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ABSTRACT

lterative schemes play a prominent role in approximating fixed points of nonlinear mappings.
Structural properties of the underlying space, such as strict convexity and uniform convexity, are very
much needed for the development of iterative fixed point theory in it. Hyperbolic spaces are general in
nature and inherit rich geometrical structure suitable to obtain new results in topology, graph theory,
multi-valued analysis and metric fixed point theory.

The first purpose of this dissertation is to propose a novel Noor iteration technique for
approximating a common fixed point of three asymptotically nonexpansive self-mappings and three
asymptotically nonexpansive nonself-mappings in hyperbolic spaces. Then, a strong convergence theorem
under mild conditions in a uniformly convex hyperbolic space is established.

The second purpose is to introduce and study some strong convergence theorems for a mixed
type SP-iteration for three asymptotically nonexpansive self-mappings and three asymptotically
nonexpansive nonself-mappings in uniformly convex hyperbolic spaces. In addition to that, we provide an
illustrative example.

The results presented in this paper extend, unify and generalize some previous works from the
current existing literature.
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CHAPTER 1

INTRODUCTION

Iterative schemes play a prominent role in approximating fixed points of
nonlinear mappings. Structural properties of the underlying space, such as strict
convexity and uniform convexity, are very much needed for the development of
iterative fixed point theory in it. Hyperbolic spaces are general in nature and
inherit rich geometrical structure suitable to obtain new results in topology, graph

theory, multi-valued analysis and metric fixed point theory.

In 1965, Browder [16], Gohde [33], and Kirk [60] started working on
the approximation of fixed point for nonexpansive mappings. Firstly, Browder
obtained fixed point theorem for nonexpansive mapping on a subset of a Hilbert
space which is closed bounded and convex. Soon after, Browder [[6] and Gdhde
[33] generalized the previous result from a Hilbert space to a uniformly convex
Banach space. Kirk [60] utilized normal structure property in a reflexive Banach
space to sum up the similar results. Recently, Dehici and Najeh [24] and Tan and
Cho [91] approximated fixed point for nonexpansive mappings in Banach space

and Hilbert space.

Hereafter, so many researchers came forward with different notions and
enhanced this mapping with great improvement, there is a vast literature on the
generalizations, extensions of the obtained results and several new concepts on
nonexpansive mappings. In 1980, Gregus [34] generalized the work of Kannan
[@7) and joined the ideas of nonexpansive and Kannan mappings to obtain a
unfamiliar class which is known as the Reich nonexpansive mappings. In 2008,
Suzuki [82] proposed a different class of mappings which is known as Suzuki’s
generalized nonexpansive mapping. Recently, Ali et al. [[0] proved some weak

and strong convergence results using a three-step iterative scheme for Suzuki’s



generalized nonexpansive mappings in uniformly convex Banach spaces.

In 2011, Aoyama and Kohsaka [I1] introduced a generalization of nonex-
pansive mappings known as a -nonexpansive mapping and obtained some results

for this type of mappings.

Recently, Pandey et al. [67] proposed a different extension of nonexpan-
sive mappings which contains o -nonexpansive and Suzuki generalized nonexpan-
sive mappings named as generalized a -Reich-Suzuki nonexpansive mappings and

obtained interesting results containing this kind of mappings.

Numerical reckoning of nonlinear operators is very fascinating research
problem of nonlinear analysis. However, it is not an easy task to find the fixed
points of some operators. To overcome this kind of problems so many iterative
procedures have been evolved over the time. Mann [68], Ishikawa [42] and Halpern
[39] are three basic iterative algorithms utilized to approximate the fixed points

of nonexpansive mappings.

After getting motivation by the above iterative schemes, several researchers
constructed many algorithms to approximate fixed points of numerous nonlinear
mappings. A few of them are Noor iteration [62], Agarwal et al. [2], Abbas and
Nazir iteration [[I], Thakur New iteration [95], Picard-S iteration [36], normal-S
iteration [37, B8], Ullah and Arshad (M) iteration [96], Garodia and Uddin [26]

and many others.

Fixed point theory in partially ordered metric spaces has been initiated
by Ran and Reurings [72] for finding application to matrix equation. Nieto and
Lopez [61] extended their results for nondecreasing mapping and presented an
application to differential equations. Recently, Song et al. [81] extended the
notion of a -nonexpansive mapping to monotone a -nonexpansive mapping in

order Banach spaces and obtained some existence and convergence theorem for



the Mann iteration (see also [I4] and the reference therein). Motivated by works
of Suzuki [87], Aoyama and Kohsaka [[1], Dehaish and Khamsi [14], and Song et
al. [81], Pant and Shukla obtained existence results in ordered Banach space for
a wider class of nonexpansive mappings [68, 69]. There are many mathematicians
who worked on weak and strong convergence of nonexpansive mappings and its
generalizations by using one step, two step, and multistep iteration process ([56,

81, 90]).

The class of asymptotic nonexpansive mappings has been extensively
studied in fixed point theory since the publication of the fundamental papers [30].
Kirk and Xu [61] studied the asymptotic nonexpansive mapping in uniformly con-
vex Banach spaces. Their result has been generalized by Hussain and Khamsi
1] to metric spaces. Khamsi and Kozlowski [49] extended their result to modu-
lar function spaces. In almost all papers, authors do not describe any algorithm
for constructing fixed points for the asymptotic nonexpansive mapping. Ishikawa
[@2] and Mann [568] iterations are two of the most popular methods to check that
these two iterations were originally developed to provide ways of computing fixed
points for which repeated function iteration failed to converge. Espinola et.al
[25] examined the convergence of iterates for asymptotic pointwise contractions
in uniformly convex metric spaces. Kozlowski [b3] proved convergence to a fixed
point of some iterative algorithms applied to asymptotic pointwise mappings in
Banach spaces. In [15], the authors discussed the convergence of these iterations
in modular function spaces. In a recent paper [23], the authors investigate the ex-
istence of a fixed point of asymptotic pointwise nonexpansive mappings and study
the convergence of the modified Mann iteration in hyperbolic metric spaces. It
is well known that the iteration processes for generalized nonexpansive mappings
have been successfully used to develop efficient and powerful numerical method

for solving various nonlinear equations and variational problems.



Several fixed point results and iterative algorithms for approximating
the fixed points of nonlinear mappings in Hilbert and Banach spaces have been

obtained in literature, for example, see [6, [4, 8, O, 22, 24, P9, 43, 44, 65, 66, 83, &5,
%6, 87]. Beside the nonlinear mappings involved in the study of fixed point
theory, the role played by the spaces involved is also very important. It is easier
working with Banach space due to its convex structures. However, metric space
do not naturally enjoy this structure. Therefore the need to introduce convex
structures to it arises. The concept of convex metric space was first introduced
by Takahashi [88] who studied the fixed points for nonexpansive mappings in the
setting of convex metric spaces. Since then, several attempts have been made to
introduce different convex structures on metric spaces. An example of a metric
space with a convex structure is the hyperbolic space. Different convex structures
have been introduced on hyperbolic spaces resulting to different definitions of
hyperbolic spaces (see [31, b2, [74]). Although the class of hyperbolic spaces
defined by Kohlenbach [67] is slightly restrictive than the class of hyperbolic
spaces introduced in [31], it is however, more general than the class of hyperbolic
spaces introduced in [74]. Moreover, it is well-known that Banach spaces and
CAT(0) spaces are examples of hyperbolic spaces introduced in [62]. Some other
examples of this class of hyperbolic spaces includes Hadamard manifords, Hilbert
ball with the hyperbolic metric, Catesian products of Hilbert balls and R-trees,

see (12, 24, 31, B2, b2, [74].

The class of hyperbolic spaces, nonlinear in nature, is a general abstract
theoretic setting with rich geometrical structure for metric fixed point theory.
The study of hyperbolic spaces has been largely motivated and dominated by
questions about hyperbolic groups, one of the main objects of study in geometric
group theory. Fixed point theory and hence approximation techniques have been

extended to hyperbolic spaces (see [B, @, B, [[3, [75, 76, (7] and references therein).



Recently, various fixed-point iteration processes for nonexpansive map-

pings have been studied extensively by many authors [48, 1, b9, 79, 8Y].

In 1972, Goebel and Kirk [30] introduced the class of asymptotically non-
expansive self-mappings. They proved that if IC is nonempty closed convex subset
of a real uniformly convex Banach space and 7T is an asymptotically nonexpansive

self-mapping on K, then 7 has a fixed point.

In 1991, Schu [[78] introduced the following modified Mann iteration pro-

cess
i1 = (1 — ap)xy + T Ty, n>1, (1.0.1)

to approximate fixed points of asymptotically nonexpansive self-mappings in a
Hilbert space. Since then, Schu’s iteration process (IZ0) has been widely used to
approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert

spaces or Banach spaces; see, e.g., [19, 21, 57] and the references therein.

Recall that a subset K of space X is said to be a retract if there exists a
continuous mapping P : X — K such that Pz =z, Vx € K. P: X — K is said
to be a retraction if P? = P. If P is a retraction, then x = Px for all x in the

range of P. We refer to [, [73, B2] for more details.

For any nonempty subset K of a real metric space (X, d), let P : X — K
be a nonexpansive retraction of X onto K. Then, 7 : K — X is said to be an
asymptotically nonexpansive nonself-mapping (see [20]) if there exists a sequence

{kn} C [1,00) with k, — 1 as n — oo such that
AT (PT)" o, T (PT)" " y) < knd (2,y) (1.0.2)

for all z,y € KL and n > 1. We denote by (PT)O the identity map from K onto



itself. We see that if T is a self-mapping.

For asymptotically nonexpansive nonself-mappings Chidume, Ofoedu,

and Zegeye [20] studied the following iterative sequence

Tri1 = P((1 — ap)zn + o, T(PT)" tay,) (1.0.3)

to approximate some fixed point of 7. They obtained a convergence theorem
under suitable conditions in real uniformly convex Banach spaces. If T is a
self-mapping, then P becomes the identity mapping. Hence, (ITZ3) reduces to

In 2006, Wang [97] considered the following iteration process which is a

generalization of (CZ3) (see also [93]),

Yn = 7)((1 - Bn)xn + 6n75(PT2)n_lxn)7

Tni1 = P((1 — ap)zn + o, TH(PT )™ ), n > 1, (1.0.4)

where 71,7, : K — & are asymptotically nonexpansive nonself-mappings and
{a} and {5,} are real sequences in [0,1). They obtain a strong convergence

theorem under weak restrictions imposed on the control parameters.

In 2012, Guo, Cho and Guo [35] further studied the following iteration

scheme

Tp = P((l - /Bn)Sann + ﬁnE(PT2)n_1xn)a

Top1 = P((1 — )8t a, + o TI(PT)" '2,), n > 1, (1.0.5)

where §1,S, 1 K — K are asymptotically nonexpansive self-mappings, 71,7z :
K — & are asymptotically nonexpansive nonself-mappings and {a,,}, {#,} are

two sequences in [0,1). Weak and strong convergence theorems of common fixed



points of 81, Ss, 71 and T; were obtained.

Very recently, Jayashree and Eldred [45] introduced and studied the fol-
lowing mixed type iteration scheme in a uniformly convex hyperbolic space and
prove some strong convergence theorems for mixed type asymptotically nonex-

pansive mappings:

vy = P(H(S3 Un, 75(7)7'2)nilun= n)),
Upi1 = PH(SPtn, THPT )™ vp, Ba)), 02> 1, (1.0.6)

where S§1, S, : K — K are two asymptotically nonexpansive self-mappings, 71,75 :
K — X are two asymptotically nonexpansive nonself-mappings, and {«,}, {5,}
are two sequences in [0,1). Several papers have studied fixed points using two-step

mixed type iterative schemes in a uniformly convex hyperbolic space (see [94]).

Another classical iteration precess was introduced by Noor [62] which is

formulated as follows: 1 = x € IC,

Zn = (1 = ) ZTn + VST,

i1 = (1 —ap)x, + Sy, n > 1, (1.0.7)

where {a,}, {f.} and {7,} are real sequences in [0,1]. Such iterative method
is called Noor iteration. Because of its simplicity, the method (IZ0Z) has been
widely utilized to solve the fixed point problem, and as a result, it has been

enhanced by many works, as seen in [47, 63, 64, [77].

Glowinski and Le Tallec [28] employed three-step iterative approaches to
find solutions for the problem of elastoviscoplasticity, eigenvalue computation and

the theory of liquid crystals. In [2R], it was shown that the three-step iterative



process yields better numerical results than the estimated iterations in two and
one steps. In 1998, Haubruge, Nguyen and Strodiot [40] studied the convergence
analysis of three-step methods of Glowinski and Le Tallec [28] and applied these
methods to obtain new splitting-type algorithms for solving variation inequalities,
separable convex programming and minimization of a sum of convex functions.
They also proved that three-step iterations lead to highly parallelized algorithms
under certain conditions. As a result, we conclude that the three-step approach
plays an important and substantial role in the solution of numerous problems in

pure and applied sciences.

As reviewed, it is therefore the main objectives in this dissertation to
introduce and study new type of iterative procedures for given mappings in an
effective way. A sufficient conditions for convergence of such iterations to a com-
mon fixed point of mappings under our setting are also established. Furthermore,
we then establish strong convergence theorems under some mild conditions in a

uniformly convex hyperbolic space.

The results presented here extend and improve some related results in

the literature.



CHAPTER II

PRELIMINARIES

2.1 Metric Spaces, Linear spaces, Normed spaces and Banach spaces

Now, we recall some well known concepts and results.

Definition 2.1.1. [64] A metric space is a pair (X, d), where X is a set and d
is a metric on X (or distance function on X), that, a real valued function defined

on X x X such that for all z,y, z € X we have:

(1) d(z,y) = 0,

(2) d(x,y) = 0 if and only if z =y,

(3) d(z,y) = d(y, z) (symmetry),

(4) d(z,y) < d(z,z) + d(z, y)(triangle inequality).

Definition 2.1.2. [64] A sequence {xz,} in a metric space X = (X, d) is said to

be convergent if there is an x € X such that

lim d(z,,z) =0

n—0o0

x is called the limit of {z,} and we write

lim x, =z or, simplex,, — x
n—oo

we say that {z,} converges to z. If {z,} is not convergent, it is said to be

divergent.

Definition 2.1.3. [64] A sequence (z,) in a metric space X = (X, d) is said to
be Cauchy if for every ¢ > 0 there is an N(e¢) € N such that d(z,,,z,) < € for

every m,n > N(e).

Definition 2.1.4. [b4] A metric space (X,d) is said to be complete if every

Cauchy sequence in X converges.
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Definition 2.1.5. [b4] Every convergent sequence in a matric space is a Cauchy

sequemnce.

Theorem 2.1.6 [60] Let {x,} be a sequence in R. If every subsequence {x,, } of

{z,} has a convergent subsequence, then {x,} is convergent.

Definition 2.1.7. [60] Let X be a matric space and A be any nonempty subset
of X. For each = in X, the distance d(z, A) from x to A is inf{d(z,y)|ly € A}.

Definition 2.1.8. [60] Let X be a linear space (or vector space). A norm on X
is a real-valued function || - || on X such that the following conditions are satisfied
by all members x and y of X and each scalar a:

(1) |||l > 0 and ||z|| = 0 if and only if z =0,

(2) [lez|| = |alfl]];

(3) ||z +y|| < ||l=|| + |ly|| (triangle inequality).

The ordered pair (X, || - ||) is called a normed space or normed vector space or

normed linear space.

Definition 2.1.9. [60] Let X be normed space. The metric induced by the norm
of X is the metric d on X defined by the formula d(z,y) = ||z —y|| for all z,y € X.

The norm topology of X is the topology obtained from this metric.

Definition 2.1.10. [60] A Banach norm or complete norm is a norm that induces
a complete metric. A normed space is a Banach space or B-space or complete

normed space if its norm is a Banach norm.
Definition 2.1.11. [52] A hyperbolic space (X, d,H) is a metric space (X, d)
together with a mapping H : X x X x [0,1] — X satisfying

(H1) : d(z, H(z,y,B)) < (1= B)d(z ) + Bd(z,y),

(H2) : d(H(z,y, ), H(z,y,7) = |8 —~]d(z,y),

(H3) : H(:E,y,ﬁ) = H(y7$7 (1 - 6))a
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(H4) : d(H(z, 2z, 8), H(y, w, B)) < (1 = B)d(z,y) + Bd(z,w)
for all z,y,w,z € X and 3,7 € [0,1].

A subset K of a hyperbolic space X is convex if H(z,y, ) € K for all
zr,y € K and 8 € [0,1].

Recall that a hyperbolic space (X, d, #H) is said to be

(i) strictly convex [88] if for any u,v € X and f € [0,1], there exists a unique

element z € X such that d(z,x) = d(z,y) and d(z,y) = (1 — 5)d(z,y);

(47) uniformly convex [80] if for all z,y,w € X, r > 0 and € € (0, 2], there exists
6 € (0,1] such that d(H(z,y, 3),z) < (1 — &)r whenever d(z,w) < r,d(y,w) <r
and d(z,y) > er.

Recall that a mapping 7 : (0,00) x (0,2] — (0, 1] providing such § =
n(r,e) for given r > 0 and € € (0,2] is called modulus of uniform convexity.
We call n-monotone if it decreases with r (for a fixed €). A uniformly convex

hyperbolic space is strictly convex (see [ba]).

Let (X, d) be a metric space, and let K be a nonempty subset of X. We

denote the fixed point set of a mapping 7 by

F(T)={zeK:Tz=uxa}

and

d(z, F(T)) = inf{d(z,p) : p € F(T)}.

A self-mapping 7 : K — K is said to be

(1) nonexpansive if d(Tz, Ty) < d(x,y) for all z,y € K.
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(1) asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with

kn, — 1 such that d(7T"x, T"y) < k,d(z,y) for all x,y € K and n > 1.

(73i) uniformly £-Lipschitzian if there exists a constant £ > 0 such that

d(Tmz, T"y) < Ld(z,y)

for all z,y € L and n > 1.

From the above definitions, one clearly sees that each nonexpansive map-
ping is an asymptotically nonexpansive mapping with k, = 1, Vn > 1. Both non-
expansive mappings and asymptotically nonexpansive mappings are Lipschitzian
continuous. To be more precise, each nonexpansive mapping is £-Lipschitzian and
each asymptotically nonexpansive mapping is uniformly £-Lipschitzian mapping

with £ = sup{k,} .

neN
Recall that a subset I of space X is said to be a retract if there exists a
continuous mapping P : X — K such that Pz =z, Ve € K. P: X — K is said
to be a retraction if P? = P. If P is a retraction, then x = Pz for all = in the

range of P. We refer to [I'7, 73, B2] for more details.

For any nonempty subset K of a real metric space (X,d), let P : X — K
be a nonexpansive retraction of X onto K. Then, 7 : K — X is said to be an
asymptotically nonexpansive nonself-mapping (see [20]) if there exists a sequence

{k,} C [1,00) with k, — 1 as n — oo such that

AT PT)" o, T(PT)" " y) < kyd () (2.1.1)

for all x,y € K and n > 1. We denote by (PT)O the identity map from K onto

itself. We see that if T is a self-mapping.

Lemma 2.1.12 [92] Let {a,},{b.} and {c,} be sequences of non-negative real
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numbers such that a, 1 < (1+by)an+c,, Yn > 1. If > 7 b, < oo andy .~ ¢, <

00, then lim an exists.
n—oo

Lemma 2.1.13 [48] Let x,, and y,, be two sequences of a uniformly convex hyper-

bolic space (X, d, H) such that, for R € [0, 00),limsup d(z,,a) < R, limsup d(y,, a)

n—oo n—oo

<R and lim d(H(zp, Yn, an)) = R where oy, € [a,b] with 0 < a < b < 1, then
n—oo

we have, lim d(z,,y,) = 0.
n—oo



CHAPTER I11

MAIN RESULTS

3.1 Novel iterative techniques for mixed type for asymptotically non-

expansive mappings in hyperbolic spaces

In this section, we introduce and study the strong convergence of the novel Noor
and SP iteration schemes for mixed type asymptotically nonexpansive mappings

in the setting of uniformly convex hyperbolic spaces.

3.1.1 A novel Noor iterative technique for mixed type asymptotically

nonexpansive mappings in hyperbolic spaces

Let K be a nonempty closed convex subset of a real uniformly convex hyperbolic
space (X,d,H) and P : X — K be a nonexpansive retraction of X onto K.
Let §1,8,,83 : K — K be three asymptotically nonexpansive self-mappings and
Ti, T2, T3 : K — X be three asymptotically nonexpansive nonself-mappings. For
an arbitrary x; € K, we suggest the following novel Noor iterative scheme for

mixed type asypmtotically nonexpansive mappings

zn = P(H(S1'wy, TI(PTIW_lxm an)),
Yn = ,P(H(ngm 75<737—2)n712m ﬁn))7
Tnt+1 = P(H(ngnaT?)(PTJ)n_lym%1))7 (311)

where {a,}, {8,} and {7, } are real sequences in [0,1).

Lemma 3.1.1 Let (X,d,H) be a uniformly conver hyperbolic space and K a
nonempty closed convexr subset of X. Let 81,855,831 K — K be three asymptoti-
cally nonexpansive self-mappings with {k:,(})}, {k’,(f)}, {k,(f’)} C [1,00) and T1, T2, T3 :
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I — X be three asymptotically nonexpansive nonself-mappings with {lﬁl)}, {17(12)},
{18 ¢ [1,00) such that, P (k,(f) —1) < o0 and Zf;l(lﬁf) —1) < o0 fori=
1,2, 3, respectively and Q = F(S)(F(S2) F(S3) N F(Th) N F(T2) N F(Ts) #
0. Let {x,} be a sequence defined by (BI1) where {a,},{Bn} and {v,} are real

sequences in [0,1). Then lim, o d(xy,,v) exists for any v € €.
Proof. Using (B1) and setting h,, = max{k’n RS KD I 12 0 )}, we have

d(zn,v)

A(P(H(S{ 2, Ti(PT1)" 20, ), v)

IA

A(H(S] 2, Ty (PT1)" 2, ), v)

IN

(1 — a,)d(S!" 2z, v) + and(TL(PT1)" 2, 0)

IN

(1 — ap)hpd(zp,v) + ayhpd(z,,v)

hnd(y,v) (3.1.2)

and

d(yn,v) = d(PH(Syz,, To(PT2)" *2n, n)),v)
= d(P(H(SSwn, To(PT2)" H(P(H(S{ @0, TLi(PT1)" ', o)), Bn)), v)

< d(H(S5 2, T2(PT2)" (H(ST 20, Ti(PT )" 2y ), Ba), v)
< (1= Bn)d(S5an, v) + Bud(TL(PT 1) (H(ST@n, TH(PT1)" @0, an)), v)
< (1 - B)h2d(x,,v) + Buhid(z,,v)

= hZd(z,,v). (3.1.3)

Also,

d(@py1,0) = dA(PH(SET0, To(PT3)" Yy 1)), )
= d(P(H(S3an, Ts(PT3)" " (P(H(Sy 2, To(PT2)" " (P(H(S] 2,
T(PT1> xnaan)))?ﬁn)))aVn))av)
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IA

d(H(Sy 2, To(PT3)"  (H(Syxn, To(PT2)" (1 (S},
Ti(PTV)"  %n, an)), Bn)), ), 0)

(1= 7n)d(S5wn, v) + 3d(Ts(PTs)" " (H(S; 20, To(PT2)"
(H(ST2aTi(PT )" 2, o)), £n)), v)

(1 = Y hipd(@n, v) + Ynhind (20, v)

= (1+ (hy = 1))d(zn,v). (3.1.4)

IN

IN

By the hypothesis, >, (K — 1) < 0o and Yoy (1 —1) < oo for i = 1,2,3.
Therefore, Y 7 (h3 — 1) < co. Using Lemma PTT2, lim d(z,,v) exists. O

n—o0

Lemma 3.1.2 Let (X,d,H) be a uniformly conver hyperbolic space and K a
nonempty closed convex subset of X. Let 81,8,,853 : KK — K be three asymptot-
ically nonexpansive self-mappings with {kg)}, {kff)}, {k:ff’)} C [1,00) and Ty, Tz,
Tz : K — X be three asymptotically nonexpansive nonself-mappings with {l,(ll)},
{93, {1} € [1,00) such that °°° (kY —1) < 00 and 322, (1Y —1) < oo fori =
1,2,3, respectively and Q@ = F(S)) N F(S:) N F(S:)NF(T)NF(T:) N F(T3) #
0. Let {x,} be the sequence defined by (BI) and the following conditions hold:

(1) {an}, {Bn} and {7,} are three real sequences in [g,1 — ] for some

e €(0,1),

(ii) d(z, Tyy) < d(S;z, T;y) for all z,y € K and i = 1,2, 3.
Then lim d(x,,S;z,) = lim d(z,, T;x,) =0 for i =1,2,3.
n—oo n—ro0

Proof. For any given v € Q, lim d(x,,q) exists, by Lemma BT,

Taking h,, = mcm{kn , kS ,k‘n ,ln ,1(2) 1§ } Suppose that lim (z,,v) = ¢. By
n—oo

(B13) and Y07 (hd — 1) < oo, we have

lim d(P(H (S5 xn, Ts(PT3)"  Yn, ), ) = € (3.1.5)

n—oo



and

lim sup d(S3a,,v) < limsup h,d(z,,v) = c.

n—oo n—oo

Taking lim sup on both sides of (B1=3) we obtain,

lim sup d(yn, v) < c,

n—oo

and so we have,

lim sup d(T3(PT3)" *yn,v) < limsup d(y,,v) < c.

n—oo n—o0

Using (B1H), (B1H) and (BI=2), we have

lim d(S§a,, Ts(PTs)" y,) = 0.

n—oo

By the condition (ii) , we have
d(wn, T3(PT3)" " yn) < d(S3an, Ts(PT3)" " yn)-
It follows from (B-I8) and (BT9) that
lim d(an, T5(PT5)" 'y) = 0.

In additon,

=
=
3
=
AN

< d(@n, TZ(PT3)"  yn) + had(yn, v).

d(, T3(PT3)" " yn) + d(T(PT3)" ™ Y, v)

17

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

In inequality (BTTI), taking infimum on both sides and applying (BI10), we
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obtain,

lim inf d(y,,v) > c.

n—oo

Since limsup d(y,,v) < c. Therefore, lim d(y,,v) = ¢. Using the arguments in
n—o0 n—00

(B1=3) and by Z;‘;l(h&?) — 1) < 0o, we have

lim d(H(Sy@n, To(PT2)" 20, Ba),v) = c. (3.1.12)
In additon,
lim sup d(S83x,,v) < limsup h,d(z,,v) = c. (3.1.13)
n— o0 n—oo

Taking lim sup on both sides of (B-T2), we have

limsup d(z,,v) < c. (3.1.14)
n—o0
Using (BTT4), we have
limsup d(To(PT2)" 2,,v) < limsup h,d(z,,v) < c. (3.1.15)
n—00 n—00

Applying by Lemma P13, using (BT12), (B113) and (BIIH), we have
lim d(Syzy, To(PT2)" tz,) = 0. (3.1.16)
From condition (ii), we get
d(, To(PT2)" ' 2n) < d(S3am, Ta(PT2)" ' 2n). (3.1.17)

It follows from (BTI8) and (BTT4) that

lim d(z,, To(PT2)" '2,) = 0. (3.1.18)

n—o0
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In addition,

d(x,,v)

VAN

d(, To(PT2)" " 2n) + d(T2(PT2)" " 20, )

< A2, Ta(PT2)" '2) + hnd(2,,0). (3.1.19)

In the inequality (BT19), taking infimum on both sides and applying (B1TIX), we

obtain lim inf d(z,,v) > ¢. Since limsup d(z,,v) < ¢. Therefore, lim d(z,,v) = c.
n—oo n—oo n—oo

Using the arguments in (B12) and by Y~ (h,, — 1) < oo we have,

lim d(H (S}, Ti(PT1)" 'n, o), v) = c. (3.1.20)
n—oo
In addition,
lim sup d(S7' 2y, v) < limsup h,d(z,,v) = ¢ (3.1.21)
n—oo n—oo
and
limsup d(7,(PT1)" 'an,v) < limsup h,d(z,,v) = c. (3.1.22)
n—oo n—o0

Applying by Lemma ZTT3, using (B120), (B=2l) and (B1=22), again we have
lim d(S}',, T.(PT1)" ‘z,) = 0. (3.1.23)

From condition (ii), we get
d(xn, TI(PT )" ') < d(STwn, Ti(PT1)" ). (3.1.24)

It follows from (B1=23) and (BT—24) that

lim d(x,, Ti(PT1)" 'x,) = 0. (3.1.25)

n—oo



Using (BT), we have

20

d(z, Stwn) < (1= n)d(San, S1wn) + and(Sfwn, Ti(PT1)™ )

= 0, d(Stw,, TH(PT1)" ta,).
It follows from (BTT—Z3) that
lim d(zy,S]'z,) = 0.

n—o0

Since

(3.1.26)

d(zm xn) < d(zm S{lxn) + d(S?xm 7E(,P’Tl)n_lxn> + d(ﬂ (PTl)n_lxm xn)

It follows from (BTZ3), (B1Z4) and (B128) that

lim d(z,,z,) = 0.

n—00

In addition,

d(xy, STxn) < d(Th, 20) + d(2n, STT).

Following from (B128) and (B—21), we have

lim d(z,,Sz,) = 0.

n—oo

From (BI), we have

A(Yn, S3n) < Bud(S5 w0, Ta(PT2)" " 25).

Following from (BTI@) and (B1=29), we have

lim d(yn,Syz,) = 0.

n—oo

(3.1.27)

(3.1.28)

(3.1.29)

(3.1.30)
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Furthermore,

A(Yn, Tn) < d(Yn, S3n) + d(S5xn, To(PT2)"  20) + d(Ta(PT2)" " 20, ),

by using (B18), (B118) and (BI=30), we have

lim d(y,,z,) =0. (3.1.31)

n—00

Since

d(xna S;lxn) < d(xna yn) % d(yna S;xn)

Using (B1230) and (BI=3T), we have
lim d(z,,S3z,) = 0. (3.1.32)

n—oo

Since

d($n+173§l$n> - d(,P(H(S;ITM75(7)7’3)n_1yn77n))78gxn)

IN

(1 = 1) d(S5Tn, S3T0) + Yud(Ts(PT3)" ™ Y, S5 n)

< '}/nd(,]g(PTZS)nAl:UHa 'S;,lxn)

Using (BIR), we have
lim d(zp41,S32,) = 0. (3.1.33)

n—o0

In addition,

d(sg$n, %(PTS)n_l$n) S d(Sgbl'n, 7?3(737‘3)71_1?%» + d(%(PTS)n_lyna
75(7)7’3)71—11,”)

< d(SYan, T3(PT3)" yn) + had(yn, 7).
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It follows from (BT8) and (BZ=31) that

lim d(Sya,, T3(PT3)" tz,) = 0. (3.1.34)

n—oo

By condition (ii), we know that

d(l‘n, 75(7373)"_1xn) S d(Sgl‘n, E(PT3)n_1$n).

Using (B1=34), we have

lim d(x,, T3(PT3)" '2,) = 0. (3.1.35)

n—oo

In addition,

(S, To(PT2)" '2,) < d(Shxn, To(PT2)" "2n) + d(To(PT2)" "2,
To(PT )" tay,)

< d(SYwn, To(PT2)" '2) + had(zn, 20).
Using (B110) and (BTI-Z1), we have
lim d(S3w, To(PTo)" tx,) = 0. (3.1.36)

Again by condition (ii), using (BI=38), we also have

(2, To(PT2)" " 2) < d(S320, To(PT2)" ')

— 0 (as n— ). (3.1.37)

Using (B127), (B1=33) and (B1=34), we have

(@1, T(PT3)" '2n) < d(ns1, S520) + d(S5n, To(PT3)" ')
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< d(zpyr, Syw,) + d(SFx,, Ts(PT3)" ) + hnd(,, 2,)

— 0 (as n — o0).

Since

d(S5xp, 20) < d(S3wn, To(PT3)" ) + d(@n, Ts(PT3)""

Using (B1234) and (BT23), we have

lim d(S5z,, z,) = 0.

n—oo

Since

A(S5xn, To(PT2)" ' an) < d(S§xn, xn) + d(2n, To(PT2)"~

It follows from (BT=31) and (B1=39) that

lim d(SYx,, To(PT2)" 'a,) = 0.

n—oo

In addition,

d(anrl’ 75(7)7—2)71712”) < d<xn+17 ngn> St d(‘Sngn7 7—2(,PT2>n71xn>

+d<7§(fp7‘2)nil$n, 7‘2(’P7—2)n712n)

(3.1.38)

L2n).

(3.1.39)

L2n).

(3.1.40)

< d(Tpy1, Stan) + d(Syx,, To(PT)" 1) + hod(2n, 2,).
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Using (B1—21), (B1=33) and (B140), we have
Tim d(@,4.1, To(PT2)" tz,) = 0. (3.1.41)
Since
A(S3 2, TI(PT )" ) < d(S§an, @) + d(z, TL(PT )" ).
Using (B124) and (B1=39), we have
lim d(S3,, TL(PT1)" tz,) = 0. (3.1.42)

Moreover, we have

A1, TPT)" ' 20) < d(@ngr, S3wn) + d(S5an, TH(PT1)" '2,)
+d(Ti(PT1)" '@, Ti(PT1)" ' 2,)

< d(Tpy1, Stan) + d(Syx,, TL(PT )" 2,) + hod(Tn, 2,).

It follows from (B=27), (B133) and (BT242) that

lim d(wp1, T(PT1)" '2,) =0. (3.1.43)

Again, since (PT;)(PT:)" ?*2,_1,7, € K for i = 1,2,3 and 7,75, and T3 are

three asymptotically nonexpansive nonself-mappings, we have

A(Ti(PT)"  2nr, Tiwn) = d(TA(PT)(PT)" 201, Ti(Pn))

IN

max{I{", 1, IV d(PT ) (PT )" 220, Pay)
< max{{{", 12 IV (T (PT)" 2201, 7). (3.1.44)
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For i = 1,2,3, using (B138), (B141) and(BTZ3) in (B144), we have

lim d(T:(PT:)" ‘2n_1, Tizn) = 0. (3.1.45)

n—oo

Since

d(xn—i-la zn) S d(xn—I—la E(PTQ)n ) + d(E(PTQ) Z’m xn) + d(xna Zn)

from (BIX), (B1=24) and (BT41), we have

lim d(z,11,2,) = 0. (3.1.46)

n—0o0

In addition, for ¢ = 1,2, 3, we have

(@, Tizn) < d(@, Ti(PT)" wa) + d(Ti(PT)"  wn, Ti(PT)" ™ 20m1)
+d(Ti(PT3)" 201, Tiwn)

d(x,, Ti(PT )" 'a,,) + max{sup I, sup I?, sup I }d(,, 1)

n>1 n>1 n>1

IN

+d(T;(PT:)" 21, Tiwy).

Thus, it follows from (BT23), (B1-34), (B134), (B1-44) and (BI48), we have

lim d(z,, Tix,) = lim d(x,, Tax,) = hm d(xy, T3z,) = 0.

n—oo n—o0

The first part of the theorem is hence proved. We prove the next part of the

theorem, ie.,

lim d(z,,Siz,) = lim d(z,,Sx,) = lim d(x,,Ssz,) = 0.

n—o0 n—oo n—oo
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In fact, for i = 1,2, 3, we have

d(xy,, Sixy,)

IN

A(z, Ti(PT)"  2,) + d(Ti(PT )" "2, Siy)
< d(@n, TPT)" 2,) + d(T(PT )" ‘20, S',).

Thus, it follows from (B123), (B124), (B1=34), (BO=34), (B130) and (BI=37)

that
lim d(z,, Si1z,) = lim d(z,,S2x,) = lim d(x,, Ssz,) = 0.
n—oo n—oo n—oo
The proof is completed. O

Let {a,} be a sequence that converges to a, with a, # a for all n. If

pi1 — @
positive constants A and ¢ exist with lim M

S P—— = A, then {a,} converges to

a of order ¥, with asymptotic error constant A. If 9 = 1 (and A < 1), the sequence

is linearly convergent and if ¥ = 2, the sequence is quadratically convergent (see

[L2]).
The following example presents the condition (ii) in Lemma BT2.

Example 3.1.3 [67] Let X be a real line with metric d(z,y) = |x — y| and
K =[-1,1]. Define H : X x X x [0,1] —» X by H(z,y,a) := az + (1 — a)y
for all z,y € X and a € [0,1]. Then (X,d,H) is complete uniformly hyperbolic
space with a monotone modulus of uniform convexity and IC is a nonempty closed

convex subset of X. Define two mappings S, T : K — K by

“osinL, ifxel0,1],
Tx = :pz
251115, if x € [-1,0)

and
x, if v € |0,1],
o faelo.]
—z, ifx € [-1,0).
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Clearly, F(T) = {0} and F(S) = {z € K;0 < 2z < 1}. Now, we show that T is

nonezpansive. In fact, if x,y € [0,1] or z,y € [—1,0), then

ATz, Ty) = |Te—Ty|=2| sing - sin%\ <z —y| = d(z,y).

If v €]0,1) and y € [-1,0) orz € [-1,0) and y € [0, 1], then

d(Tx, Ty)

VAN VAN |

|Tx — Tyl
LTy

9| sin = 4

|81n2+51n2|

x+y00sm_y|
4 4

4| sin
|z + y
|z —y|

d(z,y).

That is, T is nonexpansive. It follows that T is an asymptotically nonexpansive

mapping with k, = 1 for each n > 1.

Similarly, we can show that S is an

asymptotically nonexpansive mapping with l,, = 1 for each n > 1. Next, to show

that S and T satisfy the condition (ii) in Lemma B2, we have to consider the

following cases:

Case 1. Let x,y € [0,1]. It follows that

dz,Ty) =z —Ty| = |x+231ng| =|Sz — Ty| =d(Sz, Ty).

Case 2. Let x,y € [—1,0). It follows that

d(z, Ty) = |z — Ty| = |x—zsmg| < | —x—2sin%| = Sz — Ty| = d(Sz, Ty).
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Case 3. Let x € [—1,0) and y € [0,1]. It follows that

d(z,Ty) = |z — Ty| = |x—|—281n%| <| —:p—|—2$in%| =Sz — Ty| = d(Sz, Ty).

Case 4. Let x € [0,1] and y € [—1,0]. It follows that
d(a, Ty) = |v = Tyl = |o = 2sin 5| = |Sz — Ty| = d(Sz, Ty).

Hence the condition (ii) in Lemma B2 is satisfied. In addition, let o, =

n
=g +1 dn+1
F12 are fulfilled. Thus, the convergence of the sequence {x,} generated by (B1)

n
2n +1’
, Vn > 1. Consequently, the conditions of Lemma

and vy, =

to a point 0 € F(T)N F(S) can be recived. O

Now, we present some numerical examples to illustrate the convergence
and efficiency of the proposed algorithms. We choose 1 = 1 and run our process
within 100 iterations. All codes were written in Matlab 2022a. We obtain the
iteration steps and its amplification factor of the proposed algorithms as shown
in Table 1. For convenience, we call the iteration (BT the proposed iteration

process.
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Table 3.1.1: Numerical experiment of the proposed method for Example

The Proposed Iteration Process

Iteration Number (n) || ‘Tn+|1 |
Ln
1 1.0000e+00 1.8283e-01
2 1.8283e-01  1.1064e-01
3 2.0229e-02  7.6918e-02
4 1.5559e-03  5.8824e-02
5 9.1526e-05  4.7619e-02
10 2.6686e-15  2.4390e-02
20 1.7026e-33  1.2346e-02
40 2.0079e-75  6.2112e-03
60 1.0911e-121 4.1494e-03
80 8.0992e-171 3.1153e-03
100 4.2888e-222  2.4938e-03

Table 1 show that the proposed method converges to zero. It can be
concluded that the proposed method is linearly convergent and its amplification

factor less than 0.003.
Next, we can prove a strong convergence theorem.

Theorem 3.1.4 Let K, X, 81, S, S3, T1, T2 and T3 satisfy the hypotheses of
Lemma B12. Suppose that {an,}, {Bn} and {y,} are real sequences in [, 1 — €|
for somee € (0,1) and S;, T; for alli = 1,2,3 satisfy the condition (ii) in Lemma
F12. If there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0 and
f(r) >0 for all r € (0,00) such that

fd(z,Q)) < d(z,S1x) + d(z, Sex) + d(z, Ssz) + d(x, Tix) + d(z, Tox) + d(z, T3x)
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for all x € K, where d(z,Q) = inf{d(x,v) : v € Q}. Then the sequence
{z,} defined by algorithm (BIA) converges strongly to a common fized point
0f817 827 837 7—17 75 and%

Proof. From Lemma BI23, we have lim d(z,,Siz,) = 0 = lim d(x,, T;z,) for
n—oo

n—o0

1=1,2,3. It follows from the hypothesis that

lim f(d(z,,Q)) < lim (d(z,, S12,) + d(,, Sexy) + d(xy, S324,)

n—00 n—00
+d(2n, Tizn) + d(@n, Town) + d(2n, Tszn))
— 210,
Thus lim f(d(z,,2)) =0. Since f :[0,00) — [0,00) is a nondecreasing function
n—oo
satisfying f(0) = 0, f(r) > 0 for all r € (0,00). By Lemma BT, we obtain
that lim d(z,, ) exists. This implies that lim d(z,,€) = 0. Next, we show that

n—oo n—oo

{z,} is a Cauchy sequence in K. Using (BI4), we have
d(Tp11,0) < (1+ (hy — 1))d(@n, v)

for each n > 1, where h,, = mam{k‘g), kff), k:g'), lS), lﬁf), lq(q,s)} and v € Q. For any

m,n >n > 1, we have

d(xpm,v)

IA

(L + (B = D)d(@m-1,v)

ehﬁnfl_ld(xm_l, v)

IN

3 3
elm—17teMm—2"1q (2, 5. v)

IN

eI h? — 1d(z,, v)

IN

IN

Md(x,,v),
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where M = eX21 (=1 Go. for any v € Q, we have
d(xp, Tm) < d(zp,v) + d(Tpm,v) < (1 + M)d(z,,v).
Taking the infimum over all v € €2, we have
d(xp, Tm) < (1 + M)d(z,, ).

Thus it follows from lim d(z,,Q) = 0 that {x,} is a Cauchy sequence. Since K

n— o0

is a closed subset in a complete hyperbolic space X, the sequence {x,} converges

strongly to some v* € K. It is easy to prove that F\(Sy), F(Ss), F(Ss), F(T1), F(Tz)

and F(T3) are all closed, that is, 2 is closed subset of KC. Since lim d(z,,2) =0
n—oo

gives that d(v*,Q) = 0, we have v* € Q). The proof is completed. ]

Theorem 3.1.5 Considering the assumption in Lemma Z12 and if one of S1,So,
S3,T1, To and T3 is completely continuous after that the sequence {x,} defined by

BT converges strongly to a point in §2.

Proof. Let S; be completely continuous. By Lemma BT, {x,} is bounded.
This mean, there is a subsequence {S12y;} of {Si12n} such that {S1x,,} converges

strongly to some v* € K. Moreover, by Lemma [T13, we have

lim d(zn,, S17,) = lim d(z,,, Ser,) = lim d(2y,, S32,) = 0 and

Jj—00 j—o0 j—o0

lim d(z,,, Tiz,) = lim d(z,;, Tor,) = lim d(zy,, T3z,) = 0,

which implies that,

d(xn,,v") < d(xn,,S1Tn;) + d(S120,,0")

— 0 (asj— o00).
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Hence S1x,; — v* € K. Consequently,

d(v*,Sv*) = lim d(zy,, Sivy;) = 0.

n—oo

Since 81, 85,83, T1,Ta and T3 are continuous, fori=1,2,3. By Lemma E12, so
we have

d(v*, Tw") = lim d(xy,, Tiz,,) = 0.

J—00

This implies that v* € F(S1) N F(S2) N F(S3) N F(T1) N F(T2) N F(T3). From
Lemma B2, we have lim d(z,,v") exists and so lim d(x,,v*) =0. Thus {z,}
n—oo n—oo

converges strongly to a common fixed point of S1,8s2, 83, T1, To and T3 The proof

18 completed. O

3.1.2 Mixed type SP-iteration for asymptotically nonexpansive map-

pings in hyperbolic spaces

In this section, we suggest a mixed type SP-iteration for three asymptotically non-
expansive self and nonself mappings in the setting of uniformly convex hyperbolic

spaces.

Let (X, d,H) be a uniformly convex hyperbolic space and I a nonempty
closed convex subset of X. Suppose that P : X — K is a nonexpansive retraction,
S1,82,853 : K — K are three asymptotically nonexpansive self-mappings, and
Ti, 72, T3 : K — X are three asymptotically nonexpansive nonself-mappings. The
set of common fixed point of Sy, S, 83,71, 72 and T3 denoted by Q := F(S;) N
F(S)NF(S3)NF(T) N F(T2) N F(T3). The iteration procedure that follows is a

translation of the SP-iteration presented in [[/0] from Banach spaces to hyperbolic
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Spaces:

u; € K,

wy, = P(H(SFun, Ts3(PT3)" tuy, an)),

Un = P(H(S5wn, Ta(PT2)" " wy, B,)),

Uns1 = P(H(ST 00, Ti(PT1)" 'vn, 1)), n <1,

(3.1.47)

\

where {a,}, {5,} and {v,} are real sequences in [0, 1).

We now prove a strong convergence theorem for X, using the iterative

scheme given in (BT47). The following lemmas are needed.

Lemma 3.1.6 Let ) # K be a closed convex subset of a uniformly convex hyper-
bolic space (X,d,H). Suppose that S,S2,83 : K — K are three asymptotically
nonexpansive self-mappings with {k;f})}, {l{:ff)}, {/{:7(13)} C[1,0), T1,72, T3 : K —
X are three asymptotically nonempansive nonself-mappings with {l(l)} {l(2)} {l(?’)}

C [1,00) such that 3°0 (k%) — 1) < 0o and 50, (1Y — 1) < oo fori = 1,2,3,
respectively, and Q # 0. Assume that {an},{Bn} and {y.} are real sequence in
[0,1). From uy € K, define the sequence {u,} using (BI410). Then nhjr;(} d(tn,p)
exists, Vp € €.

2

Proof. Let p € Q) and setting h,, = maa:{k:n , kS ,k‘n ,l(1 } From (B127),

we have

d(wn,p) = d(P(H(S5 tn, Ts(PT3)" i, an)), p)
< d(H(SFun, T3(PT3)" M, ), p)
< (1= ) d(S5un, p) + nd(T3(PT3)" " tn, p)
< (1 = an)hyd(un, p) + anhyd(un, p)

= hnd(un, p) (3.1.48)
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and

d(vn,p) = d(P(H(S5wn, To(PT2)" " wn, 6n)), p)
< d(H(S5wn, To(PT2)" wn, Br), p)
< (1= Ba)d(S3wn, p) + Bud(To(PT2)" " wn, p)
< (1 = Bp)had(wn, p) + Bphnd(wy, p)
= hnd(wn, p)

< h2d(un,p). (3.1.49)

Using (BT29), we have

d(tnt1,p) = d(P(H(S{0n, TL(PT1)" " V0, 70)): D)
< d(H (S0, Ti(PT1)" 00y 7))
< (1 = 7)d(S{vn, p) + 1md(Ti(PT1)" ™ vn, p)
< (1 = 7)hnd(vn, p) + Yltnd(vy, p)
= hpd(vy, p)
< hypd(uy, p)

= (14 (hy, — 1))d(un, p). (3.1.50)

Since Zj;il(kﬁf) —1) < oo and Z;L’ozl(lff) —1) < oo for i = 1,2,3, we have

n=1

> (hﬁf’) — 1) < 00. Using Lemma ZTT2, lim d(u,,p) exists. O
n—oo

Lemma 3.1.7 Let ) # K be a closed convex subset of a uniformly convex hyper-
bolic space (X,d,H). Suppose that S1,S2,S3 : K — K are three asymptotically
nonexpansive self-mappings with {k,gl)}, {k,(f)}, {k,(f)} C [1,00), T1, T2, T3 : K —
X are three asymptotically nonexpansive nonself-mappings with {lﬁf)}, {l7(12)}, {ZS’)}
C [1,00) such that Zzozl(kzv(f) —1) < o0, Z;o:l(lq(f) —1) < 00 fori=1,2,3, re-
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spectively, and 2 # (). Assume {u,} be a sequence defined by (B1Z2) and the

following conditions hold:
(i) {an}, {8} and {v,} are real sequences in [e,1 — €], e € (0,1),

(i) d(u, Tv) < d(Siu, Tv), Yu,v € K, i =1,2,3.
Then lim d(u,, Siu,) = lim d(u,, Tiu,) =0 fori=1,2,3.
n—0oQ

n—oo

Proof. Let p € € and setting h,, = mam{k:g), k;ﬁf), kﬁig), l;l), lff), l,({g)}. From Lemma

BTH, we have lim d(u,,p) exists. Suppose that lim d(u,,p) = ¢, letting n — oo
n—o0 n—oo

in (B150), we get

lim d(H(S7vn, TL(PT 1) vn, 1), p) = c. (3.1.51)

n—00

Using (BT29), we obtain d(S{'v,,p) < h3d(u,,p). Using the lim sup on both

sides of this inequality, we get

lim sup d(STvn, p) < c. (3.1.52)

n—oo

Taking the lim sup in (B129), we get lim sup d(v,,p) < ¢. Thus

n—oo

limsup d(7:(PT1)" v, p) < limsup h,d(v,,p) = c. (3.1.53)

n—o0 n—oo

By (B151),(8152),(8153) and Lemma ZTTT3, we obtain

lim d(Sv,, Ti(PT1)" 'v,) = 0. (3.1.54)

n—0o0

Using condition (ii), we have

lim d(v,, (T (PT1)" tv,) < lim d(Stv,, T (PT )" u,). (3.1.55)

n—oo n—o0
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Using (BI-54), we obtain

lim d(v,, Ti(PT1)" 'v,) = 0. (3.1.56)

n—oo

From (BI250), we obtain

d(tpi1,p) < A(H(SVn, TT(PT )™ 00, Y0), P)
< (1 =) d(S]Vn, p) + Ynd(S{ 0, TLH(PT 1) vn) + Y d(S}'vn, p)
= d(SMy, D) + Yud(STvn, TL(PT1)" 1v,)

< hnd(Vn, D) + Ynd(STvn, TL(PT1)" 1vy). (3.1.57)

Taking the lim inf into consideration on both sides of the inequality (B57),
using (B54), > 7 (h, — 1) < 0o and lim d(up41,p) = ¢, we have
n—oo

lim inf d(v,, p) > c. (3.1.58)

n—00

Since lim sup d(v,,, p) < ¢, by (BI58), we have

n—oo

lim d(v,,p) = c.

n—oo

Letting n — oo in (B1249), we have

lim d(H(Sywn, To(PT )" wn, B,),p) = c. (3.1.59)

n—oo

In addition, using (BIZR), we obtain d(Syw,,p) < h2d(u,,p). Taking the lim

sup on both sides of this inequality, we obtain

lim sup d(S3w,,, p) < c. (3.1.60)

n—oo
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Taking the lim sup in (BI48), we get limsup d(w,,, p) < ¢. Thus

n—oo
limsup d(T2(PT2)" *w,,p) < limsup h,d(w,,p) = c. (3.1.61)
n—00 n—00

Using Lemma 2113, by (B-59), (B160) and (BL61), we obtain

lim d(Syw,, To(PT2)" ‘w,) = 0. (3.1.62)

n—oo

Using condition (ii), we have

lim d(w,, To(PT2)" *w,) < lim d(Sfw,, To(PT2)" tw,),

n—oo n—oo

and thus

lim d(wy, To(PT2)" 'w,) = 0. (3.1.63)

n—oo

From (BT49), we get

d(vp,p) < d(H(S5wn, To(PT2)" " wn, ), p)
< (1 = Bn)d(S5wn, p) + Brd(S3wn, To(PT2)" ™ wn) + Brd(S5wn, p)
= d(S3wn, p) + Brd(Sywn, To(PT2)" "wn)

< (W, p) + Bnd(Sywy, To(PT2)™ tw,,). (3.1.64)

Taking the lim inf into consideration on both sides of the inequality (B164),

using (B162), > 7 (h, — 1) < oo and lim d(v,, p) = ¢, we have
n—oo

lim inf d(w,, p) > c. (3.1.65)

n—oo

Since lim sup d(w,, p) < limsup h,d(u,,p) < ¢, by (BI63), we have

n—oo n—oo

lim d(w,,p) = c.

n—oo
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Letting n — oo in the inequality (B-T4R), we get

¢ = lim d(wy,p) < lim d(H (S, T3(PT3)" ", ), p)

n—oo

< lim d(u,,p) = ¢,

n—oo

and so

lim d(H (S5, Ts(PT3)"  tp, o), p) = c. (3.1.66)

n—o0

Moreover, we obtain

lim sup d(S5uy, p) < limsup h,d(u,,p) = ¢ (3.1.67)
n—0o0 n—oo
and
limsup d(T3(PT3)" *tu,, p) < limsup hy,d(u,, p) = c. (3.1.68)
n—00 n—00

Following (BT68), (B061), (B16R) and Lemma PZTT3, we get

lim d(S§un, Ts(PT3)" 'uy,) = 0. (3.1.69)

n—o0

Next, we show that

lim d(uy,, Tiu,) = lim d(u,, Tau,) = lim d(u,, Tsu,) = 0.
n—oo n—oo n— oo
Indeed, condition (ii) implies
d(tn, Ts(PT3)" ") < d(S§un, Ts(PT3)" ). (3.1.70)

By (BT369) and (BI=70), which implies that

lim d(u, T3(PT3)" 'u,) = 0. (3.1.71)

n—oo
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Using (BT241), we have

A, S5t) < (1= 00)(SF 1, S51n) + (S, To(PT3)" )

=, d(S5up,, T3(PT3)" tuy,).

Following from (BTG),

lim d(wy, S3u,) = 0. (3.1.72)

n—o0

In addition, we have

d(Wn, up) < d(wy, S§uy) + d(S5u,, T3(PT3)" tun) + d(T3(PT3)" My, uy).

(3.1.73)
Using (B69), (B1=), (B1=72) and (B1=73), we have
nlg& d(wp, uy,) = 0. (3.1.74)
Furthermore,
d(Sywp, wy,) < d(S§w,, To(PT2)" 'w,) + d(To(PT2)" 'wn, wy),
by using (B1562) and (BI63), we have
lim d(S5wy,, w,) = 0. (3.1.75)

n—od

It follows from (B47), (B153) and (BI-73) that

d(Un, wn) = d(H(Sann7 75(7)7‘2)71—111}”’ ﬁn)a wn)
< (1= B,)d(S3wy, wy) + ﬁnd(E(PTQ)n_lwn» wy,)

—0 (as n— ). (3.1.76)
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And then, from (B1274) and (BI7H), we have

d(vn; un) < d(vn, wn) + d(wy, un)

—0 (as n— 00). (3.1.77)

By the condition (ii), we know that

d(tn, TI(PT )" ") < d(Stun, Ti(PT1)™ ). (3.1.78)

Since

d(S{lun’ 7'1(737-1)”_1“”> S d(S?unv S?Un) + d<8?vn7 71(7)7—1)”_1'071)
+d(Th (PTl>n—lvn> ﬂ(PTﬂnflun)
< hnd(tn, vy) + d(STp, TL(PT )" L0,,)

+ hpd(vn, uy,). (3.1.79)

Using (B154) and (B-74) in (B-=79), we obtain

lim d(Sju,, Ti(PT1)" u,) = 0. (3.1.80)

n—oo

By using (BI27R) and (BZ=80), we obtain

lim d(u,, Ti(PT1)" tu,) = 0. (3.1.81)

n—oo

From (BT63) and (B174), we have

d(un’ 7‘2(7)73)%_1“'71) < d(una wn) + d(wna E(PTQ)n_lwn)
+ d(T3(PT )" wn, To(PT2)" Luy,)

< d(tn, wy) + d(wn, To(PT2)" twy,) + hnd(w,, u,)
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—0 (as n— 00). (3.1.82)

Using (B162), (B163) and (B1-74), we have

(S5, uy) < d(Sytun, S3wy) + d(Sywn, To(PTa)" ™ wy)
+d(To(PT2)" wpy wn) + d(wy, uy)
< hnd(tt, wy) + d(SHwn, To(PT )" w,)
+d(To(PT2)" " wp, wn) + d(wn, uy)

—0 (as n— ). (3.1.83)

It follows from (BTR2) and (BT=X3) that

A(S3un, To(PT2)" tn) < d(S5tn, ) + dltn, To(PT2)" )

—0 (as n— 00). (3.1.84)

Using (BI54), we have

d(unJrl; SILUTL) = d(H (S?Una Ti (7)7'1)71—1,(}”’ 771)’ S?IU”)
< (1 = 9)d(S1'vn, S{n) +1nd(Th (PTl)n_lvm Si'vn)
= Yd(Th (PTl)n_lvm Si'vn)

—0 (as n— ). (3.1.85)

By (B153) and (B=8H), we have

d(tn g1, TI(PT )" ) < d(tini1, STvn) + d(STvn, TI(PT )" un)

—0 (as n— 00). (3.1.86)
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Using (B178) and (BT=88), we have

d(Uns1, THPT )" w,) < d(upsr, TL(PT 1) vy)
+ d<7—1 (PTl)n_lvm 71(7)7—1>n_1wn)
S d(un+17 7—1(,PTl>nilvn) + hnd(vn; wn)

—0 (as n— o0). (3.1.87)

Moreover, from (BT=80) and (BZ=XTl), we have

A(SMUp, ) < d(ST Uy, TL(PT )" M) + d(TL(PT )™ i, uy)

—0 (as n— o00). (3.1.88)

Using (B1-82) and (B-L=88), we have

(ST, To(PT2)" M) < d(SPUp, ) + d(tn, To(PT2)" M1y

—0 (as n— 0). (3.1.89)

It follows from (BI=r1) and (BT=9) that

A(ST 00, T(PT2)" ) < d(S7 v, S10n) + d(S 0, To(PT2)" )
< hnd(vn, ) + A(ST U, To(PT2)" ")

—0 (as n— o). (3.1.90)

Using (B1—A), (B1=H) and (B190), we have

Aty To(PT2)" " wn) < dltsn, Svn) + d(Sfv, To(PTo)" )
+ d(T2(PT2)" ", To(PT2)" wy,)

< d(tUns1, STvp) + d(SIvn, To(PT2)" tuy) + hpd(un, w,)
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—0 (as n— 00). (3.1.91)

In addition, using (BI—7), (B1—74), (B1—r4), (B1=83) and (BI88), we obtain

A(Unpy1, Ts(PT3)" twy,) < d(tny1, STvp) + d(SPvn, Siuy) + d(Siuy, uy,)
+ d(tp, T3(PT3)" tuy) + d(T(PT3)" u,,
To(PT3)" " w,)
< d(tng1, S'0n) + hnd(vn, wn) + d(STun, un)
+ d(tp, T3(PT3)" Mtuy) + hnd(un, wy)

—0 (as n— o0). (3.1.92)

From (PT;)(PT:)" *w,_1,u, € K (i = 1,2,3), and Ty, T3, T3 are three asymp-

totically nonexpansive nonself-mappings, we get

AT (PT )" oy, Tit) = d(T;(PT)(PT )" 2wy, Ti(Puy,))
< maz{l{" 12 N d(PT ) (PT )" *wa_y, Puy)

<maz{l(1) 12 Y A(T(PT ) 2wy, un). (3.1.93)

Using (BTX7), (B19), (B1-92) and (B193), for i = 1,2, 3, we obtain

lim d(T:(PT:)" 'w,_1, Tiu,) = 0. (3.1.94)

n—oo

By using (BI63) and (B9T), we have

d(un—i-la wn) S d(un+17 7‘2(7)7'2)71, ) + d(E(PT2) wn7 wn)

—0 (as n— o0). (3.1.95)
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Moreover, for i = 1,2, 3, we have

d(“ny 7;un) S d(u’m 7;(737‘1)71—1“”) + d(7;<PTz>n_1una (Z(PTi)n_lwn—l)
+ d(T{(PT:)" wn—y, Tiuy)

< d(un, Ti(PT )" un) + maz{sup 1V, sup 1, sup 15 Y d(un, wp_1)

n>1 n>1 n>1

+ d(Ti(PT)™ w1, Tiw).

Therefore, it follows from (BTZ71), (BTR1), (B82), (B194) and (BT9H) that

im d(u,, Trun) = lim d(uy,, Toun) = lim d(uy, Tsu,) = 0.
n—00 n—o00

n—oo

Lastly, we prove that

lim d(uy,, Siu,) = lim d(uy, Souy,) = lim d(u,, Ssu,) = 0.

n—o0 n—oo n—oo

In fact, for i = 1,2, 3, we have

d(“m Szun) S d(un7 7;(7)7'1)7141un) -+ d(,];(,PTi)niluna Szun)
< d(tp, Ti(PT )" M) + d(Ti(PT )™ Y, Sluy).

So, it follows from (BT6Y), (B1-21), (B=80), (BI1), (B182) and (BI84) that

lim d(u,, S1u,) = lim d(u,, Sou,) = lim d(u,,, Ssu,) = 0.

n—oo n—o0 n—oo

O

Example 3.1.8 [57] Suppose that K = [—1,1] is a subset of a real line X with
d(u,v) = |lu—v| and H : X x X x[0,1] = X defined by H(u,v, ) = au+(1—a)v,
Vu,v € X, a € [0,1]. We have that (X,d,H) is a complete uniformly hyperbolic

space with a monotone modulus of uniform convezity and ) # K C X is a closed
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and convezr. Let S, T : I — K be two mappings defined by

—2sine, welo1],
Tu= u2
251n§, u € [—1,0)

and

u, wu€l0,1],
Su =
—u, u € [-1,0).

We have that F(T) = {0} and F(S) = {u € K;0 <u < 1}. We prove that T is

nonezpansive. Indeed, assume that u,v € [0,1] or u,v € [—1,0). Then
N N1 4Y
d(Tu, Tv) =|Tu—Tv| =2 sin o — sin §| < |lu—v| =d(u,v).
Assume that u € [0,1], v € [-1,0) oru € [-1,0), v € [0,1]. Then

d(Tu, Tv) =|Tu— Tv| =2| sing + sin g|

4‘ . u+tvw u—v|
=4|sin coS
4 4

<|u + v
<|u — v

=d(u,v).

Hence T is nonexpansive. That is, T is an asymptotically nonexpansive mapping
with k, = 1, Yn > 1. Similarly, we can prove that S is an asymptotically nonez-
pansive mapping with I, = 1, ¥Yn > 1. Then, to demonstrate that S and T fulfill

condition (ii) of Lemma F1.1, we must examine the following cases:

Case (7). Let u,v € [0,1]. We have

d(u, Tv) = Ju— To| = |u+ QSing] = |Su— Tv| = d(Su, Tv).
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Case (i1). Let u,v € [—1,0). We have

d(u, Tv) = |u—To| = |u— 28iﬂ%| <| —u—2sing| = |Su— To| = d(Su, Tv).

Case (ii1). Let uw € [—1,0) and v € [0,1]. We have

du,Tv) = |u—Tov| = Iu—i—QSing\ = —u—i—QSing\ = |Su— Tv| =d(Su, Tv).

Case (iv). Let u € [0,1] and v € [-1,0]. We have
d(u, Tv) = |lu—Tv| = |u— 28in§| = |Su — Tv| = d(Su, Tv).

It follows that the condition (ii) in Lemma B-1.7 is satisfied. Moreover, we take

. n ﬁ _ n
S +17"" T 3n+1 dn +1’

tions of Lemma BT are fulfilled. Consequently, a convergence of the sequence

{un} produced by (BIZA) to the point 0 € F(T)N F(S) can be obtained. O

Vn > 1. We have that the condi-

o, and vy, =

Now, we provide some numerical examples to illustrate the convergence
behavior of iteration ([C0Z4) comparing with iteration (BZI-47). All program com-
putation are performed on an Hp Laptop Intel(R) Core(TM) i7-1165G7, 16.00
GB RAM. We choose the starting point at u; = 1 and the stop criterion is defined
by ||u, —0]] < 107'°. The convergence performance of both iteration are shown

in the following Table 1 and Figure 1.

Under the same condition settings shown in Example BTT8, by Table 1
and Figure 1, our proposed iteration (B147) has a better performance in both
the time taken by CPU-runtime to reach the convergence and the number of

iterations when comparing with iteration (IZ0Z1).



Table 3.1.2: Computational result for all setting in Example BTR

Iteration (ICT7)

Iteration (BT1=47)

No of Iter. 26 10
CPU time (sec) 0.0035 0.0027
10° .
—¥— Iteration (3.1.47)
x — — — — lteration (1.0.7)
10° i
=& qpAe \\ ~rs %
1075t 3‘\ R
¥
10_20 | | | | |
0 5 10 15 20 25

Figure 3.1.1: The value of {u,} generated by iteration (") and iteration

(ET27)

Iteration number (n)

The next step is to prove strong convergence theorems.

30
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Theorem 3.1.9 Let K, X, &1, So, S3, Ti, To, T3 satisfy the hypotheses of

Lemma B, {an}, {8n}, {n} are sequences in [e,1—¢], e € (0,1), and S;, T;

for any i = 1,2,3 satisfy the condition (ii) in Lemma [F1.1. Suppose that there

is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0,

Vr € (0,00) such that

fd(u,Q)) < d(u,S1u) + d(u, Seu) + d(u, Ssu) + d(u, Tiu) + d(u, Tou) + d(u, Tau),

Yu € K, where d(u, ) = inf{d(u,p) : p € Q}. Then the sequence {u,} defined by
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(BI27) converges strongly to a common fized point of Si, Sa, Ss, T1, T2 and Ts.

Proof. From Lemma B172, we have lim d(u,,S;u,) = 0= lim d(u,, Tu,) (i =

n—oo n—oo

1,2,3). It follows from the hypothesis that

lim f(d(u,,Q)) < lim (d(uy,, S1uy,) + d(un, Souy,) + d(uy,, Ssuy,)
n—oo n—o0

+ d(tp, Titn) + d(ty, Totn) + d(ty,, Tauy))

=0.

Hence lim f(d(un,$2)) = 0. From f : [0,00) — [0,00) is a nondecreasing func-

n—oo

tion satisfying f(0) = 0, f(r) > 0, Vr € (0,00). Using Lemma BTH, we have
lim d(u,, Q) exists. It follows that lim d(u,,$2) = 0. Next, we prove that {u,}

n—oo n—o0

is a Cauchy sequence in K. Using (BI50), we have

d(un-i—hp) < (1 + (hagm i 1))d(un,p),

¥n > 1, where h, = maz{k$", k2, kS 10,1219} and p € Q. For all m,n >

n > 1, we obtain

AUy, p) < (14 (B3, = 1))d(tpm-1,D)
< ehfrhl_ld(um_hp)

3 _ 3 _
Sehm—l 1eh’m—2 ld(um_27p)

< X D gy, p)

< Md(za, 2),
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where M = eXZ1(=1_So for all p € Q, we get

AU, Un) < d(tp, p) + d(tp, p) < (1 4+ M)d(tn, p).

Taking the infimum over all p € €2, we have

d(Unp, Up,) < (14 M)d(uy, 2).

It follows from lim d(u,,2) = 0 that {u,} is a Cauchy sequence. Since K is a

n—oQ
closed subset in a complete hyperbolic space X, then {u,} converges strongly to
some p* € K. It is easy to see that F'(Sy), F(S2), F(S;3), F(T1), F(72) and
F(T3) are closed, that is, 2 is closed subset of K. Since lim d(u,,2) = 0 gives

n— o0

that d(p*, ) = 0, we have p* € Q. The proof is completed. ]

Theorem 3.1.10 Considering the assumption in Lemma [B-1.7 and if one of
81,82, 83, T1, Ta and T3 is completely continuous after that the sequence {u,} de-

fined by (BIZ7) converges strongly to a point in €.

Proof. Let S; be completely continuous. By Lemma BT8, {z,} is bounded. This
mean, there is a subsequence {Siu,;} of {Siu,} such that {Siuy,} converges

strongly to some &* € K. Moreover, by Lemma B4, we have

lim d(un;, S1u,) = lim d(un;, Souy) = lim d(uy,, Ssu,) = 0 and

]—)OO ]—)OO ]—}OO

lim d(up,, Tiun) = lim d(uy,;, Tou,) = im d(u,,, Tau,) =0,

]—)OO j—)OO ]—)OO

which implies that,

d(un;, &) < d(tn,, Sitin;) + d(Siun;, ")

—0 (as j— 00).



50
Hence Syu,; — £ € K. Consequently,

d(&*,8:6") = lim d(uy,, Siun,) = 0.

J—00

Since 81, 8o, S3, 71, T2 and T3 are continuous, for ¢ = 1,2,3. By Lemma B4, we
have

This implies that & € F(S1) N F(S2) N F(S5) N F(71) N F(T2) N F(7T3). Using
Lemma B8, we obtain lim d(u,, ") exists, and so lim d(u,,&") = 0. It follows
n—o0 n—oo
that {u,} converges strongly to a common fixed point of Sy, S, S3, 71, 7> and Ts.

The proof is completed. O



CHAPTER IV

CONCLUSIONS

4.1 Conclusion

The following results are all main theorems of this thesis:

Theorem 4.1.1 Let I, X, 81, So, S3, T1, T2 and T3 satisfy the hypotheses of
Lemma @T12. Suppose that {a,}, {Bn} and {v.} are real sequences in [¢,1 — €]
for somee € (0,1) and S;, T; for alli = 1,2,3 satisfy the condition (ii) in Lemma
ET12. If there is a nondecreasing function f :[0,00) — [0,00) with f(0) =0 and
f(r) >0 for all v € (0,00) such that

fd(z,Q)) < d(z,S1x) + d(z, Sex) + d(z, S3z) + d(z, Tix) + d(z, Tox) + d(z, T3z)

for all x € K, where d(z,Q2) = inf{d(z,v) : v € Q}. Then the sequence
{z,} defined by algorithm (BI2) converges strongly to a common fixed point
Of‘gly SQa 837 7‘17 75 and%

Theorem 4.1.2 Considering the assumption in Lemma B 12 and if one of S1, Sa, S3, T1, T2
and Ty is completely continuous after that the sequence {x,} defined by BT con-

verges strongly to a point in €.

Theorem 4.1.3 Let K, X, S, Sa, S3, Ti, T2, T3 satisfy the hypotheses of
Lemma B17, {an}, {8n}, {7n} are sequences in [e,1—¢], e € (0,1), and S;, T;
for any i = 1,2,3 satisfy the condition (i1) in Lemma [F1.1. Suppose that there
is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0,
Vr € (0,00) such that
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f(d(u, Q) < d(u,S1u) + d(u, Sou) + d(u, Ssu) + d(u, Tiw) + d(u, Tau) + d(u, Tsu),

Vu € K, where d(u, ) = inf{d(u,p) : p € Q}. Then the sequence {u,} defined by
(BI) converges strongly to a common fized point of Sy, Sa, Ss, T1, T2 and Ts.

Theorem 4.1.4 Considering the assumption in Lemma 3. 1.7 and if one of S1,So,
S3, T, T2 and T3 is completely continuous after that the sequence {u,} defined by

(BI1) converges strongly to a point in S).
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