to * = 5. Comparison shows that our itera-

tion process (ITO12) requires least number of iterations among all the iterations

mentioned above.
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Figure 3.2.1: Convergence behavior of the Mann, the Picard, the Ishikawa, the
Noor, the Argarwal and new iterations for the function given in Example B2

Example 3.2.3 Let £ = R and C' = [1,50]. Let T": C'— C be a mapping, which
is defined by T'(z) = V22 — 9z + 54 for all z € C. Choose o, = By = Yn = 3
with the initial value z; = 30. The corresponding our iteration process, Agarwal
et al. iteration process, Noor iteration process, Ishikawa iteration process, Mann

iteration process and Picard iteration processes are respectively given in Table

B2
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Step

Picard

Mann

Ishikawa

Noor

Agarwal

New iteration

1

0 ~J O Ut = W N

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

30.0000000000
26.1533936612
22.4191761010
18.8373796516
15.4696624163
12.4130372403
9.8166266286
7.8750567432
6.7187058292
6.2187342406
6.0583865336
6.0148623083
6.0037328233
6.0009342942
6.0002336418
6.0000584147
6.0000146039
6.0000036510
6.0000009128
6.0000002282
6.0000000570
6.0000000143
6.0000000036
6.0000000009
6.0000000002
6.0000000001
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000

30.0000000000
27.1150452459
24.2907437151
21.5420343135
18.8892775011
16.3606498049
13.9954171304
11.8475686983
9.9869851099
8.4900396666
7.4083030742
6.7246651786
6.3468134658
6.1586728531
6.0708846663
6.0313055772
6.0137535390
6.0060282506
6.0026394884
6.0011551843
6.0005054713
6.0002211587
6.0000967598
6.0000423330
6.0000185208
6.0000081029
6.0000025450
6.0000015509
6.0000006785
6.0000002969
6.0000001299
6.0000000586
6.0000000249
6.0000000109
6.0000000048
6.0000000021
6.0000000009
6.0000000004
6.0000000002
6.0000000001
6.0000000000

30.0000000000
25.0119824036
20.2547559071
15.8509087868
12.0133051549
9.0688620373
7.2820400289
6.4668031480
6.1600652383
6.0537250393
6.0179028366
6.0059514305
6.0019768478
6.0006564620
6.0002179755
6.0000723757
6.0000240311
6.0000079791
6.0000026493
6.0000008797
6.0000002921
6.0000000970
6.0000000322
6.0000000107
6.0000000035
6.0000000012
6.0000000004
6.0000000001
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000

30.0000000000
23.4891033190
17.4668190633
12.3265857284
8.7275766163
6.9585711603
6.3102146269
6.0979255677
6.0306808428
6.0095903071
6.0029956076
6.0009354914
6.0002921200
6.0000912177
6.0000284834
6.0000088941
6.0000027772
6.0000008672
6.0000002708
6.0000000846
6.0000000264
6.0000000082
6.0000000026
6.0000000008
6.0000000003
6.0000000001
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000

30.0000000000
24.0503308189
18.4372719353
13.3938203603
9.3725555853
6.9939357160
6.1862068754
6.0283693653
6.0041338820
6.0095981884
6.0000864719
6.0000124982
6.0000018064
6.0000002611
6.0000000377
6.0000000055
6.0000000008
6.0000000001
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000

30.0000000000

31.8347714371
14.5055413771
8.9907882699
6.5301998399
6.0555659291
6.0050669583
6.0045473127
6.0000407497
6.0000407497
6.0000032715
6.0000000293
6.0000000026
6.0000000002
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000
6.0000000000

Table 3.2.2: Comparative results.

All sequences converges to x* = 6. Comparison shows that our itera-

tion process (IIA) requires least number of iterations among all the iterations

mentioned above.
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Figure 3.2.2: Convergence behavior of the Mann, the Picard, the Ishikawa, the
Noor, the Argarwal and new iterations for the function given in Example 3.3.

3.2.2 Convergence theorems

In this section, we give some convergence theorems using our iteration
process (ICO12); please, see Table B2, Table B23, Figure B2 and Figure B2

Before proving the main theorems, we have the following lemmas.

Lemma 3.2.4 Let C' be a nonempty closed convex subset of a normed linear space
E. Let T be a nonexpansive self mapping on C, {x,} be a sequence defined by
(TI12) and F(T) # 0. Then lim, . ||z, — p|| exists for all p € F(T).

Proof. Let p € F(T'). From (ITOI12), we have

120 = pll = |1 = vn)2n + T2y — pll
= [[(1 = va)(@n — p) + W(Tzn — D)l
< (I =v)llwn = pll + Wl T2r — pll
< (1 =)llzn = pll + Yallzn — Pl

= [z —pll (3.2.1)
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and

1yn — 2l = (1 = Ba)T w0 + BTz — p
= [[(1 = B2)(Tzn — p) + Ba(Tzn — )
< (1= BTz — pll + Ball Tz — p
< (1= Ba)llwn — pll + Bullzn —
< (1= Ba)llzn — pll + Ballzn — pll

= |lzn — 1. (3.2.2)

By using (BZ1) and (B=22), we have
[#nt1 = pll = [[(1 = cn)T2n + anTyn — pl|
= [|(1 = o) (T2n = p) + an(Tyn — )|
< (1= an)[[Tzn — pll + onl|Tyn — pll
< (1= an)llzn = pll + anllyn = pll
< (1= aw)llzn — pll + anll2n — pll

= [lzn = pl-

This implies that {||,, — p||} is bounded and non-increasing for all p € F(T).

Hence lim,, o ||z, — p|| exists, as required. O

Lemma 3.2.5 Let C be a nonempty closed convex subset of a uniformly convex

Banach space E. Let T be a nonexpansive self mapping on C, {x,} be a sequence

giwen by (III12) and F(T) # 0. Then lim,_,, ||z, — Tx,|| = 0.

Proof. By Lemma B4, we see that lim,, . ||z, —p|| exists. Assume that lim,, .

|z, — p|| = ¢. Using (B2Z1) and (B=22), we have

limsup ||y, — p|| < ¢ (3.2.3)

n—oo
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and

limsup ||z, —p|| < c. (3.2.4)

n—oo

Since T' is nonexpensive mapping, we have

| Tn = pll < llzn = pll; [1Tyn = pll < llyn = pll and [Tz, = pl] < |20 = pll.

Taking lim sup on both sides, using (B23) and (B=24), we obtain

limsup || Tz, - p| <,

n—oo

limsup || Ty, —pl| < ¢

n— o0
and
limsup ||Tz, — p|| < e (3.2.5)
n—oo
Since

¢ = lim [z, —pf
n—o0

= lim [|(1 — o) (T 2y — p) + an(Tyn — )|,

n—o0

by using (B224) and Lemma (2.4), we have

lim ||Tz, — Ty,| = 0. (3.2.6)
n—oo

Now
[#n41 = pll = |(1 = )Tz + ' Tyn — pl|
= [|(1 = ) (Twn, — p) + an(Tyn — )
= |[[(Tz, — p) — an(Txy — p) + an(Tyn — D)l

= [[(Tzn = p) + an((Tyn — p) = (T2 — )|
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= [[(Tzy, —p) + n(Tyn —p — Ty + p)||
= (T2 — p) + n(Tyn — Txy,)||

Using (B=Z8), we have

¢ < liminf ||Tx, — p||. (3.2.7)
n—oo

It follows from (B=2H) and (B=Z1) that
lim || Tz, —p| =c. (3.2.8)
n—0oo

On the other hand, we have

T2y — pl| = |T%n — Ty + Ty — pl|

<N Tzn = Tynll + llyn — 2lI;

and this yields that

¢ < liminf ||y, — p|. (3.2.9)
n—oo

Form (BZ3) and (B21), we get,

lim ||y, —p| =c.
n—oo

Since
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From (B=ZH) and (B=Z10), by using Lemma 2411 we obtain
lim ||Tz, — Tx,| = 0. (3.2.11)
n—oo

In addition,
| Tz, — pl| < T2 — T2, + Tzn — p|
< | Txp = Tzl + |1 T2 — pll

< |NTzn — Tzl + ||z — 2ll- (3.2.12)

Using (BZR), (B=Z1) and (B=2T17), we have

¢ <liminf |z, — p||. (3.2.13)
n—o0
By (B224) and (B=X13), we obtain lim,,_,« ||z, — p|| = ¢. Thus

c= lim ||z, —p||
n—00

= lim ||(1 = %) (@0 — p) + (T, — )|,

n—oo

gives by Lemma AT that
lim ||z, — Txz,|| = 0.
n—oo

This completes the proof. n

By using Lemma 22410, Lemma P4 T2, Lemma B4 and Lemma B=2X3,

we will establish the following theorems.

Theorem 3.2.6 Let E be a real uniformly convex Banach space which satisfies
the Opial’s condition, C' a nonempty closed convexr subset of X and T : C' — C
a nonezpansive mapping with F(T) # 0. Let {x,} be the sequence defined by
iteration process (II3). Then {x,} converges weakly to a fized point of T
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Proof. Let p € F(T). Then lim,_,« ||z, — pl| exists. We prove that {z,} has a
unique weak subsequential limit in F/(7"). For, let u and v be weak limits of the
subsequences {x,, } and {z,,} of {z,}, respectively. By lim,, o ||, =TTy, || = 0
and I —T is demiclosed with respect to zero by Lemma 2410, therefore we obtain
Tu = u. Again in the same manner, we can prove that v € F(T). Next, we prove
the uniqueness. From Lemma B4 the limits lim,, . ||z, — v|| exists. For this

suppose that u # v, then by the Opial’s condition

lim ||z, —u| = lim ||z, —ul < lim [z, —v| = lim ||z, — v
n—o0 n;—00 n;—>00 n—o00
= Jim_ [z, — vl < Jim_ [, ~ ull = Y |, ],

This is a contradiction, so u = v. Hence, {x,} converges weakly to a fixed point

of F(T') and this completes the proof. O

Theorem 3.2.7 Let C be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T be a nonexpansive self mapping on C, {x,} defined by
(Tr12) and F(T) # 0. Then {x,} converges to a point of F(T) if and only if
liminf, . d(x,, F(T)) = 0, where d(xz, F(T)) = inf{||z — p|| : p € F(T)}.

Proof. Necessity is obvious. Suppose that liminf,, ., d(z,, F'(T)) = 0. As proved
in Lemma B2, lim,, . ||z, —w|| exists for allw € F(T), therefore lim,,_,, d(x,,, F'(T))
exists. But by hypothesis, we have liminf,, . d(x,, F(T)) = 0, therefore we have
limy, 00 d(xy,, F(T)) = 0. We will show that {z,} is a Cauchy sequence in C.
Since lim,, o d(x,, F(T)) = 0, for given € > 0, there exists ng in N such that for
all n > ny,

d(w,, F(T)) < 5.

Particularly, inf{||z,, —p|| : p € F(T)} < 5. Hence, there exist p* € F(T') such
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that ||z, — p*|| < §. Now, for m,n > ny,

|Znsm = Zoll < |Tpgm — p*|| + |20 — p*[| < 2||xno -pll<e

Hence {z,} is a Cauchy sequence in C. Since C is a closed in the Banach
space E, so that there exists a point p in C' such that lim,_,, z, = p. Now
limy, 00 d(xy, F(T)) = 0 gives that d(p, F(T')) = 0. Since F' is closed, p € F(T).

This completes the proof. O]

A mapping T : C — C, where C' is a subset of a normed space FE, is
said to satisfy Condition (A) [65] if there exists a nondecreasing function f :
[0, 00) — [0,00) with f(0) =0, f(r) > 0, for all r € (0,1), such that ||z — Tz| >
f(d(z, F(T)), for all x € C, where d(z, F(T)) = inf{||z — p|| : p € F(T)}.

It is to be noted that Condition (A) is weaker than compactness of the

domain C.

Applying Theorem B72Z74, we obtain a strong convergence of the process

(T2) under Condition (A) as follows:

Theorem 3.2.8 Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T be a nonexpansive self mapping on C, {x,} defined by
(T13) and F(T) # 0. Let T satisfy Condition (A), then {x,} converges strongly
to a fized point of T'.

Proof. We proved in Lemma B=23 that

lim ||z, — Tx,|| = 0. (3.2.14)

n—oo
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From Condition (A) and (B=214), we get

lim f(d(x,, F(T))) < lim ||z, — Tx,|| =0,
n—oo

n—oo

ie., lim, o f(d(z,, F(T))) = 0. Since f : [0,00) — [0,00) is a nondecreasing

function satisfying f(0) = 0, f(r) > 0 for all r € (0, 00), we have

lim d(z,, F(T)) = 0.

n— 00

Therefore, by Theorem B277, the sequence {x,} converges strongly to a point of
F(T). The proof is completed. O

3.2.3 Applications

This section is devoted to some applications. Let H be a real Hilbert
space with inner product (-, -) and norm || - ||, respectively. Let C' be a nonempty
closed convex subset of H and T': C' — H a nonlinear operator. T is said to be:

(i) monotone if (T'x — Ty, x —y) > 0 for all x,y € C,

(ii) A-strongly monotone if there exists a constant A > 0 such that
(Tz —Ty.x —y) = Mz — y||”

for all z,y € C,
(iii) v-inverse strongly monotone (v—ism) if there exists a constant v > 0

such that
(Tx —Ty,z —y) > v||Tz — Tyl

for all z,y € C.

Construction of fixed points of nonexpansive operators is an important
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subject in the theory of nonexpansive operators and has applications in a number
of applied areas such as image recovery and signal processing (see, [I3, A2, BS].
For instance, split feasibility problem of C' and T (denoted by SFP(C,T)) is to

find a point

x in C such that Tz € Q, (3.2.15)

where C'is a closed convex subset of a Hilbert space Hy, () is a closed convex subset
of another Hilbert space Hy and T : H; — Hs is a bounded linear operator. The
SFP(C,T) is said to be consistent if (B=221H) has a solution. It is easy to see
that SEP(C,T) is consistent if and only if the following fixed point problem has

a solution:

find z € C such that © = Po(I —~yT*(I — Py)T)x, (3.2.16)

where Po and Py are the orthogonal projections onto C' and (), respectively;
v > 0, and 7™ is the adjoint of T. Note that for sufficient small v > 0, the
operator Po(I —~T*(I — Pg)T') in (BZX18) is nonexpansive.

3.2.3.1 Application to constrained minimization problems

Let C' be a closed convex subset of a Hilbert space H, Py the metric
projection of H onto C' and T': C' — H a v-ism where v > 0 is a constant. It is
well known that Po(I — pT') is nonexpansive operator provided that u € (0, 2v).

The algorithms for signal and image processing are often iterative con-
strained optimization processes designed to minimize a convex differentiable func-
tion 1" over a closed convex set C'in H. It is well known that every L-Lipschitzian

operator is 2/ L-ism.
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Therefore, we have the following result which generates the sequence of
vectors in the constrained or feasible set C' which converges weakly to the optimal

solution which minimizes 7.

Theorem 3.2.9 Let C be a closed convex subset of a Hilbert space H and T a
convex and differentiable function on an open set D containing the set C'. Assume
that 7T is an L-Lipschitz operator on D, pn € (0,2/L) and minimizers of T
relative to the set C' exist. For a given xy € C, let {x,} be a sequence in C

generated by

Tpt1 = (1 - an)PC(I AV T)xn iy anPC(I AV T>ynv
z2n=01=v)xn+WmPc(l —puyT)x,, n €N,

where {ay, }, {Bn} and {v,} are sequences in [0,1 =] for alln € N and for some

d € (0,1). Then {z,} converges weakly to a minimizer of T'.

3.2.3.2 Application to image deblurring problems
Let us consider the linear system: find x € C' such that
Ar = b,

where A : H — H is bounded linear operator and b € H is fixed. An algorithm

in Theorem B=29 can be applied directly to solve
min [|b — Az||2, (3.2.17)

by setting
1
T = §Hb — Az|)3.
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Theorem 3.2.10 Let H be a real Hilbert space. Let A : H — H be a bounded
linear operator and b € H. Let {x,} be a sequence generated by Cy = H, xy € H

and

Tl = (1 —ay) (xn — uAT(Az, — b)) + ay, (yn — uAT(Ay, — b)) ,
Yo = (1= Bn) (zn — pA” (Azy, — b)) + By (20 — pAT (A2, — b)) ,
Zn = (1 - 7n)xn + Tn (xn - MAT(Axn — b)) ;N E N7

where i C (0, ﬁ) and {an}, {Bn} and {y,} are sequences in [0,1 — §] for all

n € N and for some § in (0,1). Then {z,} converges weakly to its solution.

The algorithm in Theorem B0 (implemented algorithm) can be used

in solving image restoration problem
b= Ax + v.

Here b is the observed blurred and noisy image (degraded image), v is an unknown
gaussian noise, and A is a blurring matrix. The blurring matrix A is often ill-
conditioned. The aim is to compute an approximation of the original image z. In
the most case, the blur generally has much more significant effect than the noise,
and thus, the emphasis is on removing the blur. Therefore, the original image x
can be approximated by solving an equation (B22I7). We call this kind of problem
solving as image deblurring problem. An implemented algorithm is proposed in
solving the image deblurring problem. Two kinds of image deblurring consists of

Gaussian blur and motion blur are used to test the implemented algorithm.

The original grey and its degraded images on Figure B223 from a Gaus-
sian blur of size 9x9, 0 = 4 and the motion blur with len = 21, § = 11 respectively

are used to test an implemented algorithm.
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Figure 3.2.3: Data used in numerical experiments. The true grey image of size
336 x 252 and two types of its degraded image.

The parameters au,, O,,7, and g on an implemented algorithm in solving the

image deblurring problem is set as

n n n+1

= — n:—7n:—’ :1 A Aoo
= e = gt = (Al Al)

On

These parameters is called as the default choice of set parameter. The qual-
ity improvements of the reconstructed grey images sized 336 x 252 being used

implemented algorithm are illustrated in Figure B2Z4 and Figure B=X3.
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10000 Iteration 20000" teration

Figure 3.2.4: The reconstructed images being 50th, 1000th, 10000th and 20000th
used iterations of the Gaussian blurred image on Figure B=23.
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10000 Iteration 20000" teration

Figure 3.2.5: The reconstructed images being 50th, 1000th, 10000th and 20000th
used iterations of the motion blurred image on Figure B=X3.

Next, we are also apply our algorithm in solving the color deblurring
problems. The following RGB images illustrate example of blurring adjustment.
The three independent deblurring problem consists of red green and blue deblur-

ring channel which are solved with the default parameter.
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Figure 3.2.6: Data used in numerical experiments. The true RGB image of size
336 x 252 x 3, Degraded image with Gaussian blur of size 9 x 9 and ¢ = 4 and
the motion blur image with len = 21 and 6 = 11.

The quality improvements of the reconstructed RGB images sized 336 x
252 x 3 being used the implemented algorithm are also illustrated on Figure 37274
and Figure B°XS.

10000™ fteration 20000" lteration

Figure 3.2.7: The reconstructed images being 50th, 1000th, 10000th and 20000th
used iterations of the Gaussian blurred image on Figure B=28.
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10000" Iteration 20000" lteration

Figure 3.2.8: The reconstructed images being 50th, 1000th, 10000th and 20000th
used iterations of the Motion blurred image on Figure B=28.

It can be seen that the restored images on Figures B2, B21, B2, B72R are

clearly evident and we also essentially have the original image when the number

of iteration is sufficient.

3.2.3.3 Application to split feasibility problems

Recall that a mapping 7" in a Hilbert space H is said to be averaged if T
can be written as (1 — a)l + S, where a € (0,1) and S is a nonexpansive map

on H. Set
1
(@) = 5T = PT)allz € C.
Consider the minimization problem

find min q(x).
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By [6], the gradient of ¢ is \yq¢ = T*(I — Pg)T, where T* is the adjoint of 7.
Since I — Pg is nonexpansive, it follows that /¢ is L-Lipschitzian with L = ||T']|?.
Therefore, \/qis 1/Lism and for any 0 < p < 2/L, I —psyq is averaged. Therefore,
the composition Po(] — 157 q) is also averaged. Set T := Po(l — 157 q). Note
that the solution set of SFP(C,T) is F(T).

We now present an iterative process that can be used to find solutions of

SFP(C,T).

Theorem 3.2.11 Assume that SFP(C,T) is consistent. Suppose {a,}, {fn}
and {v,} are sequences in [6,1 — 6] for all n € N and for some § in (0,1). Let

{z,} be a sequence in C' generated by

Tny1 = (1 —an)Po(l — <7 Q)0 + anPo(l — 17 q)yn,
Yn = (1 - Bn)PC’(I — U Q)xn + 6nPC(I AV q>Zn7
2n =1 —v)xn +VmPc(l — <7 qQ)xn, n €N,

where 0 < u < 2/||T||>. Then {z,} converges weakly to a solution of SFP(C,T).

Proof. Since T := Po(I — 157 q) is nonexpansive, the result follows from Theorem

BZ4. [l
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3.3 New iterative method for nonlinear operators as concerns convex

programming, image deblurring, and signal recovering problems

3.3.1 Main results

Let I be a nonempty closed convex subset of a Banach space £ with Qx
as a sunny nonexpansive retraction. We will represent the set of common fixed
points of S and T by ¥, that is, ¥ := Fiz(S) N Fixz(T). The following lemma is

needed.

Lemma 3.3.1 Let K be a nonempty closed convex subset of a Banach space &
with Qx as the sunny nonexpansive retraction. Let S, T : K — & be quasi-
nonezxpansive mappings with W # O and let {n,},{0.}, {C.} be sequences in (0,1)
for alln € N. Define the sequence {u,} using Algorithm 1. Then, for eachu € ¥,

limy, o0 ||un — 4| ezists and

|lw, — al| < ||u, — al|, and ||z, — || < ||u, — ul|, Vn € N. (3.3.1)

Algorithm 1

initialization: 7,,9,,(, € (0,1),u; € K and n = 1.
while stopping criterion not met do

zn = Qx (1 = 9,)Tuyp + 9,Sw,) ,
Up+1 = QIC ((1 - nn)SZn + nnTwn) .

end

Proof. Let u € W. Then, for each n > 1, we have

Hwn - ﬁ” - ||Q’C((1 - Cn)un + Cnsun) - ﬂH

< I = Ga) (un — @) + G (Sun — a)]
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< (1= Ga)llun — all + Gall Sur — |
< (1= Ga)llun — | + Gallun — 4l

— JJun — . (3.3.2)

|20 — |l = [| Qi (1 = V) Tun + IpnSwy) —
< (1 =) (Tu, — @) + 9, (Sw, —a)||

< (1 =9 )||Tuy — @l + 95 ||Swy, — 4

IN

(1 = Fn) tn — @] + Fp[Jwn — 4]

= (8= d )| upy = TLH + ﬁnHun - ﬂ“
= ||u, — @l (3.3.3)
and
U1 =l = Qi (1 — 0n)S 2 + 1 Twy) — dll
< [(1 = nu)(S2n — 1) + 0u(Twy, — )|
< (= 0820 — @l + 0o || Tw,, —
<(1- nn)Hzn 7 ﬂH + N || wy, — 1|
< (1 - nn)Hun - EH + 77n||un i EH
= ||u, — ul|. (3.3.4)
Therefore,
|1 — al] < ||u, —all < ... <|jlug —ul|, Vn € N. (3.3.5)

Since {||u, — @l|} is monotonically decreasing, we have that the sequence {||u,, —

@||} is convergent. O



75

Theorem 3.3.2 Let KC be a nonempty closed convex subset of a uniformly convex
Banach space £ with Qi as the sunny nonexpansive retraction. Let S, T : K — &€
be quasi-nonexpansive mappings with W # (. Let {n,},{0.}, {C.} be sequences
of real numbers such that 0 < ¢ < n, < ¢ < 1,0 < e <V, < 6 < 1,
0<c3 <G <é <1 foralln e N. From an arbitrary u; € K, Py(u1) = u.,
define the sequence {u,} by Algorithm 1. Then, we have the following:
(1) {un} is in a closed convex bounded set By[u.]| NI, where \ is a constant

in (0,00) such that ||up — us|| < A.
(i) If S is uniformly continuous, then lim, o ||u, — Su,|| =0 and

limy, o0 ||t — Tupl| = 0.
(iii) If € fulfills the Opial’s condition and Z —S and Z — T are demiclosed

at 0, then {u,} converges weakly to an element of W N B)[u.].

Proof. (i) Since u, € ¥, from (B=33), we obtain

1 — we|] <y — usl] < oo < HJup —us]] < A, Vo e N (3.3.6)

Therefore, {u,} is in the closed convex bounded set B, [u,] N K.

(i) Suppose that S is uniformly continuous. Using Lemma BZ3T, we get
that {u,},{z,} and {w,} are in By[u,] N K, and hence, from (B=3), we obtain
1T wn — wsl] < A [ Twn — we] < A, ||Su — wi]] < A, [|Sw,, — ws| < A and
1Sz — us]| < A, Vn € N. Using Lemma Z4TH for p = 2 and R = A, from the
relations in Algorithm 1, we obtain

lwn = wal* < (1= Ca)llun — wl* + Gall St — w®
— Gl = Go)([[un — Sunl])
< (1= Ga)lltn = wall* + Gallun — wa*
= Gn(1 = G)e([lun — Sual)

= Jlun = wl* = Ga(1 = Ga)(Jlun — Sunll) (3.3.7)
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and
12 — wal® < (1= Fn) un — wl* + Gnflwn — w®
— Un(1 = Dn)e (| Tun — Swal])
< (1= )l — wal* + Pl — |
= In(1 = Dn)o ([ Tun — Swall)
= |t — us|]? — (1 — 9) (|| Tty — Swy)). (3.3.8)

Using (63770), (B38) and Lemma DTS, we have
g1 = wll? <N = 190) (S2n = wa) + 0 (Tawn — w) ||
< (L= 0) 1820 — wa|)® 4 0l Twy — w|?
— (L = 7)o ([|S2n — Twhl|)
< (1= 1) l2n = wl|* + mallewn — wa®
— (L = M) ([[S2n — Twal|)
< (1= na) ([l = wl|* = 9n(1 = 9n) (|| Tin — Swa]))
+ Na(llun = wa|* = Gl = G)p([[tn — Sual)))
= (L — 7)o (|| Sz — Twal|)
= [Jun = wl* = (1 = 1)00 (1 = 0,) (|| Tt — Swy))
= MGn(1 = Ga)p(llun — Sunl|)
= (L = 7)o ([|S2n — Twal]). (3.3.9)

From (BZ3), we have the following important two inequalities.
(1= ) 0n(1 = In) (| Tt = Swall) < flun = wal® = Jnsr — wa*  (3.3.10)

and

NGn(1 = G (lltn — Stnl) < flm — wal* = [lunsr — w1 (3.3.11)
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Note that (1 —¢é;)ea(1—¢é) < (1 —n,)0,(1 —9,) and cie3(1 — é3) < 0pCu(l — ).

Using (B33TM) and (BZ31l), we obtain

(L= &ea(l =) Y (| Tui = Swill) < Jlux = wl® = fJupss —ue]?, Vo€ N

i=1

(3.3.12)

and

n

cres(1—é3) > o(llui — Suil]) < JJur — wall® = [Junsr — w]®, ¥n € N, (3.3.13)

=1

It follows from (B=312) and (B=3T3), we obtain

> o([Tun — Swal)) < 00 (3.3.14)
n=1

and
> " o([un — Sug) < oo (3.3.15)
n=1

Using (B23314) and (B=313), we have

lim || Tu, — Sw,| =0 (3.3.16)
n—oo
and
lim ||u, — Su,|| = 0. (3.3.17)
n—oo

In addition, using (B=37T17), we have
[wn = || = [|Qxc((1 = Ga)un + CuSun) — Qic(un)|;
< [|Sun — un|

— 0 (as n — o). (3.3.18)
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Since § is uniformly continuous, it follows from Lemma 2418 that

lim ||w, — Sw,| = 0. (3.3.19)
n—oo

Thus from (B2318), (B2311), (B=318) and (B=319), we have

[t = Tun|l < [Jun = Suall + [|Sun — Tu||
< lun = Supl| + [[Stn — Swal| + [|[Swn — Tuy||
< un = Stn| + [[Stin = tn| + [[un — Swi]
+ ||Swy, — T
< lun — Sup | + [[Stin — wn|| + [l — wn|
+ [[wn — Swal| + [[Swn = Tua||

— 0 (as n — o).

(iii) By assumption, & satisfies the Opial’s condition. Let w* € ¥ such
that w* € By[u.] N K. From Lemma BZXT, we have lim,, o [|[u, — w*|| exists.
Suppose there are two subsequences {u,,} and {u,,} which converge to two
distinct points u* and v* in By|u.] N K, respectively. Then, since both Z — §
and Z — 7T have the demiclosed property at 0, we have Su* = Tu* = u* and

Sv* = Tv* = v*. Moreover, using the Opial’s condition, we have
lim ||u, —u*|| = lim ||u,, — "] < lim |[uy, — 0| = lim |lu, — 0"
n—00 q—00 =00 n—00
Similarly, we obtain
lim ||u, —v*|| < lim |ju, —u*||
n—oo n—oo

which is a contradiction. Therefore, u* = v*. Hence, the sequence {u, } converges

weakly to an element of W N B, [u,] N K. O
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Since every nonexpansive mapping is uniformly continuous. By using the
same ideas and techniques as in Theorem BZ32 and using Lemma PZZZ2T7, we can

state the following result without proofs.

Theorem 3.3.3 Let K be a nonempty closed convex subset of a uniformly convex
Banach space €& with Qx as the sunny nonexpansive retraction. Let S, T : KK — &
be nonexpansive mappings with 1 # 0. Let {n,},{0.}, {C.} be sequences of real
numbers such that 0 < ¢ <1, <1 <1, 0< <9, < <1,0<c3<(, <
¢3 < 1 for alln € N. From an arbitrary uy € K, Py(u1) = u., define the sequence
{u,} by Algorithm 1. Then, we have the following:
(i) {un} is in a closed conver bounded set By[u.] N K where X is a constant

in (0,00) such that ||u; — u.|| < A.
(11) im0 ||un — Suy|| = 0 and lim, o0 ||un, — Tu,|| = 0.
(i5i) If € fulfills the Opial’s condition, then {u,} converges weakly to an

element of W N By[u.].

If S and T are nonexpansive self mappings on a nonempty closed convex
subset C of a real Hilbert space H. As a result of Theorem BZ32, we can get the

following result.

Corollary 3.3.4 Let IC be a nonempty closed convex subset of a real Hilbert space
H, let S, T : K — K be nonexpansive mappings with ¥ # O and let {n,},{%.}
and {(,} be sequences of real numbers, for which 0 < c¢; <n, <é <1,0<c <
U, < <1,0<c3<(, <¢3<1 foralln € N. From an arbitrary u, € IC,

define the sequence {u,} by :

Up+1 = (1 - nn)SZn + nnTme Vn € N.

Then, {u,} converges weakly to an element of W.
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3.3.2 Applications

In the following part, we study common zeros of accretive operators,
convexly constrained least square problems, and convex minimization problems

using the methods outlined above.

3.3.2.1 Application to common zeros of accretive operators

Setting S = Jlf‘ and 7 = JS , using (BZ320), we derive its convergence

analysis for finding solutions ([COT3).

Theorem 3.3.5 Let K be a nonempty closed convex subset of a real uniformly
conver Banach space € satisfying the opial’s condition. Let A: D(A) C K — 2°,
B:D(B) C K — 2¢ be accretive operators such thatm C K CNu=oR(Z+nA),
D(B) C K C NusoR(Z + uB) and A7H(0) N B7(0) # 0. Let {n,}, {9}, {Ga} be
sequences of real numbers such that 0 < c; <1, <é& <1, 0< ¢ <, < ¢y < 1,
0<c3< (<3< foralln € N Let p >0, uy € K and Pg-10)ns-1(0) (1) =

uy. Let {u,} be defined by

= (1= ) B+ 0T, (3.3.21)

Un1 = (1= ) T2 + 0o JBw,, Yn € N

Then, we have the following:

(i) {un} is in a closed convex bounded set By[u.| N K, where X is a constant
in (0,00) such that ||u; — u| < A.

(i) N oo [ty — J7 s || = 0 and limy, o ||uy — J2u,|| = 0.

(111) {u,} converges weakly to an element of A~1(0) N B~1(0) N By[u.].

Proof. By assumption D(A) C K C NusoR(Z + pA), we known that J, J5 -
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K — K be nonexpansive. Note that D(A) ND(B) C K and hence

u, € A7H0) N B70) = u, € D(A) ND(B) with 0 € Au, and 0 € Bu,
= u, € Kwith J:‘u* = U, and qu* = U,

= u, € Fiz(J7', JP)NK.

Setting S = J. ;4 and T = J f . Hence, Theorem B=33 is the same way as Theorem
B33 O

3.3.2.2 Application to the convexly constrained least square problems
Let A, B € B(H), and y, z € H. Define p,9 : H — R by
1 2 1 2
pluw) = 5l Au = y|[* and (u) = 5 |[Bu— |

for all uw € H, where H is a real Hilbert space. Let K be a nonempty closed

convex subset of H. The objective is to find b € I such that

b € argmin p(u) N argmin ¥(u), (3.3.22)
uek uell

where argmin ¢(u) == {u, € K : ¢(u,) = inf o(u)}.
uekl uelkl

Theorem is applied to find common solutions to two convexly con-

strained least square problems.

Proposition 3.3.6 [1]. Let H be a real Hilbert space, A € B(H) with the adjoint
A* andy € H. Let K be a nonempty closed convex subset of H. Let b € H and

0 € (0,00). Then, the following statements are equivalent:
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(i) b solves the following problem:
' 1”-’4 I
%}?2 w i

(i) b= Pr(b— A (Ab—1y)).
(i1i) (Av — Ab,y — Ab) <0, for allv € K.

Theorem 3.3.7 Let KC be a nonempty closed convex subset of a real Hilbert space
H,y,z€H and A, B € B(H) such that the solution set of the problem in (3-323)
is nonempty. Let {n,}, {U,} and {(,} be sequences of real numbers such that
0<ca <N <1 <1,0<c<9,<<1,0<e3<(,<¢3<1 forallneN.
Letuy € H, Pargminuex o(w) N argmingex w(w) (1) = Uy and 6 € (0, me{w, W})

From an arbitrary uy € KC, define the sequence {u,} by

zn = (1 = 9,)Tuy, + 9,Sw,, (3.3.23)
Unr1 = (1 = m,)Szn + 5, Twy, Vn € N,

where S, T : K — K defined by Su = Pr(u — A*(Au — y)) and Tu = Pr(u —
IB*(Bu — z)) for allu € K. Then, we have the following:
(i) {un} is in the closed ball By[u.|, where X is a constant in (0,00) such
that ||up — uy|| < A.
(1) limy, oo ||un — Syl = 0 and limy, o0 ||un, — Tu,|| = 0.
(11i) {un} converges weakly to an element of

argminger e(u) N argmingex ¥(u) Nd Byluy).

Proof. Note that: Vip(u) = A*(Au —y), for all u € H; we obtain that ||V(u) —
Vo)| = |A*(Au —y) — A*(Av — y)|| < [JA||*||u — v||, for all u,v € H, Thus,
V(u) is W—ism and hence (Z — §Vp) is nonexpansive from K into H for o €

(0, HXHQ ). Therefore, S = Px(Z—0Vy) and T = Pr(Z —1Vy)) are nonexpansive
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mappings from K into itself for o € (0, HjHQ) and 7 € (0, ”82”2), respectively. Thus,

Theorem B=371 follows from Theorem B=33. O]

3.3.3 Application to the convex minimization problems

Let H be a Hilbert space and let g1, g2 : H — (—00, 0] be proper convex
and lower-semicontinuous functions. We focus on the problem of finding x € ‘H

in such a form that
x € g7 1(0) N g5 (0). (3.3.24)

Note that J29 = prox,,.. We provide an application to common solutions
u b pg1 p pp

for convex programming problems in a Hilbert space.

Theorem 3.3.8 Let K be a nonempty closed convex subset of a real Hilbert space
H. Let g1,90 € ToH such that the solution set of the problem in (B-323) is
nonempty. Let {n,}, {U.} and {(,} be sequences of real numbers such that 0 <
<N <6<1,0<c<t,<6<],0<e3<(,<¢3<1 forallneN. Let
w>0,u € H and Pagl—l(omg;l(o)(ul) = uy. From an arbitrary uy € K, define

the sequence {u,} by

Wn = (1 - Cn)un + gnproxugl (un)v
2 = (1 =0y prox,g, (u,) + Opprox,y, (w,), (3.3.25)

U1 = (1 — 0n)prox,g, (2,,) + Nuprox g, (wy,), Yn € N.

Then, we have the following:

(i) {un} is in the closed ball By[u.] where X\ is a constant in (0, 00) such that
i — ) < A

(11)  1im, o0 ||ty — prox,g, (uy)|| = 0 and lim,, o ||t — prox,g, (u,)|| = 0.

(i) {u,} converges weakly to an element of gy (0) N gy (0) N By[u.].
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Proof. Using Lemma PZAT4, we have dg; is maximal monotone. We see that
R(Z 4+ pdf) = H, by the maximal monotonicity of dg;. It follows that ng =
prox,g, : H — H is nonexpansive. Similarly, Jﬁ” = prox,, : H — H is

nonexpansive. Thus, Theorem B=3H follows from Theorem BZ33. O

3.3.4 Numerical experiments in real world problems

In this section, some real world problems such as differential problems,
image deblurring and signal recovering problems are used to illustrate the effective

of our algorithm.

3.3.4.1 Differential problems

Let consider the following simple and well known one-dimensional heat equation

with Dirichlet boundary conditions and initial data,
u = Buge + f(z,t), 0<z<l, t>0.

u(z,0) = up(z), 0<z<lI, (3.3.26)
U(O,t) = ’Vl(t)a u(l’ t) = ’72(t)7 t> Oa

where [ is constant, u(z, t) represents the temperature at point (z,t) and f(z,t),
71 (t), 12(t) are sufficiently smooth functions. Below, we use the notations u} and
(Ugze)? to represent the numerical approximations of u(z;, t") and wu.,(x;,t") and
t" = nAt where At denotes the temporal mesh size. A set of schemes in solving
problem (BZ378) is based on the following well-known Crank—Nikolson type of

scheme [[70, [71],

u?+1 — u;’l ﬁ n+1 n n+1/2 .
G = D () )]+ =2 N -1 (33.2)
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with initial data

u) =u'(z;), i=2,...,N—1 (3.3.28)

and Dirichlet boundary conditions

uptt = ("), ultt = (. (3.3.29)

To approximate term of (u,,)¥, k = n,n + 1, we use the standard centered dis-
cretization with space. The matrix form of second-order finite difference scheme

(FDS) in solving heat problem (B=3=26) can be written as

Au™tt = G™, (3.3.30)
where G" = Bu”™ + f"+1/2,
_ . . _ ’ _
l+n -3 1—n 2
7 7 n n
T _! 2 1= A
5 11T Ty 2 I
A= Vv — ,
n n n n
U | 21 L 1= A
5 LT 2 2 " 2
7 n
_1 2 1=
L 5 i 2 ]
B T i N n n ]
ug 571 +1/2 —|—Atf2 +1/2
uk Atf3n+1/2
_ . +1/2 _
u" = : s fn / = s
n+1/2
“ﬁcv-z Athtz/
n
[y | Dot g gy

(2

n = BAL/ (A?), A1 = ynt2) 0 = 1,2 and [T = fan ) 0 =
2,...,N—1.



86

From equation (B=3230), matrix A is square and symmetric positive defi-
nite. Traditionally iterative methods have been presented in solving the solution
of linear systems (B23330). The well-known weight Jacobi (WJ) and successive

over relaxation (SOR) methods [23, /0] are chosen to exemplify here (see on

Table BZ3).
Linear system Iterative method Specific name
Aunrt! = G» Du(n+1,s+1) — (D _ wA) u("+1’5) + wGn WJ

(D — wL)u+is+) = ((D — WD) — wA) w1 | Gn SOR

Table 3.3.1: The specific name of WJ and SOR in solving linear system (B=3-30).

And w is weight parameter, D is the diagonal part of matrix A and L is
the lower triangular part of matrix D — A, respectively. For stability of WJ and
SOR method in solving linear system (BZ3230) generates from the discretization
of the consideration problem (BZ3=28), the step sizes of time play an important
role of the stability needed. The discussion on the stability of WJ and SOR in

solving linear system (B=3230) can be found in [23, 0]

Let consider the linear system

Au=G (3.3.31)

where A : R — R! is linear and positive operator and u,G € R'. To find the
solution of linear system (B=3231), we manipulate this linear system into the form
of fixed point equation u = 7 (u) (see on Table Bz34). For example, the well-
known weight Jacobi (WJ), successive over relaxation (SOR) and Gauss-Seidel
(GS, SOR with w = 1) methods [23, [70, [[T] present the linear system (B=3=31) into
the form of fixed point equation as 7W7 (u) = u, 75°% (u) = u and 7% (u) = u

respectively.
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Linear system Fixed point mapping 7 (u)

Au=G TV (u)=(I -wD 'A)u+wD'G

TSN (w) = (1w (D ~wL) ' A)utw(D-wl) G

Table 3.3.2: The different way of rearranging linear systems (823231 into the form
u="T(u).

Let Tu = Su+ ¢, where u,c € K and S is a self mapping on a nonempty closed
convex subset I of a uniformly convex Banach space £ with || S ||< 1 then T is

a nonexpansive mapping on K . Indeed, for all u,v € K and n > 1, we have

[ Tu=Tv[=[Su-Sv|<[|Slu-v<ffu-v].

Therefore, in controlling the operators 7V and T5°R in the form of TWu =

SWVu 4+ ¢V where

SWI=1—-wD A, M =wD"'G

and TSRy = SSORy 4 ¢SOR where

SOR—JT_w(D-wl) A, SR=w(D-wl)'G

be nonexpansive mapping, their weight parameter must be properly modified.
The implemented of weight parameter w for the operator SV’ and SS°F are
defined as its norm less than one. Moreover, the optimal weight parameter w,

in getting the smallest norm for each types of operator § are indicated on Table

Do 3.
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The different types Implement weight Optimal weight
of operator & parameter w parameter w,
2 2
SWJ 0<w< —— . =
Y /\max(D_lA) “ /\min(D_lA) + Amax(D_lA)

SOR 2

S O<w<?2 Wy = ———F—

14+ /1—p?

Table 3.3.3: Implemented weight parameter and optimal weight parameter of
operator S .

The parameters Apa(D 'A) and Ayin(D'A) are the maximum and minimum
eigenvalue of matrix D~!A, respectively and p is the spectral radius of the itera-

tion matrix of the Jacobi method.

Next, we introduce the proposed method in solving linear systems (B=3230)
by using every different two nonexpansive mapping 7° and 77. The generated

sequence {u"} is created iteratively by u’ € R™ and

W(n,erl) — (1 B <n>u(n,s) + CnTiu(n,s)’
Z(n,s+1) _ (1 4 ﬁn)r]-ju(n,s) + ﬁnTiW(n’SJrl), (3332)

(st (1- nn>7‘iz(n,s+1) + nn']‘jw(n,s—&-l)’ n>0,

where the second superscript “s” denotes the number of iterations s = 0,1, ..., §n
and set

as the default parameter. Since, we focus on the convergence of the proposed
algorithm then the stability analysis in choosing the step sizes of time is not
discussed in detail. The step size of time for the proposed algorithm are based
on the smallest step size chosen from WJ and SOR method in solving linear

system (BZ3230) generated from the discretization of the consideration problem
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(B320). In all computations, we used § = 25, At = Az?/10 (step size of time)
and e¢; = 10719 For testing purpose only, both computations are performed for
0 <t <0.01 (When t > 0.05,u(x,t) — 0). The following stopping criterion is
used

||u(n+1,§n+1) . u(n+1,§n)H2 < e,

where §n denotes the number of the last iteration at time ¢ and after that set

All computations are performed by using uniform grid of 101 nodes which
corresponds to the solution of linear systems (B23230) with 99 x 99 sizes respec-
tively. The weight parameter w of the proposed algorithm set as its optimum
weight parameter (w,) defined on Table BZ333. We apply the WJ, SOR, GS and
the proposed algorithm with two different operators 7° and 77 (Proposed al-
gorithm with 7°—77) in getting the solution of linear system (82330) of heat
problem with Dirichlet boundary conditions and initial data (B23328). For the

proposed algorithm, the nonexpansive mapping 7 are chosen from the following

operators: T TWI and T5OR,

Let consider the following heat problem:

Up = By +0.48(47% — 1)e Pl cos(dnr), 0<x<1, 0<t<t,,
u(z,0) = cos(4rx) /10,  w(0,t) = e *P1/10, w(l,t) = e *#'/10, (3.3.34)

u(z,t) = e 4P cos(4mx) /10.

The results of the basic iterative methods (WJ, GS, SOR) and the pro-

posed algorithms are demonstrated and discussed on the following cases:

Case I: WJ Method,

Case II: GS Method,
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Case III: SOR Method,
Case IV: The proposed algorithm with 7WJ—7GS,
Case V: The proposed algorithm with 7WJ—7SOR
Case VI: The proposed algorithm with 75 —TW/J,
Case VII: The proposed algorithm with 765 —7T50R
Case VIII: The proposed algorithm with 7SR —7WJ,
Case IX: The proposed algorithm with 759R—7GS,
The exact error are measured by using |[u™ — ully/|lul|2. Figure B3

shows the approximate solution of problem (B=3234) with 101 nodes at ¢t = 0.01

by using the basic iterative methods and the proposed algorithm with cases I -

IX.

™ 0-04 T T T T T T T T T
S 0 P
T
0.03 ]
0.02 ]
0.011¢ o ) u(z, t) with\7¢S—7W7 1
+ ) u(w, t) with&rGS_T SOk
or x u(=i) u(x,t) with =
o u(z,t) w u(x,t) with 7§
+ u(,t) Exact Solution

-0.01

-0.02

-0.03

Exact solution and represent u(x,t) where t

_0.04 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

x € [0,1]

Figure 3.3.1: Approximate solutions of the basic iterative methods and all cases
of the proposed algorithms to problem (B=3=34) with 101 nodes.
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It can be seen from Figure BZ3 that all numerical solution matches the
analytical solution reasonably well. Thus, It can be concluded that all sequences
generated by the proposed method with two different operators 7¢ and 77 con-

verge to their common fixed point solution.

45 T T T T T T T T T
|
|
401 :
35 | 1,720 F— TW‘]*TGS TGS*TSOR 4
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0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
t

Figure 3.3.2: The evolution of iterations number for GS, WJ, SOR and the pro-
posed algorithm to problem (B=328) with § = 25 and ¢ € (0, 1].

Figure BZ32 shows the trend of the iterations number for the basic it-
erative methods and the proposed algorithm with Case IV - Case IX in solving
problem (BZ3330) generates from the discretization of the consideration problem
(B233234) with 101 nodes. It can be seen from Figure BZ32 that the proposed
method with two different operators 7 and 77 uses less number of iteration on
each step of time compare with he basic iterative methods. And the proposed
methods with 7E5—T5O0R and TSOR_TGS give us the smallest number of iteration

on each step of time.
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Figure 3.3.3: The evolution of iterations number for the basic iterative methods
and the proposed algorithm to problem (BZ23726) with 101 nodes and ¢ € (0, 1].

Next, the proposed algorithm with 75°R—T95 ig chosen to test and ver-
ify the order of accuracy for the presented FDS in solving heat equation (B=3234).
And, all computations are performed by using uniform grids of 11,21, 41,81 and
161 nodes that correspond to the solution of the discretization of heat equa-
tion problem (B=3234) with Az = 0.1,0.05,0.025,0.0125, 0.0625, respectively. We
found that the proposed algorithm with 75°R—T5S are seen to be second order of
accuracy (See on Figure BZ333) when the distance between the graphs of all com-
putational grid sizes are compared. That is the order of accuracy of the proposed
algorithm with 759R—TS5 agrees with the construction of their FDS. Figure B34
shows the trend of the average iterations number for the basic iterative methods
compare with all cases of the proposed algorithms in solving the discretization of

consideration problem (BZ3Z34) with various grid sizes.



93

45 T T T T T
WwWJ - TGS —TW J
40 - GS l:lTGS_TSOR g
SOR - TSOR*TWJ
35 7—WJ77—GS -TSOR,TGS B
%) TWI_7SOR
C
Q30 1
©
S o5t -
©
5 201 1
€
S 151 1
=z
10F .
0
)] o) o) ol A
QQQQ’% ‘0\% /Q.QrL 1\,/99 D*ég'
2 z +
b* D* > >
Grid sizes

Figure 3.3.4: The evolution of the average iterations number on each step of time
for GS, WJ, SOR and the proposed algorithm to problem (B=328)) with ¥ = 25
and t € (0,1].

It can be seen from this figure that the average number of iteration on each step of
time for the proposed method with cases IV - IX are less than the average number
of iteration on each step of time for WJ, GS and SOR methods. Moreover, the
average number of iteration on each step of time for the proposed algorithm with
TSOR _ TGS give us the smallest number of iterations for all of the consideration
grid sizes. However, even if using a small amount of iteration per step of time show
the excellent performance of the proposed method but the stability condition of
the proposed algorithm need to be considered carefully as chosen for the results

of the stability analysis with time.

3.3.4.2 Image deblurring problems

Let B is the degraded image of the true image U in the matrix form

of m rows and 7 columns (B,U € R™ "), The key to obtaining the image
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restoration model is to rearrange the elements of the images B and U into the
column vectors by stacking the columns of these images into two long vectors b
and u where b = vec(B) and u = vec(U), both of length n = mn. The image
restoration problem can be modelled in one dimensional vector by the following

linear equation system:
b = Mu, (3.3.35)

where u € R” is an original image, b € R" is the observed image, M € R™" is
the blurring operation and n = mn. In order to solve problem (B=3235), we aim to
approximate the original image, vector b, which is known as the following least

squares (LS) problem:
1 5
m1n§||b—Mu||2, (3.3.36)

where ||| is defined by [julls = /D> 1, Juil?

Next, we will apply our method for solving the LS problem (B=3238) and
the image restoration problems (B=323H) by setting as follows: Let M € R™ ™ be
a degraded matrix and b € R". We obtain the following proposed methods to

find the common solution of the image restoration problem

W, = (]- - Cn)un + CnTuvn
z, = (1 —=9,)Tu, +9,Tw,, (3.3.37)

Upt1 = (1 - nn)TZn + nnTWna

where Tu =u — M (Mu—b), p C (0,2/[|MTM|]2) and n,,Un, ¢, € (0,1) for
all n € N.

The goal on image restoration problem is to find the original image from
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the observed image without knowing which one is the blurring matrix. However,
the blurring matrix M must be known in applying algorithm (823237). Now, we
present the new idea in solving the image restoration problem when the observed
image by, bs, ..., by can be restored by using the blurring matrices My, Ms, ..., My
with the different quality respectively (b; = M;u,i =1,2,..., N). Let us consider

the following problems:
in ~ (| Myu — by 12, min = | Mau — by|l?, .., min =||Myu — byl (3.3.38)
min 5| Miu — byl3, min 5| Mou — byl3, .., min l1Myu — byllz, (33,

where u is the originally true image (common solution), M; is the blurred matrix,
b; is the blurred image by the blurred matrix M;. However, there are many
degraded matrices must be known. For simplicity, we give an example in applying
algorithm (B23237) in finding the original image u with a pair of blurring matrices
M; and M;:

Wn — (1 - C’n)un 4 CnTiun;
z" = (1—9,)T’'a" + 9, T'w", (3.3.39)

u' = (1—n,)T'2" + 0, T'W",

where T*u = u — M (Myu — b). The implemented algorithm (B=3339) is
proposed in solving the image restoration problem by using a pair of the blurring
matrices M; and M; with default parameter (83233) and py = 1/|| M My]|» and

called it as the proposed algorithm with 7/—77.

In case of T = T7, we called it as the proposed algorithm with 7.
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Figure 3.3.5: The original RGB image with matrix size 404 x 438 x 3.

The original RGB format shown in Figure BZ31 is used to demonstrate
the practicability of the proposed algorithm. The relative Cauchy error and the
relative image error are measured by using max-norm ||u, — u,_1||oo/||1]|s and
|lu, — ul|~/||ul|«, respectively. The performance of the comparing algorithms at
u,, on image deblurring process is measured quantitatively by the means of the
peak signal-to-noise ratio (PSNR), which is defined by

2552 )

PSNR(u,) = 2010g10(M—SE

where MSE = |lu, — ul|3. Three different types of the original RGB image
degraded by the blurring matrices M, My and M3 are shown in Figure BZ38.

These are used to test the implemented algorithm.
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Figure 3.3.6: The original RGB image degraded by blurred matrices M;, My and
M3 respectively.

Next, we present restoration of images that have been corrupted by the

following blur types:

Type I Gaussian blur of filter size 9 x 9 with standard deviation o = 4 (The

original image has been degraded by the blurring matrix M ).

Type IT Out of focus blur (Disk) with radius » = 6 (The original image has
been degraded by the blurring matrix Ms).

Type III Motion blur specifying with motion length of 21 pixels (len = 21) and
motion orientation 11° (8 = 11) (The original image has been degraded by

the blurring matrix Ms).

Since, the using image U and three different types of the blurring image
B (see on Figure 3) are represented in the red-green-blue component. Then, we
denote U,,U,, U, and B,, B,, By, as the gray-scale images that constitute the red-
green-blue channels of the using image U and the blurring image B respectively.
Thus, we define the column vector u and b from color image U and B and both
of length n = 3mn. After that, we apply the proposed algorithms in getting
the common solution of the image restoration problem with these three blurring
matrices. Both theoretical and experimental results demonstrate the convergence
properties of the proposed algorithm with the permutation of the blurring matri-

ces My, My and M3 are demonstrated and discussed on the following cases:
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Case I: Algorithm with 71, Case II: Algorithm with 72,
Case III: Algorithm with 73, Case IV: Algorithm with 71-72,
Case V: Algorithm with 71773, Case VI: Algorithm with 72-T1,

Case VII: Algorithm with 72—773, Case VIII: Algorithm with
T3_T1

Case IX: Algorithm with 73—T2.

Figure B34 shows the plots behavior of the relative Cauchy and image

error of the reconstructed RGB image in all cases.

Cauchy error norm on RGB channel
Relative error norm on RGB channel

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Iteration number of purposed method %10° Iteration number of purposed method %105

Figure 3.3.7: The relative Cauchy and image error plots of the proposed algorithm
with cases I - IX.

The relative Cauchy and image error plots guarantee that the presented
method converge to the common solution of restoration problem (B23739) in all
cases. These plots show the validity and confirm the convergence of the proposed
methods. Figure BZ38 shows the all cases of the PSNR plot for the proposed
methods with 200, 000" iterations. Based on the PSNR plots on Figure BZ38, all
restored image using the proposed algorithms in solving the deblurring problem
get the quality improvements when the iteration number increases. Moreover,

the PSNR quality of the observed image is improved when the proposed method
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with a pair of 7'—T7 and i # j is used for solving deblurring problem compare

with the proposed method in which the only one blurring matrix is used. And,

the best case in recovering the observed image occurs when the proposed methods

with 72—73 and 7T32—T7? are used.

PSNR quality of RGB channel
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Figure 3.3.8: The comparison plots of the PSNR quality of the proposed algorithm

with cases I - IX.

Figure B339 demonstrates the crop of reconstructed RGB image presented in

500" iteration by using the proposed algorithms in getting the common solution

of the restoration problem with operators 7' and 72, 72 and T°~T? respectively.

It can be seen from these figures that the quality of restored image by using the

proposed algorithms with 73—772 get the smooth quality of the using degraded

image.
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Figure 3.3.9: The reconstructed images being used the proposed algorithms with
operators T, T2, T3 and T3—T72, respectively present in 500" iterations

Next, we will compare the effective of the proposed methods with Mann
iteration [34], Ishikawa iteration [24], S-iteration [?], Noor iteration [35], AK-
iteration [64], Sahu et al. iteration [b3] and SP-iteration [A1] through the PSNR
plots on Figure B3310. And, the parameters (,,v, and 7, of the comparative
algorithms are set with the default parameter (823233). Since all comparing meth-
ods use only one blurring matrix on their algorithms, the proposed method with
cases | - III is used to compare our methods’ effectiveness. The PSNR plots of
the proposed method with case VII have been presented and demonstrated the

effectiveness of the proposed methods.



101

60 T T T T T T T T T

@
o

55 1

Proposed with 72 — 7°
Proposed with 7!

Mann with 7

——— Ishikawa with 7"

prys S-iteration with 7" 4
Noor with 7"
AK-iteration with 77
—-—-—Sahu et al. with 7"

<o SP-iteration with T

o
o

Proposed with 72 — 7%
Proposed with 72

Mann with 77

——— Ishikawa with 7° 1
S-iteration with 72

Noor with 72
AK-iteration with 72
_____ Sahu et al. with 7°

<o SP-iteration with 72

50 -

@
S

IS
o

PSNR quality of RGB channel
]

PSNR quality of RGB channel
IS
o

351 | 35 1
AR AT ————
30 - 1 30 1
25 1 25
20 . . . . . . . . . 20 . . . . . . . . .
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Iteration number of purposed method x10° Iteration number of purposed method x10°
60 T T T T T T T T T
55 1

50 1

45t 1

Proposed with 72 — 7°
Proposed with 7%
Mann with 7%
Ishikawa with 7°

S-iteration with 7 4
Noor with 7*
AK-iteration with 7%

25 —-—-—Sahu et al. with 7°

<o SP-iteration with 72

PSNR quality of RGB channel
A
3

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Iteration number of purposed method %10°

Figure 3.3.10: The PSNR plots for all comparing methods comparing the pro-
posed method presented in 100, 000" iterations.

It can be seen from Figure BZ310 that the PSNR quality of AK, Sahu,
et al., and SP iterations are better than the proposed methods. However, the
proposed method has been designed to be used with a pair of T/—T* where j # k.
With this advantage, we found that the proposed method with cases IV - IX is
more effective than AK, Sahu, et al., and SP iterations (see Figure BZ38). And,
when we compare the results of Noor, AK, Sahu, et al., and SP iterations with
case VII of the proposed method, it is clearly seen that the proposed way is much

more effective.
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3.3.4.3 Signal recovering problems

In signal processing, compressed sensing can be modeled as the following

under determinated linear equation system
y =Au+v,

where u € R” is an original signal with n components to be recovered, v,y € R™
are noise and the observed signal with noisy for m components respectively and
A € R™" is a degraded matrix. Finding the solutions of previous determinated

linear equation system can be seen as solving the LASSO problem

y | )
min oy — Aul; + Alully, (3.3.40)

where A > 0. As a result various techniques and iterative schemes have been
developed to solve the LASSO problem. We can apply our method for solving
the LASSO problem (B2340) by setting 7u = prox,,(u—uV f(u)) where f(u) =
Iy — Aul3/2, g(u) = Aljufly and V£(u) = A”(Au —y).

Next, we give an example in applying our algorithm in signal recovery
problems. Let A € R™"(m < n) be a degraded matrix and y,v € R™, we
obtain the following proposed methods to find the solution of the signal recovery

problem:
Wp = (1 - Cn)un + CnTuna
z, = (1—=9,)Tu, + 9, Tw,, (3.3.41)

Unpt+1 = (]- - nn)TZn + nnTWna

where Tu = proz,, (u — pA” (Au—y)), p € (0,2/||A*Al|s) and n,,9,, ¢, €

(0,1) for all n € N. The goal in signal recovery problem is to find the original
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signal from the observed signal without knowing of the degraded signal operator
A and noise v. However, the degraded signal operator A must be known in
applying algorithm (B2321). Now, we present the method in solving the signal
recovery problem when the observed signal y, ys, ..., Y can be recovered by using
the known degraded matrices Ay, Ao, ..., Ay (¥ = Aa+ v, v = N|ul|1,i =

1,2,...,N ). Let us consider the following problems:
.1 2
min Sl A —yifl; + Al

1
min S Asu—yol5 + Aelfulls, (3.3.42)

- 2
111:161]11{11]\}§||ANu_yN||2 + Anlull,

where a true signal u is common solution of problem (B=322). That is, we will
find the true signal u through the common solution of N LASSO problems on
problem (B2322). However, there are many degraded signal operators must be
known. For simplicity, we give an example in applying our algorithm in finding
the common solution u for a pair of LASSO problem on equation (B=3-42):

w, = (1 — G)u, + G, Tju,,

z, = (1 —9,)Teu, + 0, T;w,, (3.3.43)

Unpt1 = (1 - nn>7;Zn + nnﬁwna
where
Tiu = prox,,,, (u — ,uiAiT (Aju — yz)) ,
gi(n) = Aifullx

and

i =1/ A7 Aill2,
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The implemented algorithm (BZ323) is proposed in solving the signal
recovery problem by using a pair of the degraded signal perators A; and A; and
set ¢, = ¥, = 1, = 0.9 and called it as the proposed algorithm with operator

T;—Tx. In case of T; = T, we called it as the proposed algorithm with 7;.

Next, some experiments are provided to illustrate the convergence and
the effectiveness of the proposed algorithm (B=323). The original signal u with
n = 1024 generated by the uniform distribution in the interval [—2,2] with 70
nonzero elements is used to create the observation signal y; = A;u+1v;,i =1,2,3

with m = 512 (see on Figure BZ3TT).

‘ ‘\ | ‘ ‘ ‘ ‘ ||‘ | ‘
’ ‘ ‘

Figure 3.3.11: Original Signal (u) with 70 nonzero elements.

The process is started when the signal initial data ug with n = 1024 is

picked randomly (see on Figure B=317).

Figure 3.3.12: Initial Signals uy.

The observation signal y; shows on Figure BZ3T3.
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Figure 3.3.13: Degraded Signals y;, ys2, and y3 respectively.
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The matrices A; that generated by the normal distribution with mean

zero and variance one and the white Gaussian noise v;,1 =

1,2,3 (see on Figure
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Figure 3.3.14: Noise Signals v1, va, and v3 respectively.

Both theoretical and experimental results demonstrate the convergence

properties of the proposed algorithm with the permutation of the blurring matri-

ces A1, A and As are demonstrated and discussed on the following cases:
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Case I: Algorithm BZ33423 with 7; , Case II: Algorithm BZ343 with 75 ,
Case III: Algorithm BZ323 with 73 , Case IV: Algorithm BZ323 with 7,75,
Case V: Algorithm B343 with 7;—73, Case VI: Algorithm BZ323 with 75—7; ,

Case VII: Algorithm B33 with 75—73, Case VIII: Algorithm B33 with
75_717

Case IX: Algorithm B33 with 7375 .

The relative Cauchy error and the relative error are measured by using
second-norm ||u, — w,_1|2/||ullz and [, — ul|2/||ul|2, respectively. The perfor-
mance of the proposed method at n'” iteration is measured quantitatively by the

means of the the signal-to-noise ratio (SNR), which is defined by

SNR@@:QM%N<—EEE—),

[, —

where u,, is the recovered signal at n'* iteration by using the proposed method.
The relative Cauchy error, relative signal error and SNR quality of the proposed

methods for recovering the degraded signal are shown on Figure B=37T3.
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Figure 3.3.15: The relative Cauchy and signal error plots of the proposed methods
with cases I - IX in recovering the observed signal.

The relative error of Cauchy plot guarantee that all cases of the presented
method converge to common solution of the signal recovery problem (82322) with
N = 2. It is remarkable that, the relative signal error plot decreases until it
converge to some constant value. Figure BZ31@ shows the all cases of the SNR
plot for the proposed methods with 100, 000" iterations. For the SNR quality plot

on Figure BZ318, it can be seen that the SNR value increases until it converges to
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some constant value. Through these results, it can be concluded that the solution
of the signal recovery problem solved by the proposed algorithm get the quality
improvements of the observed signal. Moreover, the SNR quality of the observed
signal has been greatly improved when the proposed method with 7;—7; and
T; # T, is used for solving the signal recovery problem. And, the optimal case in
recovering the observed signal occurred when the proposed method with 77 —7;3

is used.
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Figure 3.3.16: The comparison plots of the SNR quality of the proposed algorithm
with cases I - IX in recovering the observed signal.

Figure BZ3T7 shows the restored signal by using one of the optimal pro-
posed algorithm with operators 71 —73 compare with proposed algorithms with

operators Ty, T3 and Ts.
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Figure 3.3.17: Recovering signals being used the proposed algorithms with oper-
ators 7; and 75, T3 and T;—7T3, respectively presented in 4, 000*" iterations.

Next, we will compare the effectiveness of the proposed methods with
Mann [34], Ishikawa [24], S—iteration [2], Noor iteration [35], AK-iteration [64],
Sahu et al. iteration [63] and SP-iteration [A1] through the PSNR plots on
Figure BZ3T18. And, the parameters (,, 1, and n, of the comparative algorithms
are set with the default parameter (B23233). Since all comparing methods use
only one blurring matrix on their algorithms, the proposed method with cases I -
III is used to compare our methods effectiveness. The SNR plots of the proposed
method with case V have been presented and demonstrated the effectiveness of

the proposed methods.
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Figure 3.3.18: The SNR plots for all comparing methods comparing the proposed

method presented in 100, 000"

iterations.

It can be seen from Figure BZ31I8 that the SNR quality of Noor, AK,

Sahu, et al., and SP iterations are better than the proposed methods. However,

the proposed method has been designed to be used with a pair of 7;—7, where

j # k. With this advantage, we found that the proposed method with cases IV -

IX is more effective than Noor, AK, Sahu, et al., and SP iterations (see Figure

B31M).

And when we compare the results of Noor, AK, Sahu, et al., and SP

iterations with case V of the proposed method, it is clearly seen that the proposed

way is much more effective.



CHAPTER V

CONCLUSIONS

This chapter is all results of this dissertation including lemmas and the-

orems. We conclude again that what we get from the results.

6.1 Novel Noor iterations technique for solving nonlinear equation

We give a necessary and sufficient condition for the strong convergence
of the CT-iteration of continuous functions on an arbitrary interval and improve
the rate of convergence compared to previous work. Specifically, our main result

shows that CT-iteration converges faster than CP-iteration to the fixed point.

Let C be a closed interval on the real line and f : C — C' given mapping.

Then for an arbitrary x; € C, the following iteration scheme is studied:

Zn = (1= pin)Tn + fin f (),
Yn = (1 = T — Bn)Tn + T f(@0) + Buf(2n),

o1 = (L — 90 — an)zn + uf(2n) + anf(yn), n > 1, (6.1.1)

where, {a,}, {00}, {ttn}, {7} and {7,} are appropriate real sequences in [0, 1].

The iterative scheme (E1) is called the CT-iteration for continuous functions.

Theorem 6.1.1 Let C be a closed interval on the real line (can be unbounded) and
let f:C — C be a continuous function. Let {aw},{Bn}, {ttn}, {1} and {1} be

sequences in [0,1] such that E o, = 00, lim «, =0, E B < 00, E i < 0O,
n—oo
n=1 n=1

n=1
Z%‘ < o0 and ZTn < oo. From an arbitrary initial guess v, € C, define the
n=1 n=1
sequence {x,} using (@I3). Then {x,} is bounded if and only if it converges to
a fixed point of f .
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Corollary 6.1.2 Let f : [a,b] — [a,b] be a continuous function. Let {a,}, {5},
{tn}, {1} and {7} be sequences in [0,1]. Let {x,} be a sequence generated

iteratively by xy € [a,b] and

Zn = (1 - Nn)xn + an<xn)7
Yn = (1 — Tn — 5n)xn + Tnf(xn> + ﬁnf(zn)a

$n+1 - (]- — VYn — an)zn + /Ynf(zn) + an.f(yn)a n Z 1a

(o] o0 (0.0 (o)
where Zlan = OO’,}LIEOO‘" = O,Zlﬁn < 00, Zlun < 00, Zl% < 00 and
n= n= n—= n=

ZTn < 00. Then {z,} converges to a fixed point of f.

n=1

Theorem 6.1.3 Let C' be a closed interval on the real line and let f : C'— C be a
continuous and nondecreasing function such that F(f) is nonempty and bounded.
Let {an}, {Bn}, {ttn}, {1} and {1} be sequences in [0,1). For wy = x; € C,
let {w,} and {x,} be sequences defined by the CP—iteration (IZA) and the CT-
iteration (B13), respectively. If the CP-iteration {w,} converges to p € F(f),
then the CT-iteration {x,} converges to p. Moreover, the CT-iteration (G11)
converges faster than the CP—iteration (II1).

6.2 Numerical reckoning fixed points for nonexpansive mappings via
a faster iteration process and its application to constrained min-
imization problems, split feasibility problems and image deblur-

ring problems

We introduce a new faster iteration process for numerical reckoning fixed

points of nonexpansive mappings, where the sequence {z,} is generated itera-
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tively by x; € C' and

Tpy1 = (1 - O‘n)Tmn + anTyny

where {a,}, {8.} and {7,} are real sequences in (0,1).

Theorem 6.2.1 Let C' be a nonempty closed convex subset of a norm space E.
Let T be a contraction with a contraction factor k € (0,1) and fized point p. Let
{un} be defined by the iteration process (I-01) and {x,} by (6Z3), where {a,},
{B.} and {~,} are in [e,1 — €] for alln € N and for some € in (0, 1). Then {x,}

converges faster than {u,}. That is, our process (G=Z1) converges faster than

(CT7).

Lemma 6.2.2 Let C' be a nonempty closed convex subset of a normed linear space
E. Let T be a nonexpansive self mapping on C, {x,} be a sequence defined by
(@22) and F(T) # 0. Then lim, . ||z, — p|| exists for all p € F(T).

Lemma 6.2.3 Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T' be a nonexpansive self mapping on C, {x,} be a sequence

giwven by (@2Z3) and F(T) # 0. Then lim,_,o ||z, — Tx,|| = 0.

Theorem 6.2.4 Let E be a real uniformly conver Banach space which satisfies
the Opial’s condition, C' a nonempty closed convexr subset of X and T : C' — C
a nonezpansive mapping with F(T) # 0. Let {x,} be the sequence defined by

iteration process (6Z1). Then {x,} converges weakly to a fized point of T'.

Theorem 6.2.5 Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T be a nonexpansive self mapping on C, {x,} defined by
(@2Z13) and F(T) # 0. Then {x,} converges to a point of F(T) if and only if
liminf, . d(x,, F(T)) = 0, where d(x, F(T)) = inf{||z — p|| : p € F(T)}.
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Theorem 6.2.6 Let C' be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T be a nonexpansive self mapping on C, {x,} defined by
(@232) and F(T) # 0. Let T satisfy Condition (A), then {x,} converges strongly
to a fized point of T'.

Theorem 6.2.7 Let C' be a closed conver subset of a Hilbert space H and T a
convex and differentiable function on an open set D containing the set C'. Assume
that 7T is an L-Lipschitz operator on D, u € (0,2/L) and minimizers of T
relative to the set C exist. For a given x, € C, let {z,} be a sequence in C

generated by

Tpr1 =1 —an)Pe(l —p~y Ty + anPo(l — 17 T)yn,
Yn = (1 ] Bn)PC([ —pV T)xn + ﬁnPC(I AV T)Zm
Zn = (1 B Vn)xn + ’YnPC<[ VAV T>xn7 n e N,

where {ay, }, {Bn} and {v,} are sequences in [0,1 — 8] for alln € N and for some

d €(0,1). Then {z,} converges weakly to a minimizer of T'.

Theorem 6.2.8 Let H be a real Hilbert space. Let A : H — H be a bounded
linear operator and b € H. Let {x,} be a sequence generated by C; = H, xg € H

and

Tpy1 = (1 = an) (xn r ,U’AT(A*TTL - b)) + 7% (yn - NAT(Ayn - b)) )
Yn = (1 - Bn) (l‘n — NAT(Axn . b)) + ﬂn (zn - NAT(Azn - b)) )
Zn =1 =) Tn + Yn (xn — uAT (Az,, — b)) ,neN,

where 1 C <O, ﬁ) and {an}, {Bn} and {y,} are sequences in [6,1 — 0] for all

n € N and for some 6 in (0,1). Then {x,} converges weakly to its solution.
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Theorem 6.2.9 Assume that SFP(C,T) is consistent. Suppose {c,}, {fn} and
{7} are sequences in [0,1 — 6] for all n € N and for some ¢ in (0,1). Let {x,}

be a sequence in C' generated by

Tny1 = (1 —an)Pe(l — <7 Q)0 + 0 Po(I — 07 Q)Y
Yn = (1 = Bp)Pc(I — p 7 Q)0 + BuPo(l — 17 @) 2n,
Zn = (1 - 'Vn)xn + FVnPC([ AV Q)l'm neN,

where 0 < p < 2/||T||?. Then {x,} converges weakly to a solution of SFP(C,T).

6.3 New iterative methods for nonlinear operators as concerns con-
vex programming applicable in differential problems, image de-

blurring and signal recovering problems

Using sunny nonexpansive retractions which are different from the metric
projection in Banach spaces, a new type of study regarding the iterative methods
in view of two quasi-nonexpansive nonself mappings is presented. We also give
the convergence analysis for the proposed method in the background of uniformly
convex Banach spaces. Moreover, we apply our results to find solutions of com-
mon zeros of accretive operators, convexly constrained least square problems and

convex minimization problems.
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Algorithm 1 : Three-step iterative methods of two quasi-nonexpansive nonself

mappings using sunny nonexpansive retractions

initialization: 7,,9,,(, € (0,1),u; € K and n = 1.
while stopping criterion not met do

zn = Qx (1 — 9,)Tuy + 9,Sw,),
Up+1 = QIC ((1 T 7771)8271 + nnTwn) .

end

Theorem 6.3.1 Let I be a nonempty closed convex subset of a uniformly convex
Banach space €& with Ok as the sunny nonexpansive retraction. Let S, T : KK — &
be quasi-nonexpansive mappings with W # 0. Let {n,},{0.}, {C.} be sequences
of real numbers such that 0 < ¢y < n, < ¢ < 1,0 < o <V, < & < 1,
0<c3 <(<é3<1forallneN. From an arbitrary u; € K, Py(u1) = u.,
define the sequence {u,} by Algorithm 1. Then, we have the following:
(i) {un} is in a closed conver bounded set By[u.] N IC, where X is a constant

in (0,00) such that ||ug — us|| < A.
(i) If S is uniformly continuous, then lim, . ||u, — Su,| =0 and

limy, o0 ||t — Tuy,|| = 0.
(15i) If € fulfills the Opial’s condition and T — S and Z — T are demiclosed

at 0, then {u,} converges weakly to an element of U N By[u.].

Theorem 6.3.2 Let K be a nonempty closed convex subset of a uniformly convex
Banach space £ with Qx as the sunny nonexpansive retraction. Let S, T : K — &€
be nonexpansive mappings with ¥ # 0. Let {n,},{0.}, {C.} be sequences of real
numbers such that 0 < c; <n,, <6 <1, 0< e <V, < <1,0<c3 <(, <
¢3 < 1 for alln € N. From an arbitrary uy € K, Py(u1) = u., define the sequence
{un} by Algorithm 1. Then, we have the following:

(i) {un} is in a closed conver bounded set By[u.) N K where X is a constant
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in (0,00) such that ||[uy — u.| < A.
(1) lim, oo ||un — Syl = 0 and limy, o0 ||ty — Tuy|| = 0.
(15i) If € fulfills the Opial’s condition, then {u,} converges weakly to an

element of W N Bylu).

If S and T are nonexpansive self mappings on a nonempty closed convex
subset K of a real Hilbert space H. As a result of Theorem B=3, we can get the

following result.

Corollary 6.3.3 Let IC be a nonempty closed convex subset of a real Hilbert space
H, let S, T : K = K be nonexpansive mappings with ¥ # O and let {n,},{9.}
and {(,} be sequences of real numbers, for which 0 < c; <n, < ¢ <1,0< ¢y <
U, < <1,0<ce3<(,<¢3<1 foralln € N. From an arbitrary u, € IC,

define the sequence {u,} by :

zn = (1 = 9,)Tu, + 9,Sw, (6.3.1)
Upr1 = (1 = m,)Sz, + ., Tw,, ¥n eN.

Then, {u,} converges weakly to an element of W.

Setting S = J}f‘ and 7 = JB, using (E330), we derive its convergence

o

analysis for finding solutions ([COT3).

Theorem 6.3.4 Let K be a nonempty closed convex subset of a real uniformly

conver Banach space £ satisfying the opial’s condition. Let A: D(A) C K — 2°,

B:D(B) C K — 2¢ be accretive operators such that D(A) C K C Nu=oR(Z+upA),
D(B) C K C NusoR(Z + uB) and A~H(0) N B~(0) # 0. Let {n.}, {9n}, {Cu} be
sequences of real numbers such that 0 < c; <1, < ¢ <1,0<c <V, < < 1,

0<e3< (G <é3<1forallneN. Let p >0, up € K and Pa-10yng-1(0)(u1) =
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uy. Let {u,} be defined by

zn = (1 — ﬁn)qun + ﬁnJ:‘wn, (6.3.2)

Upy1 = (1 - nn)J;len + nnJﬁgwn, Vn € N.

Then, we have the following:

(i) {un} is in a closed convex bounded set By[u.]| N K, where \ is a constant
in (0,00) such that ||[u; — u| < A.

(i) N oo ||t — J7 U || = 0 and limg, o ||un — J2u,|| = 0.

(111) {u,} converges weakly to an element of A~1(0) N B~1(0) N By[u.].

Proposition 6.3.5 [i] Let H be a real Hilbert space, A € B(H) with the adjoint
A* andy € H. Let K be a nonempty closed convex subset of H. Let b € H and
d € (0,00). Then, the following statements are equivalent:

(Z) b SOZ’U@S the fOllOU)an problem:
. A I
ek g I I

(ii) b="Px(b—35A*(Ab—y)).
(iii) (Av — Ab,y — Ab) <0, for allv € K.

Theorem 6.3.6 Let IC be a nonempty closed convex subset of a real Hilbert space
H,y,z € H and A, B € B(H) such that the solution set of the problem in (13Z323)
is nonempty. Let {n,}, {U,} and {(,} be sequences of real numbers such that
0<c1 < <1<1,0<<1,<é<],0<ec3<(,<¢3<1 forallneN.

Letuy € H, Pargminuex o) N argmingex (w)(U1) = Uy and 6 € (0, 2mm{w, W})
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From an arbitrary uy € K, define the sequence {u,} by

Upt1 = (L —=0,)Szn + 0, Twy, ¥n € N,

where S, T : K — K defined by Su = Pi(u — 6 A (Au —y)) and Tu = Pr(u —
IB*(Bu — z)) for allu € IC. Then, we have the following:
(i) {un} is in the closed ball By[u.|, where X\ is a constant in (0,00) such
that ||u; — u.|| < A.
(11) lim, o0 ||un — Suy|| = 0 and lim, o0 ||un, — Tuy,|| = 0.
(11i) {u,} converges weakly to an element of

argmingex e(u) N argmingex Y(uw) Nd Bylu.].

Theorem 6.3.7 Let IC be a nonempty closed convex subset of a real Hilbert space
H. Let g1,90 € LoH such that the solution set of the problem in (B-3-23) is
nonempty. Let {n,}, {U.} and {(,} be sequences of real numbers such that 0 <
A< <6<1,0<c<t,<6<],0<e3<(,<¢3<1 foralln eN. Let
>0, u €H and Pagl—l(o)mggl(o)(ul) = Uy. From an arbitrary u; € K, define

the sequence {u,} by

wy, = (1 = Go)un + Guproz,g, (uy,),
2y = (1 = 0n)prox,g, () + Opproz g, (wy,), (6.3.4)

Unt1 = (1 — 0n)prox,g, (zn) + nuprox,y, (w,), Vn € N.

Then, we have the following:

(i) {un} is in the closed ball By[u.] where \ is a constant in (0, 00) such that
lur = u]| < A

(11)  1imy, o0 ||ty — Prox,g, (un)|| = 0 and lim,, o ||t — prox,g, (u,)|| = 0.

(1) {u,} converges weakly to an element of gy (0) N gy (0) N By[u.].
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