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ABSTRACT
Optimization theory is important in applied sciences such as mechanics, economics, computing,

data management, and medicine. In the modern world, many researchers are interested in developing
algorithms to solve the optimization problem by focusing on developing methods that have efficiency in
practical applications. In optimization theory, a significant problem is the convex minimization problem,
which many researchers are interested in studying and developing algorithms to solve this problem. It can
be a unified model for many practical problems such as signal processing, image processing, data
classification, and many other applied fields.

In this dissertation has separated by two parts. The dissertation's first purpose is to modify
splitting methods, called the forward-backward method. The splitting methods are designed using inertial
technique and new linesearch in stepsize. Moreover, the convergence of the proposed methods is proved
under suitable conditions for solving the convex minimization problem in the framework of Hilbert spaces.
The second purpose is the applications of the proposed methods to image deblurring, image inpainting,

and date classification. The applications are given to support the efficiency of the proposed methods.
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CHAPTER 1

INTRODUCTION

Optimization has been expanding in all directions at an astonishing rate
during the last few decades. New algorithmic and theoretical techniques have
been developed, the diffusion into other disciplines has proceeded at a rapid pace,
and our knowledge of all aspects of the field has grown even more profound. At
the same time, one of the most striking trends in optimization is the constantly
increasing emphasis on the interdisciplinary nature of the field. Optimization
has been a basic tool in all areas of applied mathematics, engineering, medicine,

economics and other sciences.

An optimization problem consists in maximizing or minimizing some
function relative to some set, representing a range of choices available in a certain
situation. The function allows comparison of the different choices for determin-
ing which might be best. In this work, to focus in convex minimization prob-
lems from optimization problem. There are several methods for solving the con-
vex minimization problems such as gradient methods, proximal point algorithm,
forward-backward algorithm, Douglas-Rachford algorithm, Peaceman-Rachford

algorithm, extragradient method and Tseng’s splitting algorithm and so on.

Actually, Dunn [23] (1976), Bertsekas and Tsitsiklis [[7] (1997) proposed
the gradient method. Next, Martinet [34, B5] and Rockafellar [42, 43] proposed
the proximal point algorithm for minimizing a nondifferentiable function. In
particular, it will be shown that a number of apparently unrelated, well-known
algorithms (e.g., iterative thresholding, projected Landweber, projected gradient,
alternating projections, alternating-direction method of multipliers, alternating
split Bregman) are special instances of proximal algorithm. In 1979, Lions and

Mercier [30] and Passty [40] proposed the forward-backward splitting method



which requires one of the function be differentiable, with a Lipschitz continuous
gradient. In 1956, Douglas and Rachford proposed the Douglas-Rachford algo-
rithm for solving matrix equations. It can be viewed as more general in scope
than the forward-backward algorithm in that it does not require that any of the
functions have a Lipschitz continuous gradient. However, this observation must
be weighed against the fact that it may be more demanding numerically as it
requires the implementation of two proximal steps at each iteration, whereas
only one is needed in the forward-backward algorithm. In some problems, both
may be easily implementable and it is not clear a priori which algorithm may be
more efficient. Applications of the Douglas-Rachford algorithm to signal and im-
age processing can be found in [22]. The Peaceman-Rachford splitting algorithm
[18, 24, BO] its convergence requires additional assumptions for the some limit-
ing case Douglas-Rachford algorithm. Tseng [51] (2000) introduced the follow-
ing modified forward-backward splitting method, also known as Tseng’s splitting
method. In 2009, Tseng and Yun [52] is the first that considers a variable metric
forward-backward algorithm in finite dimensional spaces, where the smooth part
is only continuously differentiable (possibly nonconvex). They proposes a general
Armjio-type line search rule and prove that cluster points of the generated se-
quence are stationary points. In 2017, Salzo [44] modified the forward-backward
splitting algorithm in infinite dimensional Hilbert spaces without the assumption
of the Lipschitz continuity of the gradient and using different types of line search
procedures. In 1976, Korpelevich [28] proposed the extragradient method has
become a classical method for solving variational inequality problems. For opti-
mization problems, this method generates a sequence of estimates based on two

projected gradient steps at each iteration.

Motivated and inspired by the work mentioned above, in this research,
we aim to design new algorithms for solving the convex minimization problems

in Hilbert spaces. We prove the convergence theorems under some suitable con-



ditions. Finally, we give some applications of minimization problem including its
numerical experiments and apply the proposed algorithm to image deblurring,

image inpainting and data classification.



CHAPTER II

REVIEW OF RELATED LITERATURE
AND RESEARCH

Let H be a real Hilbert space. In this research, the objective of our

investigation is to solve the following convex minimization problem:

min(f(z) + g()), (2.1.1)

where g : H — (—00,+00] is proper, lower semicontinuous and convex, and
f : H — R is convex and differentiable with the Lipschitz continuous gradient
denoted by Vf. By Fermat’s rule, the minimization problem () is to find

x* € H which satisfies the first order optimality condition:
0 € (99 + V[)(z"),

where dg denotes the subdifferential of g. It is known that the convex minimiza-
tion problem has been applied successfully in many real-world problems, such
as for signal processing, image reconstruction and many more. We consult the

readers to [3, 10, [11, 14, 15, 20, B1, b4, 55, 56].

In what follows, we let €2 represent the solution set of problem ()
In order to solve (R.1.1)), several algorithms based on the proximal operator have

been proposed by using the following fixed point equation:
x = prox,,(r — AV f(x)), Vo € H, A >0,

where prox, is the proximal operator of g given by prox, = (I + dg)~t, where I

denotes the identity operator on H.



Formally, for g € H and the stepsize A € (0,2/L), L is the Lipschitz

constant of V f, the forward-backward algorithm (FB) reads:

Tny1 = Proxy, (v, — AV f(z,)).

It was proved that the generated iterates weakly converge to a minimizer of f+g.
Over the years, various schemes have been proposed to improve the forward-

backward algorithm. See also [B, 16, 29, 45, 47].

Alvarez and Attouch [2] introduced the following inertial proximal algo-

rithm. Let x¢ = 2 is chosen arbitrarily,

Tpi1 = Proxy (Tn + 0p(Tn — Tp_1)),

where {\,} is a sequence in (0, 00) and {6, } is a sequence in [0, 00). Polyak [41]
proposed an inertial extrapolation as an acceleration process to solve a convex

minimization problem.

In 2005, Combettes and Wajs [17] introduced the following relaxed forward-
backward method (RFB). Let € € (0,min{1, +}) and zo € H, define

Yn = Tp — )\an(:En)

Tng1 = Tn + 0 (ProxXy Yn — Tn),

where ), € [e,2 —¢], a, € [¢,1] and L is the Lipschitz constant of the gradient
of Vf.

In the spirit of Nesterov [37], Cruz and Nghia [6] proposed a fast multistep

forward-backward method (FMFB) with linesearch. Let xy = x; € domg, ty =



1,o>0,6€(0,3), 7€ (0,1):

tn+1 - 9

Tny1 = Proxy,q(zn — AVf(zm)),

where A\, = 0y™* and m,, is the smallest nonnegative integer such that

AallVf (@ni1) = Vi (zn) || < 0llznia — znll

Recently, Suantai et al. [46] designed the following new linesearch rule.

Linesearch 2.1.1 Letx € H, 0 >0, p € (0,1) and § > 0.

Input A\ =o0.

While
3V f(proa3,(z — AV f(2))) = V(@) + IV (prozsy(z = AV f(2))) — V f(2)])
> 0([[proa3,(x — AV f(x)) — provag(x = AV ()| + prowsg(z — AV f () — z|)).

do \ = pA

End While
Out put ).
Here proa3 (x — AV f(z)) = proxyg(proxag(z — AV f(x))).

In 2003, Moudafi and Oliny [36] introduced the following inertial forward-
backward method (IFB).

Method IFB: The inertial forward-backward method.



Let zg, 21 € H, A\, € (0,2/L) for all n > 1. Define

Yn = Tp+ en(l‘n - xn—l)

Tpt+1 = prOX,\ng(yn - /\nvf(xn»a

where 6,, is the inertial parameter which controls the momentum z,, — z,_;.

In 2009, the FISTA scheme by Beck and Teboulle [5] is the most-known

one, which achieves O(1/n?) convergence rate.

Method FISTA Let g =z, € H, to =1 and \,, = 1/L for all n > 1. Calculate

14 4/1+4t2 p B P 1
9 y Yo — —

tn

Yn = Tp+ en(xn - xn—l)

Tntl = pl"OX)\ng(yn - /\nvf(yn))'

In 2017, Verma and Shukla [53] proposed the new accelerated proximal
gradient algorithm (NAGA) as follows:

Method NAGA The new accelerated proximal gradient algorithm.
Let zg, 21 € H, o, € (0,1) and A, € (0,2/L) for all n > 1. Define

Y = Ip + Hn(xn I xnfl)
Zn = (1= an)yn + nbroxy ,(Yn — AV f(yn))

Tny1 = Proxy ,(zn — AV f(2,)).

In 2000, Tseng [51] proposed a modified forward-backward algorithm

(MFB) via the stepsize with linesearch technique as follows. Given o > 0,



p€(0,1),6 € (0,1) and z; € H. Compute

Yn = pProxy ,(zn — AV f(z,)),

Tpt1 = prOX/\ng(yn — MV f(yn) = Vf(zn))), n>1

where ), is the largest A € {o,0p,0p?, ...} satisfying M|V f(y,) — Vf(z,)] <
19 — @ ll.
In 2020, Padcharoen et al. [39] proposed the modified forward-backward

splitting method based on inertial Tseng method (IMFB). Given {\,} C (0, 1),

{a,} C[0,a] C[0,1). Let z9,x; € H and compute

Wy = Tp+ en(mn - */Enfl)a
= proxAng(wn — WV f(wy)),

Tp+1 = Yn — )‘n(vf(yn) - vf(wn))v n > 1

They established weak convergence of the proposed method.

In 2015, Shehu et al. [45] introduced the modified split proximal method
(MSP). Let r : H — H be a contraction mapping with a constant « € (0, 1).
Set p(z) = V/[[Vh(2)|> + [Vl(2)[* with h(z) = 3[|(I — prox,,)Az|*, {(z) =

sI(I = prox,,,, f)z|*. Given an initial point 21 € H and construct

Yn = Tn— nA"([ — prox,,)Az,,

Tpy1 = ur(zn) + (1 — ap)proxy, (Yo, n > 1,

where the stepsize u, = wn% with 0 < 1, < 4. They proved strong

convergence theorem for proximal split feasibility problems.

Very recently, Malitsky and Tam [33] introduced the forward-reflected-



backward algorithm (FRB). Given \g > 0,6 € (0,1),v € {1,8 '} and 8 € (0,1).

Compute

Tpy1 = prOX)\ng(xn - )\nvf<xn) - >‘n71<vf<xn) - vf(xnfl))% n 2 1

where the stepsize A\, = Y\,_1/8° with i being the smallest nonnegative integer

satisfying Aul|V.f (2ns1) = VI (@)l < 5ll@nss — zal.

Very recently, Hieu et al. [26] proposed the modified forward-reflected-

backward method (MFRB) with adaptive stepsize. Given xg, 21 € H, Ao, Ay > 0,

€ (0,3):

Tp+l = prOX)\ng(xn . /\nvf(xn) - /\n—l(vf(xn) 1 Vf(l‘n—l))),
llZns1 — 2|

At = i I Y TV ]

l}, n > 1.

This stepsize allows the proposed method without knowing the Lipschitz

constant to solve the problem.

In our research, we design a new forward-backward methods with the
inertial term. We use the adaptive stepsize and new linesearch stepsize in our
methods for solving the convex minimization problem. Moreover, we provide weak
convergence theorems for the proposed methods. Finally, we present numerical
experiments to illustrate and application to image deblurring, image inpanting
and data classification. Some comparisons to other methods are also given to

show the efficiency of our methods.



CHAPTER I11

PRELIMINARIES

In this section, we provide some basic concepts, definitions and lemmas

which will be used in the sequel.

3.1 Fundamentals

Definition 3.1.1 [48](Fixed point) Let X be a nonempty set and 7 : X — X.

We say that x € X is a fixed point of T if
T(x)==x

and denote by Fiz(T) the set of all fixed points of T'.

Definition 3.1.2 [4](Convex set) Let C' be a subset of a linear space X. Then

C'is said to be convex if (1—X)z+ Ay € C for all z,y € C and all scalar A € [0, 1].

Proposition 3.1.3 [4/ Let C be a subset of a linear space X. Then C' is convex
if and only if Mix1 4+ Aoxo + ... + My € C for any finite set {xq,xs,..., x5} C C
and scalars \; > 0 with Ay + X o + ... + A, = 1.

Definition 3.1.4 [4](Convex function) Let X be a linear space and f: X —
(—o00, 00| be a function. Then f is said to be conver if f(Ax + (1 — N)y) <
Af(x)+ (1 =N f(y) for all z,y € X and X € [0, 1].

Definition 3.1.5 [4](Proper function) Let function f : X — (—o0,00]. Then

f is said to be proper if there exists z € X with f(z) < oco.
Example 3.1.6 1. f(x) = |z|’ where p > 1 is a convex function in R.
2. f(z) =2 — 2? is a convex function in [3, 00).

3. f(x) = zlogx is a convex function in RT.
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Definition 3.1.7 [l](Normed space) Let X be a norm linear space over field
K (RorC)and| | : X = R" be a function. Then || - || is said to be a norm if
the following properties hold:

L Jjz|| > 0, and ||z]| =0 < = = 0;

2. ||az|| = |al||z|| for all x € X and a € K;

3. lz+yl| < |lz|| + ||ly|| for all z,y € X.

The ordered pair (X, || - ||) is called a normed space.

Example 3.1.8 R* is a normed space with the following norms:

:
x|, = Z|mll for all @ = (21,29, ..,2;) € RF;

i=1
F 1/p

|zll, = (Z |xi|p> for all = (21,2,..,2;) € R¥ and p € (1,00);
i=1

|7l = max |z;| for all = = (x1, 3y, .., 23) € RF.

Example 3.1.9 Let X = [4, the linear space whose elements consist of all abso-

lutely convergent sequences (x1, Z3, ..., T;, ...) of scalars (R or C),
[o¢]

Iy ={x: 2= (x1,29,...,74...) and Z |z;| < oo}
i=1

Then [y is a normed space with the norm defined by ||z|; = > ooy |2l

Example 3.1.10 Let X =1, (1 < p < 00) be the linear space whose elements

consist of all p-summable sequences (1, xa, ..., Z;, ...) of scalars (R or C),
oo
l,={z:2=(21,22,...,2;,...) and Z |z; P < o0}
i=1

Then [, is a normed space with the norm defined by ||z, = (3252, |z:[?)Y/7.

Example 3.1.11 Let X = [, the linear space whose elements consist of all
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bounded sequences (z1, xs, ..., x;, ...) of scalars (R or C),

lo ={z: 2= (21,22, ...,24,...) and {x;}:2, is bounded}.

Then [ is a normed space with the norm defined by ||z|/s = sup;cy |-

Definition 3.1.12 [1](Completeness) The space X is said to be complete if

every Cauchy sequence in X converges.

Example 3.1.13 The Euclidean space R¥ is complete with

d(z,y) = V(€ —m)? + (Ea — )2 + (&3 — m3)2 + oo + (& — mp)?

where z = (617527§37 7€k)7y = (771’77277737 7nk) € Rk

Example 3.1.14 The sequence space [, is complete.
Example 3.1.15 The sequence space [, is complete.

Definition 3.1.16 [l|(Inner product space) An inner product space is a vector
space X with an inner product defined on X. Here, an inner product on X is
a mapping of X x X into the scalar field K of X; that is, with every pair of
vectors z and y there is associated a scalar which is written by (z,y) and called

the inner product of x and y, such that for all vectors x, y, z and scalars a we

have
(IP1) (x,z) > 0;
(IP2) (z,2) =0 < z = 0;
(IP3) (az,y) = afz,y);
(IP4) (z,y) = (y, x);
(IP5) (z 4y, 2) = (x,2) + (z,9)



13

Example 3.1.17 The function (-, -) : R* x R* — R defined by
k
<xay> = szyl for all z = (*rlax% ...,Ik), Yy = (917927 7Z/k) S Rk
i=1

is an inner product on R¥. In this case R* with this inner product is called real

FEuclidean k-space.

Example 3.1.18 Let C* be the set of k-tuples of complex numbers. Then the
function (-, -) : R¥ x R¥ — R defined by

k
<;1:,y> = leE for all x = (1'1,1'2, "'wTk)? Y= (y17y27 7yk) € (Ck
=1

is an inner product on C*. In this case C* with this inner product is called

complex FEuclidean k-space.

Example 3.1.19 Let /5 be the set of all sequences of complex numbers
(a1, a9, ..., a;...) with Y2, |a;|* < co. Then the function (-,-) : Iy x I, = C

defined by
(w,y) = > wg; for all w = {2,332,y = {u:}32, € bo
i—1

is an inner product on Is.

Definition 3.1.20 [4](Hilbert space) An inner product space which is complete

with respect to the induced norm is called a Hilbert space.

Example 3.1.21 The Euclidean space R* is a Hilbert space with inner product
defined by

(x,y) = alyl + 2%y? + . 4 2P

where x = (21,22, ..., 2%), y = (y*, %, ..., y¥) € R,
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Example 3.1.22 The space [, is a Hilbert space with inner product defined by

<I’, y) = Z x]y_]a
=1

where z,y € ls.
Proposition 3.1.23 [13/(The Cauchy-Schwarz inequality) Let X be an in-

ner product space. Then the following holds:

[z, y)|* < (2, 2)(y,y) for allz,y € X,
i.e.,
[(z, )| < |||yl for allz,y € X.

Definition 3.1.24 [l](Bounded linear operator) Let X and Y be normed
spaces and T : X — Y be a linear operator. The operator T is said to be

bounded if there is a real number ¢ > 0 such that for all x € X,
1Tz|| < cll=|l.

Definition 3.1.25 [4](Level set of convex function) Let f : H — R be a

convex function with the domain H. Then, for any A € R, the set
Vi=A{z e H|f(z) <}

Definition 3.1.26 [4] A sequence {z,} in a Hilbert space H is said to converge

weakly to a point z in H if

(n,y) = (z,y)
for all y € H and denote that x,, — x.

Definition 3.1.27 [[l]J(Contraction mapping) Let H be a real Hilbert space
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and C' be a nonempty subset of H. Then a map F : ¢ — C is said to be

contraction if there exists k € [0, 1) such that

1F(z) = F(y)ll < kllz =yl

for all z,y € C.

Definition 3.1.28 [4](Nonexpansive mapping) Let H be a real Hilbert space
and C' be a nonempty subset of H. A mapping 7' : C — C is said to be
nonexpansive if

[Tz =Tyl < llz —yl,V2,y € C.

A mapping T : C' — (' is said to be firmly nonexpansive if, for all z,y € C,

(x —y,Tx —Ty) > | Tz — Ty|*.

The operator I — Pg is also firmly nonexpansive, where I denotes the identity

operator, i.e., for any x,y € H,

((I = Po)z — (I — Pe)y,x —y) = |(I = Pe)z — (I — Poyll*.

In a real Hilbert space, we know that for any point x € H, there exists a unique

point Pox € C such that

lo = Pex| < [l =y, vy € C.

Here Pg is called the metric projection of H onto C. We know that Pg is a

nonexpansive mapping of H onto C'. It is also known that P. satisfies

(x —y, Pox — Poy) > ||Pex — Poyl?,
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for all z,y € H. Furthermore, Pox is characterized by the property
(x — Pox, Pox —y) > 0,
for all y € C. Moreover, we know that
ly — Pox|* + [lz = Pea||* < [lo = yl*, Y,y € H.

We also know that all Hilbert space has the Kadec-Klee property, that is, (z*)
converges weakly to x and ||x,| = ||z| imply x, converges strongly to x.
We know the following equality:
1Bz + @1 =Pyl = Bzl + 1 - )yl
where § € (0,1).
Definition 3.1.29 [4] Let H be a real Hilbert space and let f : H — R, function

f is said to be lower semi-continuous at x if x, — z, then

f(z) < liminf f(z,).

n—oo

Definition 3.1.30 [4] Let f : R" — RU{+o0} be a closed proper convex function,

The proximal operator prox, : R" — R" of f is defined by

prox;(v) = argmin(f(z) + (1/2)[|lz — v|3),

and the proximal operator of the scalar function o f, where o > 0, which can be

expressed as

prox,(v) = argmin(f(x) + (1/20)||lz — v|3),
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then prox,; is call the proximal operator of f with parameter a.

Let g : H — (—00,+00] be a proper, lower semicontinuous and convex
function. We denote the domain of g by domg = {z € H|g(x) < +o0}. For any

x € domg, the subdifferential of g at x is defined by

dg(x) ={v € H{{v,y —x) < g(y) —g(z), y € H}.

Recall that the proximal operator prox, : dom(g) — H is defined by
prox,(z) = (I +dg)~'(z), z € H. It is well-known that the proximal operator is
single-valued. Furthermore, we have

z — prox,,(z)

By € Jdg(prox,,(2)) forall z€ H, A > 0. (3.1.2)

A differentiable function f is convex if and only if there holds the in-

equality
f(z) > flz)+ (Vf(z),z —x), Vz € H. (3.1.3)

Definition 3.1.31 [4] Let S be a nonempty subset of H. A sequence {x,} in H
is said to be quasi-Fejér convergent to .S if and only if for all z € S there exists a
positive sequence {e,} such that Z en < +oo and ||z, — z||? < ||zn — 2| + €0

n=0
for all n > 1. When {e,} is a null sequence, we say that {z,} is Fejér convergent

to S.

3.2 Lemmas

Lemma 3.2.1 4] Let Q be a nonempty closed convexr subset of a real Hilbert

space H. Then, for any x € H, the following assertions hold:
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(1) (z — Pax,z — Pox) <0 for all z € Q;
(2) ||[Pox — Poy||* < (Pax — Pay,x —y) for all z,y € H;
(3) [|[Pox — z|]2 < ||lx — 2|]* — || Paz — x||* for all z € 2.

Lemma 3.2.2 [9] The subdifferential operator Og is mazximal monotone. More-
over, the graph of 0g, Gph(9g) = {(z,v) € H x H : v € 0g(z)} is demiclosed,
i.e., if the sequence {(xn,vy,)} C Gph(9g) satisfies that {x,} converges weakly to

x and {v,} converges strongly to v, then (x,v) € Gph(dg).

Lemma 3.2.3 [3§] Let {a,}, {b.} and {c,} be real positive sequences such that

Ant1 S (1 + Cn)an + bny n Z 1.

If 32 ¢, < +00 and 322 1b, < +00, then lim a, exists.

n—-+0o0o

Lemma 3.2.4 /23] Let {a,} and {0,} be real positive sequences such that
Ap+1 S (1 + en)an + enan—lv n Z 1.
Then, ani1 < K -[],(1+26;) where K = max{ay,as}. Moreover, if Y>> 0, <
+o00, then {a,} is bounded.
Lemma 3.2.5 [, 27/ If {x,} is quasi-Fejér convergent to S, then we have:

(i) {x,} is bounded.

(i) If all weak accumulation points of {x,} is in S, then {x,} weakly

converges to a point in S.



CHAPTER IV

SPLITTING METHODS

4.1 Inertial modified forward-backward method

In this section, we assume that the following conditions are satisfied for

our convergence analysis:

(A1) The solution set of the convex minimization problem () is

nonempty, i.e., = argmin(f + g) # 0.

(A2) f,g : H — (—00,+00] are two proper, lower semicontinuous and

convex functions.

(A3) f is differentiable on H and Vf is Lipschitz continuous on H with

the Lipschitz constant L > 0.

We next introduce a new inertial forward-backward method for solving

(2.1.1).

Algorithm 4.1.1 Inertial modified forward-backward method (IMFB)
Initialization: Let xo =21 € H, A\; >0, 6; >0 and ¢ € (0,1).
Iterative step: Forn > 1, calculate x,,1 as follows:

Step 1. Compute the inertial step:
Wy, = Ty + Op(xy — Tp1). (4.1.1)
Step 2. Compute the forward-backward step:

Yn = proxy,g(wn, — AV f(wn)). (4.1.2)
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Step 3. Compute the x,.1 step:

Tni1 = Yn — MV (Yn) — Vf(wn)) (4.1.3)

where

Aoy = min{ oSGy A i IV (wn) = V()] # 0

An otherwise.

Setn =n+ 1 and return to Step 1.

Remark 4.1.2 It is easy to see that the sequence {)\,} is non-increasing. From
the Lipschitz continuity of V f, there exists L > 0 such that ||V f(w,)—V f(yn)]| <

L|jwy, = yn||. Hence,

5Hwn _yn”

/\n+1 - mln{ |7/\n} > min{%) /\n}

By the definition of {\,}, it implies that the sequence {\,} is bounded from
below by min{\, %} So, we obtain lim,, .o A, = A > 0.

Lemma 4.1.3 Let {z,} be generated by Algorithm . Then

62\2

||$n+1 - x*“Q < ||wn == x*HQ - (1 22 n)Hyn - ’LUn”Q,\V/ZE* € (L.
n+1
Proof. Let x* € Q2. Then
lZnsr =27 = lgn = AV f(yn) = VF(wn)) — 2|

= Nya =[P + NIV f(yn) = V f(w,)|?
—2X0(Yn — 2", V[ (yn) — V f(wn))
= Hyn_wn"'wn_m*Hz"i‘)‘iHVf(yn) _vf(wan

—2X (Y — 2*, V f(yn) — V f(wp))
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lwn = 21 + llyn — wnl|® + 2(wn — 2%,y — wy)

=2X (Y — 2,V f(yn) = VF(wn)) + NIV f(yn) = V f(w,) |
lwn = 2" 1* + llyn — wall® + 2(wn = Yo + Yo — 2", Yo — wa)
=20 (Y — &,V (yn) = Vf(wn)) + NIV f () = V f(w,) |
lwn = 21 + [[gn — wall* = 2(yn — wn, Y — W)

+2(Yn = 27, Yn — Wa) = 22{Yn — 27, Vf (yn) — V f(wn))
FAIV f(yn) — V f (wn)|)?

[wn = &1 + [lyn — wnll® = 2llyn — wall® + 2(yn — 2*, yn — wn)
~2(Yn — 2, Ma(V () = Vf (wn))) + NIV £ () = V f(w,) |
lwn = 212 — [y — wnl|?

—2(yn — 2", Wn — Yn + MV () = Vf(wn)))

ANV f (yn) = Vf(w) | (4.1.4)
Note that
: Ollwn — ynll } S|lwn — yal|
Ant1 = min A < )
! { IV f(wn) = V f(yn) = IV f(wn) =V f(yn)

It follows that

Combining () and (), we obtain

1)
IV F(wa) = Vi )|l < 5w = ynl. (4.1.5)
n+1
* * 62)\%
201 — 2> < Jlwn — 2*)? = [y — wall® + 5 Y — wall?
An+1
_2<yn — 2", Wy — Yn + )‘n<vf(yn) - vf(wn))>

52\2
A1

= Jwn — 2" = (1 = 57 llyn — wall*
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—2(Yn — 2" wn — Yo + AV (Yn) — Vf(wn))). (4.1.6)

From ({.1.9), we see that w, — A,V f(w,) € (I + X\,09)y,. Since dg is maximal

monotone, then there is u,, € dg(y,) such that

This shows that

Uy — )\i(wn — AWV f(wn) — yn)- (4.1.7)

Since 0 € (Vf + 0g)(«*) and V f(y,) + u, € (Vf + 09)yn, we get

(Vf(yn) + tn,yn — 27) 2 0. (4.1.8)

Substituting (|4_11§|) into (|Zl§), we have

1 *

n

This implies that (w, — A,V f(w,) — yn + XV (Yn), yn — %) > 0. Using (),

we derive

5222
= Sl — wal® (419)
n+1

e — 2" < fhwn — 27| = (1

]

Lemma 4.1.4 Let {x,} be generated by Algorithm . If 57> 6, < oo, then

limy, o0 || — 2*|| exists for all x* € Q.
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Proof. Let x* € Q. From Lemma , we see that
[nr — 27| < flwn — 27
So, we have

[t — 2% < lwn — 27
= “*Tn + Hn(xn i l‘n—l) — 33*”
< lon = 2% + Onllzn — o]

< e — 2| + 00 (||lzn — 27| + ||Xn—1 — z¥]]). (4.1.10)
Hence
[ens1 = 2"} < (14 0n) |20 — 27| + Onflwn—1 — 27,
By Lemma , we conclude that

s — 2 < K ]](1+26),

i=1

where K = max{||z; — z*||, |[z2 — z*||}. Since Y °, 6, < 400, by Lemma ,

we have {z,, — 2*} is bounded. Hence >~ 0|z, — z,_1| < +00. By Lemma

B.Q.j and (|4.1.1d)7 we have lim ||z, — x| exists. O
n—oo

Lemma 4.1.5 Let {x,} be generated by Algorithm . If Y702 0, < 00, then
lim ||zpe1 — x| = 0.
n—oo

Proof. We see that
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[, — 2|
= |an + On(zn — 2p1) — 27|

= |lon — I*H2 + 20, (vn — 2%, Tp — Tp1) + einn - xn71‘|2

IN

e, — .213*H2 + 20, ||xn — |20 — Tne1|| + HiH:z:n — an—1H2~ (4.1.11)

From () and (), we have

Tp+1 — = Tp — T n||Tn — T Tp — Tp—1 nl|Tn — Tn—1

| o<l |17 + 26, gl I+ 621 I
522
At

—(1 = 7 wn — yal*. (4.1.12)

Note that 6, ||z, — z,—1]| = 0 and lim ||z, — 2”|| exists by Lemma . From
n—oo

() and (), we have ||w, — z,|| — 0 and ||w, — y,| — 0, respectively. It

is easy to see that ||z, — y,|| — 0. Since V f is uniformly continuous, we obtain
Tim [V () = V£ (3)]| = 0. (4.1.13)

From (1.1.3) and (1.1.13), we get

[Znia = wnll = AallVf(yn) = VS (wn)]

— 0 (as n — 00).

Thus, we have

Hanrl - xn” < Hanrl - ynH + Hyn - an

— 0 (as n — 00).
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Theorem 4.1.6 Let {x,} be generated by Algorithm . If 700 0, < o0,

then {x,} weakly converges to a point in §Q.

Proof. Since {x,} is bounded, there exists a subsequence {z,, } of {z,} such that

Tn, — T € H. From Lemma , we obtain x,, 1 — Z. We note that

Yny, = p'f’O!I?)\nkg('LUnk — )\nkvf(wnk>>

From (), we obtain

Wny, — /\nkvf(wnk) — Yny,
Ang

€ 09(Yny)-

Hence

Wn,

IV f(wn,) + VS W) € Dg(n) + V). (4114)

Since ||z, — yn|| — 0, we also have y,,, — Z. Letting k¥ — oo in ()

and using (), by Lemma and Remark , we get
0 € (Vf+0dg)(z).

So z € Q. From () we see that {z,} is a quasi-Fejer sequence. Hence,
by Lemma , we conclude that {z,} weakly converges to a point in 2. This

completes the proof. O

4.2 TInertial modified relaxed forward-backward-forward method

In this section, we introduce an algorithm using the inertial extrapolation

and the adaptive stepsize. We assume that the following conditions are satisfied
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for our convergence analysis:

(A1) The solution set of the convex minimization problem () is

nonempty, i.e., S = argmin(f + g) N Q # (), where Q) is a subset of H.

(A2) f,g : H — (—00,+00] are two proper, lower semicontinuous and

convex functions.

(A3) f is differentiable on H and Vf is Lipschitz continuous on H with

the Lipschitz constant L > 0.

We next introduce a relaxed inertial forward-backward-forward method

for solving (R.1.1)).

Algorithm 4.2.1 Inertial modified relaxed forward-backward-forward

method (IRFBF)

Initialization: Let zo =21 € H, A\; >0, p; € (0,1), u € (0,1) and 6; > 0.
Iterative step: Let €2 be a nonempty closed convex subset of H. Givenn > 1,
calculate x,1 as follows:

Step 1. Compute the inertial step:
Wy = Ty + Op (T — Tp_1).
Step 2. Compute the forward-backward-forward step:

Yn = prox)\ng(wn - )\nv.f(wn))a

zn = (L= pu)wn + pu(Yn — M(Vf(yn) — Vf(wn))),

Step 3. Compute the projection step:

Tnr1 = Palzn).
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Step 4. Compute the stepsize step:

Ani1 = (4.2.1)

A otherwise.

Set n =n+ 1 and return to Step 1.

Using the proof line as in [8], we obtain the following lemma.

Lemma 4.2.2 Let p € (0,1) and Ay > 0. The sequence {\,} generated by )

is monincreasing and

lim A, = A > min{)\;, —}

n—o0

Hence,

IV £ (yn) = V Fwn)l| < < [lym — wal. (4.2.2)

Theorem 4.2.3 Let {x,} be generated by Algorithm - If > 0, < +0
and 0 < liminf, o pr < limsup, .. pn < 1, then the sequence {x,} weakly

converges to an element of S.
Proof. Let z* € S. Then, by Lemma (3), we have

[nss — 21 = [|Pa(za) — 27|

IN

120 = 27" = | Pa(zn) — 2all*. (4.2.3)
From () and by setting v, = y, — \(V f(yn) — Vf(w,)), we obtain

Hzn - x*”z = H(l - pn)wn + PnUp — x*H2

= ”(1 - pn)(wn - :E*) + pN(Un - $*)H2
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= (1= pu)|wn — $*||2 + pullvn — x*HQ

—pn(1 = pn)lvn — wa*. (4.2.4)
From definition of v, and (4.2.2), we have

||wn - x*H2 = ||wn —Yn T Yn — Up + Uy — x*H2

= Jlwn = Ynll® + lyn — vall® + lon — 2*||” + 2(wn — Yn, Yn — vn)
+2(Yp, — Un, Up — ) + 2{vy, — ¥, Wy, — Yn)

= Jlwn — Unll® + 9 — vall® + lvn — 2|1 + 2(wn — Yo,y — %)
+2<yn — Up, Up — (L’*>

= Jlwn = yall® + lyn — vall® + lon — 2| + 2(wn — Yo, yn — %)
+2<yn — Up,Un — Yn + Yn — $*>

= Jlwn = yall® + lyn — vall® + lon — 2| + 2(wn — Yo,y — %)
_2<yn — UnyYn — Un) + 2<yn — Un,Yn — ZL'*>

= Nlwn = yall® = lyn — vall® + lon — ¥ + 2(wn — vn, Y — %)

= lwn —ynll? = NIV F(yn) = Vi (wn)|* + [Jon — 2*|?

+2<wn — Un, Yn — 11*>

AH’

2
)‘n—l-l

+2(wy, — Un, Yp — ).

v

||wn_yn||2_ ||yn_wnl|2+”vn—l‘*”2

It follows that

Anht?

2
/\n+1

—2(wy, — Un, Yp — 7). (4.2.5)

ln — 2" < Nlwn = 2" = wn — yall* + 55—l — wall®
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Since
we have
Wy, € Yp+ )‘nag(yn) + )\an(’lUn)
= Yn — )‘n(vf<yn> L vf<wn)> + )‘n(ag + Vf) (yn)
= U+ )\n<ag + vf)(?/n)
Hence,

Ai(wn —v,) € (g + V) (yn).

This, together with 0 € (Jg 4+ V f)(z*) and the monotonicity of dg + V f, implies

(Wy, — Up, Yy — ) > 0. (4.2.6)

From (}4.2.5) and (), we have

2,2
* * nl’[’
lon =2"I° < flwn =27 = lwn = gall® + 35— llwn = ul®
n+1
: ALu
= |lw, —z*|* - (1 ~ 3 )Hwn — % (4.2.7)
n+1

From () and (), we have

k]2 < 1 — _¥]2 K2 1— )\EL/’LQ o 2
lzn — 2|7 < ( Pn)|[wn — 2*[]7 + pnllw, — 2| Pn 2 lwn — ynl
n+1

_Pn(l - pn)an - wnu2
. A H
— =2 = (1 _ )nwn —

~pn(1 = pu)lvn — wa*. (4.2.8)
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This shows that
|z — ™| < ||wn — 27| (4.2.9)

From () and (), we also have

[2nta =27 < flzn = 27| < flwn — 7).

Hence,
[Zne1 =2 < lw, — 27|
= ||:L‘n + en(xn Y xn—l) - I*”
< oy = 2" + Onllzn — 2o
= |lwn — 2% + nllzn — 2" + 2% — 25|
< o — 2+ Oulllan — 2l + s — 2°[).  (4:210)
Therefore

201 — 2| < (1 + On)llzn — 27| + |21 — 27|,
By Lemma , we conclude that

|zns1 =2 < KT[(1+26)

=1

where K = max{|jz; — 2*|,||ze — z*||}. Since > 7,0, < 400 and {z,} is

bounded, we have > 7 0,z — x,_1|| < +00. By Lemma m and (), we

have lim ||z, — x*|| exists.
n—oo
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Next, we consider

[, — 2|
= |an + On(zn — 2p1) — 27|

= |lon — I*H2 + 20, (vn — 2%, Tp — Tp1) + einn - xn71‘|2

IN

e, — .CE*H2 + 20, ||xn — |20 — Tne1|| + HiH:z:n — xn_1\|2. (4.2.11)

From (M), (M) and (ll?lll), we get

lZner =21 < Mo — 27 + 200l — 2%l — 2ol + O3l — 20a |

Ao
(1= 38 Y = sl = (1 = pu)ln = P
n+1

~||Zna1 — 2l (4.2.12)

From (), we have ||w, —y,| — 0, ||v,—w,| — 0 and ||z,41 —2,|| — 0. From
definition of w,,, we see that ||z, — w,| — 0. Since V f is uniformly continuous,

we obtain
Tim [[V£(w) = V()| = . (42.13)
From definition of v, and (), we have

[yn —onll - = AalIVf(yn) = VS (wn)]]
) (4.2.14)

On the other hand, we see that

Hzn - ynH2 = ||(1 - pn)wn + PnUn — yn||2
= (1 —pp)llwn — yn||2 + anUn - yn||2

—pn(1 = p)llwn —va1*.
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Since ||w, — ynl| — 0, ||vn — w,| — 0 and (), it follows that
Iz = ynll = 0.

Also, we have

20 =yl < N0 = wall + lwn = ynll

— 0

and

lzn = zall - < N2 = yall + lyn — 22|

— 0. (4.2.15)

Hence, we obtain

[Zni1 = znll < foni = zall + [[2n — 2nll

— 0. (4.2.16)

Since the sequence {z,} is bounded, the set of its weak accumulation points
is nonempty. Take any weak accumulation point z of the sequence y,. Since

|lzn — yn|| — 0, there is a subsequence {y,, } of {y,} weakly converging to z.
From
Ynp = pTOx)\nkg(wnk — A V[ (wny)),

it follows that

Wny, — /\nkvf(wnk) — Yny,
o S ag(?Jﬂk)‘
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This implies that

’U)nk)\_ I T f(wn,) + VF(Uny) € 09(yn) + V£ (). (4.2.17)

k

Letting & — oo in (), we obtain by Lemma ,
0€ (0g+ Vf)(x).

Thus = € argmin(f + g).

Next, we will show that z € Q. Since Py, is nonexpansive, by ()

and (4.2.16), we have

[Pa(zn) — 2all < |[Pa(zn) — Pa(za)ll + [ Pa(2n) — nl|
< ||xn - Zn” + me—l B $n||
— 0.

Hence, by the demiclosedness of Py, we obtain z € (2. By Lemma , we
conclude that the sequence {xz,, } weakly converges to a point in S. This completes

the proof. 0

4.3 New proximal gradient method

In this section, we introduce our algorithm for solving the convex mini-

mization problem () Following Cruz and Nghia [G], we assume that

(I) f,g : H — (—00,400] are two proper, lower semicontinuous and

convex functions with domg C dom f.

(II) The function f is Fréchet differentiable on an open set containing

domg. The gradient V f is uniformly continuous on any bounded subset of domg
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and maps any bounded subset of domg to a bounded set in H.

Algorithm 4.3.1 Initialization: Let xg =2, € H, 0 >0, p€ (0,1), § € (0,1),
91 >0
Iterative step: Forn > 1, calculate x,,1 as follows:

Step 1. Compute the inertial step:
Wy, = Tp+0(T, — Tpo1). (4.3.1)

Step 2. Compute the forward-backward step:

Yn = prox)\ng(wn — AV f(wn)),

where A\, = cp™ and m,, is the smallest nonnegative integer such that

AV (proxx,g(yn — AV f(yn))) = VI ()| + [IVf (wn) = Vi (ya)l)

)
< S(lproz,g(yn = AaV () = yull + llwn = yall)-

Step 3. Compute the x,q step:

Tnt1 = ProXy,g(Yn — AnV [ (yn)).

Set n =n+ 1 and return to Step 1.

Theorem 4.3.2 Let {z,} be generated by Algorithm . If > 0, < +0

and A\, > X for some X > 0, then the sequence {x,} weakly converges to an

element of Q.

Proof. By definition of proximal operator, we have

Wy — Yn — prox,, g( — A Vf(wn))

— Vf(wn) € 99(yn)-
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It follows from the convexity of g that

Wn — Yn
An

g(z) — g(yn) > ( — Vf(wn), — yn), Vo € domg. (4.3.2)

Also, we have

n — Tn n 7’0$n n_>\nv n
=l g gy, = 22O Z VW) g, e ag(a)

By the convexity of g, we also have

Yn — Tp+1

An

9(z) — g(@nt1) > —Vf(Yn), * — Tnt1), Yz € domg. (4.3.3)

On the other hand, for any x € domg C domf, we have

f(@) = fwn) = (Vf(wn), 2 = wn) (4.3.4)

and

f($) - f(yn) > <Vf(yn)7$ N yﬂ)' (4'3'5)

Combining (|43j), (h3d), (|434l) and (M), we obtain

9(x) = g(xni1) + 9(x) = glyn) + f(2) = flyn) + f(z) — flwn)

> (P Y f (). =t + (= V()7 )
HVF(Yn), T — yn) + (Vf(wy), 2 — wy,)

_ Ain@n — Zpi1, @ — Tpg1) + (Vf(Yn), Tng1 — T) + %(wn T — )
VI (wn), yn — 2) + (VI (Yn), 2 = yn) + (Vf(wn), 2 — wy)

B A_1n<y” ~ Tn1, @ Tn) + %n<wn — Yns @ = Yn) + (VF(¥n), Tnr1 — Yn)

HV f(wn), Yn — wn)
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1
<yn — Tn4+1, L — $n+1> + _<wn —Yn, T — yn>

n An
+<vf(yn) - Vf(xn—i-l) + Vf($n+1), Tp41 — yn)

HVf(wn) = VI(yn) + VI(Yn), Yn — wn)
1
= _<yn — Tp41, T — $n+l> + )\_<wn —Yn, T — yn>

+<Vf(yn) - Vf(xn-f-l)? Tpy1 — yn) o <Vf($n+1), Tpy1 — yn)

+<vf(wn) - vf(yn)7 Yn — wn) + (Vf(yn), Yn — wn>
1

/\_Kyn — Tpt1, T — xn+1> ol <wn —Yn, T — yn>]

=V (yn) = Vi @ns ) ll2na = ynll = IV (wn) = Vi (o) [[lyn — wnl

+f(@n11) = fyn) + F(yn) — f(wn)

1
/\_Kyn — Tp+1, L — xn+1> + <wn — Yn, T — yn>]

n

=V F(yn) = V@)l ([Yn = wall + 2011 = ynll)

=1V (wn) = VI @)l ([yn = wall + 121 = ynll) + f(@n41) — f(wn)

1
= )\_Kyn — Tp+1, L — xn-{-l) + <wn —Yn, T — yn>]

_(va(yn) y Vf(:(]n+1)|| + va(wn) i vf(?Jn)H)(”yn - wn” + ||xn+1 - ynH)
+f(2pg1) — flwy).

> | —

>

v

v

It follows that

[{(Yn — Tnt1s Tng1 — ) + (Wy — Yy Yoo — )] (4.3.6)
> g(eni1) = 9(x) + 9(yn) — 9(@) + f(yn) — f(2) + f(wn) — f(2)
+f(@nt1) = flwn) = (IVF(Yn) = VF(@np) | + IV f(wn) = VF(ua)ll)

X([[yn = wall + 041 = wall)-

=

From (), it follows that

<yn — Tn41, Tpt1 — I> + <wn —Yn,Yn — I>
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v

Ml(f + 9)(@nga) = (fF +9) (@) + (f + 9)(yn) — (f + 9)(2)]
IV (Yn) = V(@) | + IV f(wn) =V (ya)ll)
X(|yn — Wl + |Tni1 — ynll)

Ml(f + 9)(@nga) = (f +9) (@) + (f + 9)(yn) — (f +9)(2)]

Vv

)
—§(||$n+1 = Ynll + wn = yu ) NYyn — wall + [ Zns1 — ynll)
> Ml(f +9)(@ng1) = (f +9)(@) + (f + 9)(yn) — (f +9)(2)]
)
_§(||xn+1 _yn||2+ ||wn_ynH2)- (4.3.7)
We know that
2(Yn — Tni1, Tng1 — ) = [y — 21> = |y — Zna I = |21 — 2> (4.3.8)
and
2(wn = Yoy Yo — 1) = lwp — 2)1* = wn — yull® = lym — 2|, (4.3.9)

From ([£.3.7), (.3.9) and ([£.3.9), we get

1
2
> Al(f +9)(@n1) = (f +9)(@) + (f + 9)(yn) — (f + 9) ()]
5

2

1 1 1
— 5l = a2 = Sl = ol + Sl —allP = 2w — vl

(lZn+1 — vnll® + llwn = uall?).
This shows that

Jwn — ] = || 241 — 2|
> 20 [(f + 9)(@ns1) = (f +9) (@) + (f + 9)(Yn) — (f + 9) ()]

+(1 - 5)||xn+1 - ynH2 + (1 - 5)||wn - ynH2
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Setting x = 2z, we obtain

|1 — 2] < JJwn = 2]1? = 2M[(f + 9) (Tns1) — (f + 9)(2)
+(f+9) ) — (f+9)(2)] = 1 = )[|ns1 — all®
—(1—8)[lwy — ynll?

l|wn, — 2||. (4.3.10)

IA

Hence

[2nta =2l < fJwn = 2]]

= |[|Zn + On(zn — Tp_1) — 2|

IN

||xn - ZH + ‘9n||xn T In—IH

< e = 2l + On(llzn = 2l + 20 = 2])-

This shows that ||z,+1 — 2| < (14 6,) ||z, — 2|| + 0n||zn-1 — 2||. By Lemma ,

we get
lnis = 2l < K - J](1+ 262),
i=1

where K = max{||z1 — z||, ||z — z||}. Since ">, 6,, < 400 and {z,} is bounded,

we have > >° 0, ||z, —z,_1]| < +00. By Lemma , we also have lim,,_,, ||z, —

z|| exists.
Consider
Hwn - 2”2 = Hxn + en(l'n - xn—l) - Z”2

= |z, - Z||2 + 205 (Tn — 2,Tp — Tpo1) + QTQL”xn - xn—IHQ
<l — Z||2 + 200 ||z — 2| |20 — Tna|

+02||2n — Tn1|)®. (4.3.11)



39

From () and (), we obtain

[2ni1 =217 < Nlan = 2l 4+ 200llzn — 2|12 = 20|l + 02 )20 — 20 |
=2XMa[(f + 9)(@ns1) = (f +9)(2) + (F + 9)(yn) — (f +9)(2)]
~(1 = 0)|zn41 = gl = (1 = ) lwn — ynl[?

<

|20 — ZHZ + 20, || — 2||||2n — Toa|| + 9721"3% - xn—le

~(1 = O)llzn+1 = yall® = (1 = O)llwn — yull*. (4.3.12)

Since Y >, Oy ||xn —25—1]] < +00 and lim,, o ||z, — z|| exists. Hence, by (),

lyn — wn]| — 0 and ||z — yul| — 0. From (), it is easy to see that
|z, — wy| — 0.

Moreover, we have

20 =yl < ll2n = whll + [lwn = yall

— 0 (as n — 00). (4.3.13)

From (), we obtain

[en =2l < llan = yall + llyn = 20l

— 0 (as n — o0).

Since {x,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, —

z* € H. Moreover, we obtain z,, 1 — z*. Since {z,, } is bounded and ||z, +1 —

Yn, || = 0, by assumption (II), we obtain

lim [V f(20,1) = Vf ()| = 0. (4.3.14)
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Note that

Lnp+1 = prOX)\nkg(ynk - )‘nkvf(y”k))

It follows from () that

Yny, — )‘nkvf(ynk> — Tng+1
Anp

€ 8g(xnk+1)'

Hence

n _xn
% -+ Vf(xnk-l-l) 3 vf(ynk) € Vf(l‘nk+1) —+ ag<xnk+1)
Nk

Letting k — oo in (4.3.15), from () and Lemma , we get
0€a(f+9)(=).

Hence z* € (). By Lemma , we conclude that {z,} weakly converges to a

point in €. This completes the proof. [

Remark 4.3.3 The condition that {\,} is bounded away from 0 can be removed
when V f is Lipschitz continuous. Indeed, if V f is L-Lipschitz continuous on H,
then A\, <o, n>1. If \, <o, then A\, = gp™ where m,, is the smallest positive

integer such that

AV f(proxx,g(yn = AV f(yn))) = VI (yn) | + [V f(wn) =V f(yn) D)

5

Set 5\; = ’\7". By the Lipschitz continuity of V f and (), we have

M L(|prow,g(yn = AV f () =yl + llwn = ull)

M1V F(prow,g(n = MV £ () = V £y + [V £ (wa) = V f ()]
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B
> §(Hp?“0mng(yn — MV () = ynll + lwn — ynll)-

So X;L > g. It follows that \,, > g%. Hence A,, > min{o, g%} for all n > 1.

4.4 Double proximal gradient method with new linesearch

In this section, we assume that the following conditions are satisfied for

our convergence analysis:

(A1) The solution set of the convex minimization problem () is

nonempty, i.e., = argmin(f + g) # 0.

(A2) f,g : H — (—00,+00] are two proper, lower semicontinuous and

convex functions.

(A3) The gradient V f is uniformly continuous on bounded subset of H

and maps any bounded subset of H.

We next introduce an inertial double forward-backward method for solv-

ing (2.1.1)).

Algorithm 4.4.1 An inertial double proximal forward-backward method
(IDFB)

Initialization: Let zo =21 € H,0; >0,7v>0,¢€ (0,1) and 0 < pu < 1.
Iterative step: Forn > 1, calculate x,,1 as follows:

Step 1. Compute the inertial step:
Wy = Ty + Oy — 20 1).
Step 2. Compute the forward-backward step:

Yn, = Proxy, q(w, — X,V f(wy)).
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Step 3. Compute the x,.1 step:

Tpt1 = pT‘O.I')mg(yn - )‘nvf(yn))a

where the linesearch A\, = v{™ is the smallest nonegative integer such that

)\n(<Vf(ZEn+1) - vf(?Jn)a Tp+1 — yn> + <Vf(yn) - Vf(wn), Yn — wn>)

2
po+1 I
< 1 | Znt1 _yn||2+m||yn_wn”2' (4.4.1)

Setn =n+ 1 and return to Step 1.

Lemma 4.4.2 Letx € H, v >0,0€ (0,1) and0 < p < 1. Fori=1,2,3,..., set

H(z,i) = prox,,(z— 'V f(z))

Ty prox,ygig(H(x,i)—’yﬁin(H(:c,z'))).

If
V(T (P, 1)) = T f (H(2,)), P(z,3) — H(z,1))
(VI (H (1) — V@), H(z,1) — 2))
< B Ple) — (eI + Ll ) = ol
then \ = ~/(°.

Else v =1+ 1. The linesearch (@) stops after finitely many steps.

Proof. 1f x € €, then z = prox  (z — yVf(r)) = H(x,0). It follows that

H(z,0) = z and the linesearch stops with zero step, hence A = ~.

If z ¢ Q, then

V(Y F(P(x,4)) = Vf(H(w,i), P(z,i) — H(x,17))
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+H(Vf(H(z,i)) = Vf(z), H(z,i) — x))
p+1

>
4

. . i . 5
P(x,i) — H(z,9)|* + —/——||H(z,1) — z||?,
|1P(z,i) — H(z,1)]| thl|| (z,1) — 2|

it follows that

VIV f(P(x,i)) = VF(H (@, )| P(w, i) — H(x,9)

+HIVf(H(z,1)) = V(@) H(z,7) — z]])
pu?+1
4

. NI 1% . 2
|P(x,i) — H(x,1)||* + mHH(z,z) —z||*. (4.4.2)

So we have as i — oo, ||P(z,i)— H(x,i)|| — 0 and ||H(z,i)—x|| — 0. Since V f is
uniformly continuous, we get |V f(P(x,7))=V f(H(z,7))|| — Oand ||V f(H(x,1))—
Vf(x)|| = 0asi— oco. By (), we have

—||H(x,z) — 2| — 0 as i — 0.
gid
We see that
— ~f - H
z = V@) = H@ D) oo i),
04
Hence,
x — H(x,1)

(i € 0g(H (x,1)) + V f(x).

By Lemma , we have 0 € dg(z) + Vf(z). Thus, x € Q which is a contradic-

tion. This completes the proof. ]

Theorem 4.4.3 Let {z,} be generated by Algorithm @ If > 0, < 00 and

An > A for some X > 0, then {x,} weakly converges to point in Q.



Proof. By definition of proximal operator, we have

Wy, — Yn Wy, — proxy, o(w, — A,V f(w,
V) - 2nsl ) _ 9 sw,)
An An
€ 09(yn)-
By property of the convexity of g, we obtain
Wy — Yn
9(@) —g(yn) 2 (5 = Vf(wn),& = ya), Yz € H.
Also, we have
Yn — Tp Yn — Prox n Yn — )\nvf Yn
T Vi) = 2aol W) 9 s40)
An An
S ag<xn+1)7
by the convexity of g, we also have
Yn — Tp+1
9(r) = g(Tpi1) > (———— = Vf(yn), 2 — ¥pp1), Yz € H.

An

For any x € H, we also have

f@@) = fwn) =V f(wn), z = wn)

and

f(@) = fyn) = (Vf(Yn), ® = yn).
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(4.4.3)

(4.4.4)

(4.4.5)

(4.4.6)

Using () and () and combining (|44i4), (|4441), (|44ﬂ) and (), we

obtain

9(7) = g(wpi1) + 9(x) — g(yn) + f(z) — f(wn) + f(z) — f(yn)
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Wn — Yn

n — Tn
(P = V), = ) + (5

)\n
HVf(wn), = wn) + (V[ (Yn), T = Yn)

v

= Vf(w,),z —yn)

1 1
= W = T @ = ) +AV (), T = 2) = (W = Yy T )
+<vf(wn)7yn - .CE) + <v.f<wn)a T — wn) + <vf(yn)7x - yn>
1 1
= )\_<yn — Tp4+1, T — xn+1> + >\_<wn — Yn, T — yn> + (Vf(yn), Tp+1 — yn>

H(Vf(wn), Yn — wp)

= (¥ = Tyt @ = Tg1) + 5 (Wn = Yy T — Y)

+<vf(yn> - Vf(xn-H) + Vf($n+1)7 Tyl — yn>

+<Vf(wn) - Vf(yn) + Vf(yn)v Yn — wn)
1 1
- )\_n<yn_xn+l7x_$n+l>+)\_n<wn_yn7x_yn>

+<Vf(yn> - Vf(xn+1>7 Tpt1 — yn> + <Vf(xn+1)a Tpt+1 — yn>

+<vf(wn) - vf(?/ﬂ)? Yn — wn> + <Vf(yn)> Yn — wn)

1
- )\_Kyn — Tp+1, L — lﬁ—i—l) + <wn —Yn, T — yn)]

—~(Vf(Zn11) = VI (Yn), Tng1 = Yn) — (Vf(yn) — Vf(0n), Yn — wp)
HVf(@ni1), Togr = Yn) + (V. (Yn), Yn — W)
inKyn —Tpt1, T — xn+1> + <wn —Yn, T — yn)]

_[<Vf(xm|—1) . Vf(yn)v Tpt1 — yn) + <Vf(yn) L Vf(wn)v Yn — wn)]

HVf(@ni1), Tng1 — Yn) (VI (Un), Yn — wn)

1
> )\_Kyn — Tp41, T — xn+1> + <wn —Yn, T — yn>]
2
e 1 - 2000 VA0 W _ 2
[ 4)\n ||xn+1 yn” I (M+1))\nl|yn wn” ]

+f(@ni1) = fF(Yn) + fyn) — fwn).

It follows that

2<yn — Tpt1, Tptl — x> + 2<wn —Yn,Yn — SU)
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> 20[9(wni1) — 9(@) + 9(yn) — 9(z) — f(@) + f(yn) — f(2) + f(Tn11)]
ol s — gl — )
= 2X0[(f + 9)(xn1) = (f +9) (@) + (f +9)(yn) — (f + 9) ()]
241 2
I i =l = (4.4.7)
We have
2y — L1, Tnp1 — ) = lyn — 2)* = g — Tpia|? = lJ2nar — 2l?,  (4.4.8)
and
2{(Wy = Yy Yn — ) = | wn — z||* = [[wn — Yull® = lyn — 2| (4.4.9)

Substituting (|4_l4§) and (Eéla) into (4.4.7), we obtain

— [t = Zpaall® = N2nga — 2]* + [Jwn = 2|* = [Jwn — ynll®
> 22[(f + 9)(@n1) = (f +9) () + (f + 9)(yn) — (f + 9)(z)]

_[u2+1
2

2
s = ll* + == lom = ]
It follows that

1 — 2

IN

lwn = 2)1* = g — Znsall* = 1w — yal®

N+ 9)anen) = (7 4+ 9)(0) + (4 9)uw) — (7 +9) (@)
T e

2

p*+1 5 24 2
n n _]'_— n - Yn
Sl = il = (1= =2 =

=2Xu[(f + 9)(@nga) — (f + 9)(x) + (f + 9)(yn) — (f + 9)(@)].

= Jwn —2l* = (1 -
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Setting x = z €  and using 0 < p < 1, we have

frw = =1 =l = 2l = (1= 5l = il = (1= =) o =3P
=2M(f + 9)(@ni1) = (F +9)(2) + (f + 9)(yn) = (f + 9)(2)]
< w, — 2% (4.4.10)
So,

[#nn =2l < flwn = 2|

= ||Zn + 0n(Tn — Tn1) — 2|

IN

[z = 2| + Ollzn — zn ]

< len =2l 4 Ou(llen = 2l + lona — 2[),  (44.11)

which gives [|zpe1 — 2|| < (1+ 6,)|lzn — 2]| + Oullzn1 — 2||. By Lemma B.2.4, we

obtain
[Znt1 — 2| < K - H(l + 26;),
i=1

where K = max{||z; — z||,||z2 — z||}. By Lemma and Y > 0, < +o0, we
obtain {z,} is bounded. So

o0
Zeonn — Tp_1]| < Fo00.

n=1
By Lemma and (), we obtain lim,,_, ||z, — z|| exists.
Consider,
lwp = 2[* = g+ On(zn — 201) — 2|

= ||z, - ZHZ + 20, (Tn — 2,Tn — Tpo1) + 9721H37n - wn—le
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< e — Z||2 + 20, |70 — 2|20 — 2]

+02 |2 — 20 || (4.4.12)

From () and (), we have

lznss = 217 < Nz = 217 + 20nll@n = 2lll|lzn — @ncall + O ll2n — 2na ||
u?+1 2

2 2
n — 4n i ——— n — Yn
5l — el = (L= ) o — 3

=2X[(f + 9)(@ni1) = (F +9)(2) + (f + 9)(yn) — (f +9)(2)]

—(1—

< lzn — Z”2 + 20|25 — 2| |20 — T || + 9721||xn - xn—1||2
2
+1 2
(1= E5 o =l = (1= =5 — gl (1413

Since > 7 | O ||z, — 24-1]] < +o00 and lim, . ||z, — 2| exists, from (), we

obtain

lim ||y, — zps1]| =0 (4.4.14)
n—oo
and
lim ||w, —y.| = 0. (4.4.15)
n—oo

From definition of w,,, we have
lim ||z, — w,| = 0. (4.4.16)
n—oo

From () and ({.4.16), we see that

lim [z —ynl| < T [l — wpl| + lim flw, — ynl|
n—00 n—00 n—r00

= 0. (4.4.17)
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From () and (), we obtain

lim 21— 2ol < lim [2nen — goll + iy, — 2
n—oo n—oo n—oo

= 0.

Since {x,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, —

z € H. Moreover, we obtain z,, 1 — 2. Since {x,, } is bounded, limj_, o ||Tn,+1—

Yn, || = 0 and V f is uniformly continuous, we have
lm [V (1) = V£ (0, = 0. (4.4.18)
From

Tnp4+1 = prox/\nkg(ynk - )\nkvf(ynk))7

it follows that

Yny, — /\nkvf(ynk> — Tny+1
Ans

S 8g(xnk+1>'

Hence,

ni, — LTny

Using (), letting k& — oo in () and applying Lemma , we get
0e (Vf+09)(2).

Hence z € Q. From () and Definition , we have {z,} is a quasi- Fej r

sequence. By Lemma , we conclude that {x,} weakly converges to a point

in 2. This completes the proof. O



CHAPTER V

APPLICATION

5.1 Application to image deblurring

This section is devoted to the presentation of numerical experiments
which illustrate the application to image deblurring of an inertial modified forward-

backward method (IMFB) and new proximal gradient method (Agorithm )

in Section El] and @

Let A € RV*M be the blurring matrix, x € RY the original image and
b € RM™ the degraded image. Adding the random noise v € R, we have the

following image recovery problem

Ax =b+ .

For solving this problem, we make use of the model of Tibshiranit [49]

which is known as LASSO problem

.1 9
wlrelélllv{§||b—Ax||2—|—THxH1}, (5.1.1)
where 7 is a positive parameter, || - ||; is the ¢;-norm, and || - ||z is the Euclidean

norm.

In this connection, problem () can be seen as () by setting

1
f(@) = 5llb — Az||3 and g(z) = 7l|]:.
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Peak-signal-to-noise ratio (PSNR) in decibel (dB) [50] is defined by

2552

where MSE= ||z,, — z||?. Structural similarity index measure (SSIM) [54] is used
for measuring the similarity between two images. It is noted that, a higher PSNR
generally indicates that the reconstruction is of higher quality. The resultant
SSIM index is a decimal value between 0 and 1, and value 1 is indicates perfect
structural similarity. We use a Fast Fourier Transform (FFT) for converting it to

the frequency domain.

The numerical experiments have been carried out in Matlab environment

(version R2020b) on MacBook Pro M1 with ram 8 GB.

We will present restoration of images corrupted by the following blur

types:

e Motion blur with motion length of 45 pixels and motion orientation

180°.
e Gaussian blur of filter size 5 x 5 with standard deviation 5.

e Out of focus blur with radius 7.

Example 5.1.1 Set a regularization 7 = 107 and zp = z; = (1,1,1,...,1) € RV,

) )

1

- ifz Tp—
nQHxn,xn71”§ 717'é n—1

For IFB, choose 6,, =
0 otherwise.

2
For Algorithm , we set to =1, t, = DI d

2

LEEn if 1 <n <1000

0 otherwise.
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In the implementation, we choose the following parameters:

Table 1: The parameters for each methods in section @

Methods =gt =05 p=04 p=05 o=2 6=09
IFB v

FISTA v - - - - -
NAGA v

FMFB - - v

v v
Algorithm ; ] ; v v v

Here L was computed by the maximum eigenvalues of the matrix A7 A.
The quality improvements of the reconstructed grey image sizes 320 x 266 and

RGB image sizes 1000 x 744.

Numerical results for recovering the degraded grey and RGB images by

using the proposed method with 1,000 iterations are reported in Table E

Table 2: The comparison of PSNR and SSIM of the restored images for grey
images

Methods Motion blur Gaussian blur Out of focus
PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
IFB 26.5404 | 0.6317 | 48.9764 | 0.9945 | 34.6308 | 0.9322
FISTA 56.2778 | 0.9984 | 49.4321 | 0.9959 | 44.6754 | 0.9856
NAGA 59.2419 | 0.9992 | 50.3907 | 0.9966 | 45.2599 | 0.9871
FMFB | 57.5154 | 0.9987 | 50.4814 | 0.9966 | 45.2917 | 0.9872
Algorithm §.3.1 | 62.7602 | 0.9996 | 52.4786 | 0.9978 | 45.6101 | 0.9880
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Table 3: The comparison of PSNR and SSIM of the restored images for RGB
images

Methods Motion blur Gaussian blur Out of focus
PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
IFB 28.2037 | 0.8686 | 35.5792 | 0.9745 | 28.5151 | 0.8650
FISTA 39.6261 | 0.9871 | 45.1640 | 0.9931 | 38.4775 | 0.9823
NAGM 41.6376 | 0.9917 | 42.9277 | 0.9941 | 39.3708 | 0.9849
FMFB | 41.6352 | 0.9918 | 42.9499 | 0.9941 | 39.4220 | 0.9850
Algorithm [éil] 45.6777 | 0.9966 | 44.5793 | 0.9957 | 40.9983 | 0.9889

From Tables E and B, we observe that Algorithm provides a higher
PSNR and SSIM than those of IFB, FISTA, NAGA and FMFB methods. This

shows that the proposed method has a better convergence behaviour than others.

We next show the restored images of Grey and RGB images for motion

blur.
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Grey images

(a) original (b) blurred (c) IFB (d) FISTA (e) NAGA (f) FMFB (g) Alg.
image image 26.5404 56.2778 59.2419 57.5154 62.7602
17.4716

cropped cropped cropped cropped cropped cropped cropped
image (a) image (b) image (c) image (d) image (e) image (f) image (g)
RGB images

(h) original (i) blurred (j) IFB (k) FISTA (1) NAGA (m) FMFB (n) Alg.
image image 28.2037 39.6261 41.6376 41.6352 45.6777
19.3878

cropped cropped cropped cropped cropped cropped cropped
image (h) image (i) image (j) image (k) image (1) image (m) image (n)

Figure 1: The original images, images degraded by motion blur and restored images for grey images and
RGB images.
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We next show the restored images of Grey and RGB images for Gaussian

blur.

Grey images

(a) original (b) blurred (c) IFB (d) FISTA (e) NAGA (f) FMFB (g) Alg.
image image 48.9764 49.4321 50.3907 50.4814 52.4786
28.0122

cropped cropped cropped cropped cropped cropped cropped
image (a) image (b) image (c) image (d) image (e) image (f) image (g)
RGB images

(h) original (i) blurred (j) IFB (k) FISTA (1) NAGA (m) FMFB (n) Alg.
image image 35.5792 45.1640 42.9277 42.9499 44.5793
24.8557

|
cropped cropped cropped cropped cropped cropped cropped
image (h) image (i) image (j) image (k) image (1) image (m) image (n)

Figure 2: The original images, images degraded by Gaussian blur and restored images for grey images and
RGB images.
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We next show the restored images of Grey and RGB images for out of

focus.

Grey images

\ |

(a) original (b) blurred (c) IFB (d) FISTA (e) NAGA (f) FMFB (g) Alg.
image image 34.6308 44.6754 45.2599 45.2917 45.6101
23.3081

cropped cropped cropped cropped cropped cropped cropped
image (a) image (b) image (c) image (d) image (e) image (f) image (g)
RGB images

(h) original (i) blurred () IFB (k) FISTA (1) NAGA (m) FMFB (n) Alg.
image image 28.5151  38.4775 39.3708 39.4220 40.9983
21.6416

cropped cropped cropped cropped cropped cropped cropped
image (h) image (i) image (j) image (k) image (1) image (m) image (n)

Figure 3: The original images, images degraded for out of focus and restored images for grey images and

RGB images.
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0 100 200 300 400 500 600 700 800 900 1000 10'50 100 200 300 400 500 600 700 800 900 1000
Number of iterations Number of iterations
(a) PSNR plotting of grey images (b) MSE plotting of grey images

— Aigorttm3.1

100 20 300 40 5(20 600 700 80 900 1000 0 100 200 300 400 5‘:0 600 700 80 900 1000
Number of iterations Number of iterations
(c) PSNR plotting of RGB images (d) MSE plotting of RGB images

Figure 4: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm for motion blur.



o8

569 . ° 10"“{
50 | ~— Aigorithm 3.1
It -~ FSTA
102 FMFB
4 - NAGA
IF8
4
o«
z .
2 — Aigorithm 3.1
35 !‘l
& == FISTA
@ l,' FMFB
i ——
%5¢ 8 1
6 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Number of iterations Number of iterations
(e) PSNR plotting of grey images (f) MSE plotting of grey images

58 - - FiSTA 1
£
i FMFB
i
E -=-NAGA
20} ) 1
i
i
i
?
154 - s . 4 -
0 100 20 30 40 500 600 700 800 %00 1000 0 100 20 300 40 500 600 700 800 90 1000
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(g) PSNR plotting of RGB images (h) MSE plotting of RGB images

Figure 5: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm for gaussian blur.
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— Aigorithm 3.1
. - - FISTA
10 FMFB

lie — Algorithm 3.1
- - FISTA

14
% ; FMFB
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0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Number of iterations Number of iterations

(i) PSNR plotting of grey images (j) MSE plotting of grey images

— Algorithm 3.1
- - FISTA

i
158
0

100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Number of iterations Number of iterations

(k) PSNR plotting of RGB images (1) MSE plotting of RGB images

Figure 6: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm Y.3.1 for out of focus.

Example 5.1.2 We compare our algorithm (IMFB) in section @ with FISTA,
MFB, FRB, MFRB, IMFB, MSP and FMFB.

2
In method IMFB, we set to = 1, t, = VAR S

2

LS if 1 <n <1000

0 otherwise.

The regularization parameters are chosen by 7 = 107° and 2y = z; =

(1,1,1,...,1) € RY. We set the following parameters:
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Table 4: The parameters for each methods in section El]

Parameters | FISTA | MFB | FRB | MFRB | IMFB | MSP | FMFB | IMFB
Mo = 0.1 - v v - - -
A =0.5 - - v - - v
oc=0.1 v - - - v -
p=0.8 . v - - . - v -
F=035 I - v S I - - -
Y= 1/5 — - v B — B B B
0=20.5 = v v = = - - v
=02 = - - 7 = 5 5

Ay = il ¥ = = - N v - -
=2 5 - . 7 5 5
r(z,) = 51 Ty - - 4 v - -

For the experiments, we use the sizes 251 x 189 for RGB images. We add

Poisson noise. For the results recovering the degraded RGB images, we limit the

iterations to 1,000. We report the numerical results as follows:

Table 5: The comparison of PSNR, SSIM and CPU time in seconds for each
methods of the restored images

Motion blur

Gaussian blur

Out of focus

Methods | —rexm—T"sesm | ©PU | PSNR | SSIM | CPU | PSNR | SSIM | CPU
FISTA | 251122 | 0.7694 | 48.0184 | 34.3744 | 0.9320 | 47.2637 | 30.9043 | 0.8672 | 47.2831
MFB | 24.8516 | 0.7640 | 71.2241 | 34.0546 | 0.0405 | 71.4400 | 28.3107 | 0.8152 | 70.4725
FRB 27.5733 0.8536 113.2112 38.6119 0.9703 112.5153 31.8188 0.8886 111.3155
MFRB | 255158 | 0.7893 | 77.6740 | 36.0870 | 0.9515 | 70.3914 | 29.3660 | 0.8412 | 69.7562
TMFB | 33.6105 | 0.0453 | 42.8021 | 41.1854 | 0.9818 | 42.7064 | 34.8078 | 0.0293 | 42.9258
MSP | 34.8218 | 0.0560 | 92.9287 | 38.0600 | 0.9675 | 93.2503 | 32.0816 | 0.8041 | 93.2242
FMFB | 40.8550 | 0.9785 | 64.8270 | 43.9280 | 0.9888 | 64.0999 | 38.0780 | 0.0544 | 64.8632
TMFB | 46.7885 | 0.9920 | 75.7321 | 47.3368 | 0.9939 | 755435 | 41.0665 | 0.9743 | 747891

In Table E, we see that IMFB has a higher PSNR than FISTA, MFB,

FRB, MFRB, IMFB, MSP, FMFB for the same number of iterations. Moreover,

SSIM of IMFB is closer to 1 than other methods. This shows that our algorithm

has a better convergence than other methods for this example. However, we

observe that IMFB has a less CPU time than other methods.

We next show the different types of blurred RGB images with the PSNR.



61

Motion blur

(a)original (b)blurred cropped cropped

image image image(a) image(b)
20.4054

Gaussian blur

(c)original (d)blurred cropped cropped

image image image(c) image(d)
28.7148

Out of focus

(e)original (f)blurred cropped cropped

image image image(e) image(f)
23.5639

Figure 7: The original images and images degraded for each blurred RGB images
with noise.
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We next show the restored images of RGB images for Motion blur with

the PSNR.

(a) FISTA (b) MFB  (c) FRB  (d) MFRB (e) IMFB  (f) MSP  (g) FMFB (h) IMFB
25.1122 24.8516 27.5733 25.5158 33.6105 34.8218 40.8550 46.7885

cropped cropped cropped cropped cropped cropped cropped cropped
image(a) image(b) image(c) image(d) image(e) image(f) image(g) image(h)

Figure 8: Recovered images via the different methods for degraded images by Motion blur

We next show the restored images of RGB images for Gaussian blur with

the PSNR.

(a) FISTA (b) MFB (c) FRB  (d) MFRB (e) IMFB  (f) MSP  (g) FMFB (h) IMFB
34.3744 34.9546  38.6119 36.0870 41.1854 38.0609 43.9280 47.3368

cropped cropped cropped cropped cropped cropped cropped cropped
image(a) image(b) image(c) image(d) image(e) image(f) image(g) image(h)

Figure 9: Recovered images via the different methods for degraded images by Gaussian blur



63

We next show the restored images of RGB images for out of focus with

the PSNR.

(a) FISTA (b) MFB  (c) FRB  (d) MFRB (e) IMFB  (f) MSP  (g) FMFB (h) IMFB
30.9043 28.3107 31.8188 29.3660 34.8978 32.0816 38.0780 41.0665

cropped cropped cropped cropped cropped cropped cropped cropped
image(a) image(b) image(c) image(d) image(e) image(f) image(g) image(h)

Figure 10: Recovered images via the different methods for degraded images by out of focus
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0 100 200 30 400 500 600 700 80 %00 1000 0 100 200 300 400 500 600 700 800 %00 1000
Number of iterations Number of iterations.

(a) PSNR plotting of Motion blur (b) SSIM plotting of Motion blur

0 100 200 300 700 80 %00 1000 0 100 200 300

500 40 500
Number of fterations. Number of terations

(¢) PSNR plotting of Gaussian blur (d) SSIM plotting of Gaussian blur

600 700 80 %0 1000 "o 100 20 %0

0 100 200 30

500 40 500
Number of iterations Number of terations

(¢) PSNR plotting of Out of focus (d) SSIM plotting of Out of focus

Figure 11: Graphs of PSNR and SSIM values for each blurred image and restored
images for each methods

The results of the numerical experiments are summarized in Table B In
Figures 2, 3, 4 and @, we report all results that include the recovered images
via each algorithms. It is shown that IMFB outperforms FISTA, MFB, FRB,
MFRB, IMFB, MSP and FMFB in terms of PSNR and SSIM.
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9.2 Application to image inpainting

In this section, we provide numerical experiments that support an inertial
modified relaxed forward-backward-forward method (IRFBF) in section @ We
aim to apply our result to solve an image inpainting problem which is the following
minimization:

g 2
i gl = a)lle £ il

where 7o € RM*N(M < N), A is a linear map that selects a subset of the entries
of an M x N matrix by setting each unknown entry in the matrix to 0, x is matrix

of known entries A(zp), and 7 > 0 is regularization parameter.

In particular, we aim to solve the following image inpainting problem

19, p1):
.1 2
Join 5| Pa(z) — Pa(o) [ + 7ll]l. (5:2.1)
where || - || is the Frobenius matrix norm, and || - ||« is the nuclear matrix norm.

Define Pq as follows:

Tijs (4,7) € Q2

0, otherwise.

The image inpainting problem (n) is problem (), when f(z) = | Pa(z) —
Po(xo)||% and g(z) = 7ljz|s. We know that Vf(z) = Po(z) — Pa(xg) is 1-
Lipschitz continuous and prox, is obtained by the singular value decomposition

(SVD) [12].

To measure the quality of images, we use the signal-to-noise ratio (SNR)
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and the structural similarity index (SSIM) [54] which are defined by:

SNR = 20 log %

and

(ZGICZQ;T i C]_)(QO—CCQST + 62)

SSIM =
(a2 + a3 + ¢1)(02 4+ 02+ )

where x is the original image, x, is the restored image, a, and a,, are the mean

values of the original image a and restored image z,., respectively, o2 and aiT

2

2. is the covariance of two images, ¢; = (0.01L)* and ¢y =

are the variances, o
(0.03L)?%, and L is the dynamic range of pixel values. SSIM ranges from 0 to 1,

and 1 means perfect recovery.

Next, we present the performance of IRFBF in section @ and its com-
parison to the projected version of RFB and FMFB. In all tests, the starting

point xp = z1 = (0,0,0,...,0) € RY. Set
A, = 1/|| A%, iy = 0.09 for RFB;
c=0.1,0 =0.2,7v = 0.5 for FMFB;
A =02,0=02,p=2for IRFBF.

We test two images. The first one, we use x-ray image with size 700 x 525

(see Figure (a)). For the second, we use windows image with size 466 x 572

(see Figure (b))

The maximum number of iterations was set to be 300th. All codes are
written in Matlab (version R2020b) on MacBook Pro M1 with ram 8 GB. Then,

we have the numerical results as follows:

From Table B, we can see that our algorithm (IRFBF) is effective and
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(a)x-ray image (b)windows image

Figure 12: The original images for image inpanting

Table 6: The SNR and SSIM for each methods in section @

X-ray windows
Methods | —p—"semi T SNR | SSIM
RED 19.9964 | 0.0614 | 12.5741 | 0.9365

FMFB 20.4239 | 0.9649 | 12.6261 | 0.9388
IRFBF | 22.0834 | 0.9653 | 13.6382 | 0.9391

has higher SNR and SSIM than RFB and FMFB for both images. This means

that our proposed algorithm is better than other methods.

Next, we show the figures of inpainting for each methods.
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(a)painted image  (b)restored image (c)restored image (d)restored image

by by by
RFB FMFB IRFBF
(SNR=19.9964) (SNR=20.4239) (SNR=22.0834)

Figure 13: The painted x-ray image and restored images by RFB, FMFB and
IRFBF

(b)restored image by (c)restored image by (d)restored image by
RFB FMFB IRFBF
(SNR=12.5741) (SNR=12.6261) (SNR=13.6382)

(a)painted image

Figure 14: The painted windows image and restored images by RFB, FMFB and
IRFBF
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25

RFB
MFB
‘_ — IRFBF 7
{
0 | |
0 50 100 150 200 250 300
Number of iterations
(a) SNR plotting of x-ray image
- —
...... RFB
MFB
2 —IRFBF
0' | |
0 50 100 150 200 250 300

Number of iterations

(b) SNR plotting of windows image

Figure 15: Graphs of SNR values of x-ray and windows images for each methods

We see that the proposed method does not require the computation of
Lipschitz constant of the gradient of functions. Moreover, the linesearch of iter-

ations is not necessary in algorithms.

5.3 Application to data classification

In this section, we apply an inertial double proximal forward-backward
method (IDFB) in section @ to data classification problems. The data classifi-

cation problems based on a learning technique called extreme learning machine
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(ELM).

Let {(2p,yn) : zn € RNy, e RM n =1,2 3, ..., K} be a training set of
K distinct samples, x,, is an input training data and y, is a training target. For

the output of ELM with single hidden layer at the i-th hidden node is

where f is an activation function, a; is the weight at the i-th hidden node and b;

is the bias at the i-th hidden node.

The output function with L hidden nodes is the single-hidden layer feed

forward neural networks (SLENs)

L
On = Bihi(zy),
=1

where ; is the optimal output weight at the ¢-th hidden node. The hidden layer

output matrix A is defined by

f(a1 I —|—b1) R f(CLL * 1 +bL>
AE

flar -z +b1) -+ flap -2k +br)

The main aim of ELM is to calculate an optimal weight 8 = [31, ..., B]"
such that A = B, where B = [ty, ..., tx]" is the training target data. We find the
solution /3 via convex minimization problem. Next, we present the least absolute
shrinkage and selection operator (LASSO) [49] to find the parameter 8. It can

be formulated as follows:

in{||AS — B||? 5.3.1
min {45 = Bllz + 7Bl }, (5.3.1)
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where 7 is a regularization parameter. We see that if f(3) = ||AS8 — BJ|3 and
g(B) = 7l|8||1, then the problem (p.3.1]) is reduced to the problem (R.1.1).

In experiments, we use a cervical cancer behaviour risk data set from UCI
Machine Learning Repository [32] for training processing. This data set contains

72 samples which has 19 attributes. We classify two classes of data.

We use the sigmoid as the activation function and the hidden nodes
L = 300. For efficiency of algorithms, we measure by the accuracy of the output

data as follows:

correctly predicted data
all data

accuracy = x 100.

For the loss of an example, it is computed by the binary cross entropy

loss function:

output size

1

L = W e 11 A,L' 1—11 1—A,L',
Tl ; yilog g + (1 — ;) log(1 — ;)

where ¢; is the ¢-th scalar value in the model output, y; is the corresponding

target value, and output size is the number of scalar values in the model output.

We set parameters for each methods as follows:

Table 7: Chosen control parameters of each methods in section Q

Methods ~ ¢ o
FISTA L=1/]|A|
FMFB 2 05 01 -
IDFB 2 05 - 038
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In our method (IDFB), we set tq = 1, t, = v 1;4%_1 and

1l if n <1000,

in

0 otherwise.

The regularization parameter is 7 = 107°. The stopping criteria is the

binary cross entropy (Loss=0.119). We obtain the results in Table g

Table 8: The performance of each methods with the stopping criteria as training
accuracy > 90 and testing accuracy > 90

Methods TIter Training time Acc(%)

FISTA 49 0.0491 90.91
FMFB 32 0.9747 90.91
IDFB 25 0.8014 90.91

From Table g, we see that IDFB has the number of iterations less than
FISTA and FMFB at the testing accuracy 90.91. It shows that IDFB has a better

efficiency than other methods.

Next, we show graphs of the accuracy and loss of training data and testing

data for overfitting of IDFB.
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Figure 16: Graph accuracy of IDFB

03 : .

=—Training Loss

=~ Validation Loss -

Loss

0.12 L | | 1 | | 1 1 1
0 20 40 60 80 100 120 140 160 180 200

Number of iterations

Figure 17: Graph loss of IDFB

From Figure @, we see that training accuracy and validation accuracy
have a high gap. It shows that a few training data set are not good enough to
train model. Also, Figure @ has a gap between training loss and testing loss.
However, graphs of accuracy and loss values tends in the same way which show
that our method (IDFB) can still classify data set even if there are a few data

set.



CHAPTER VI

CONCLUSIONS

The following results are all main theorems of this thesis:

Algorithm 6.1.1 Inertial modified forward-backward method (IMFB)
Initialization: Let xo =21 € H, \; >0, 01 >0 and § € (0,1).
Iterative step: Forn > 1, calculate x,,1 as follows:

Step 1. Compute the inertial step:

Wy, = Ty + O (Ty — Tpq).

Step 2. Compute the forward-backward step:

Yn = prowy, (W, — AV f(wy)).

Step 3. Compute the x,1 step:

Tnt1 = Yn = An(Vf (yn) = V. (wn))

where

o R A4S IV () = V)] £ 0

A otherwise.

Set n =n+1 and return to Step 1.

Lemma 6.1.2 Let {x,} be generated by Algorithm . Then

0N\ \
2 N yn — wn||2,Vx e Q.
n+1

ns1 — 2" < Jwn — 2" = (1
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Lemma 6.1.3 Let {x,} be generated by Algorithm . If Y7 6, < oo, then

limy, o0 || — *|| exists for all x* € (.

Lemma 6.1.4 Let {z,} be generated by Algorithm . If 5702 0, < 0o, then
lim ||z,41 — @] = 0.
n—oo

Theorem 6.1.5 Let {x,} be generated by Algorithm . If 3700 0, < o0,

then {x,} weakly converges to a point in €.

Algorithm 6.1.6 Inertial modified relaxed forward-backward-forward
method (IRFBF)

Initialization: Let zq =21 € H, \; >0, p1 € (0,1), u € (0,1) and 6; > 0.
Iterative step: Let 2 be a nonempty closed convexr subset of H. Given n > 1,
calculate x, 1 as follows:

Step 1. Compute the inertial step:
Wy, = Ty + Op (20, — Tp1).
Step 2. Compute the forward-backward-forward step:

Yn = prox,\ng(wn - )‘nvf(wn))a

Zn = (1 - pn)wn i pn<yn - )‘n<vf<yn) A Vf(wn)))a

Step 3. Compute the projection step:

Tn4+1 = PQ(ZTL)
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Step 4. Compute the stepsize step:

min{\,, va’glny" Vw}l(Ln)”} if |Vf(yn) = Vf(wn)| #0;

Ans1 = (6.1.2)

A otherwise.

Set n =n+ 1 and return to Step 1.

Lemma 6.1.7 Let p € (0,1) and Ay > 0. The sequence {\,} generated by )

is monincreasing and

lim A\, = A > min{)\;, —}

n—o0

Hence,

IV f(yn) =V (wn)] <

2l —

Theorem 6.1.8 Let {z,} be generated by Algorithm . If % 6, < +oo
and 0 < liminf, ,o p, < limsup, .. pn < 1, then the sequence {x,} weakly

converges to an element of S.

Algorithm 6.1.9 Initialization: Let xo =121 € H, 0 >0, p € (0,1), 0 € (0,1),
91 >0
Iterative step: Forn > 1, calculate x,41 as follows:

Step 1. Compute the inertial step:
W, = Tp+0u(T, —Tpq).
Step 2. Compute the forward-backward step:

Yn = prox}\ng(wn - )\nvf(wn))a
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where A\, = op™" and m,, is the smallest nonnegative integer such that

MV F oo — A F0) = 5 F )|+ 195 0) — 93]
< S (pros,gyn — M 7)) — vall + i — 30

Step 3. Compute the z,1 step:

Tpt+1 = pTOZL’)\ng( — A vf(yn>)

Set n =n + 1 and return to Step 1.

Theorem 6.1.10 Let {z,} be generated by Algorithm . If Y>> 0, < 400
and A\, > X\ for some X > 0, then the sequence {x,} weakly converges to an

element of ).

Algorithm 6.1.11 An inertial double proximal forward-backward method
(IDFB)

Initialization: Let xg =21 € H, 6, >0, 7> 0,£€ (0,1) and 0 < pu < 1.
Iterative step: Forn > 1, calculate x,.1 as follows:

Step 1. Compute the inertial step:
Wy, = Ty + Op (2 — Tp—1).
Step 2. Compute the forward-backward step:
Yn = proxy, q(wn, — A,V f(wy)).
Step 3. Compute the x,, step:

Tpt1 = pTO'T)\ng( —A vf(Qﬂ))
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where the linesearch A\, = v{™ is the smallest nonegative integer such that

)\n(<Vf(£En+1) - vf(yn)a Tp4+1 — yn> + <Vf(yn) - Vf(wn), Yn — wn>)
< P+ 1
- 4

1
7011 _yn||2+m||yn_wn”2 (6.1.3)

Set n =n+ 1 and return to Step 1.

Lemma 6.1.12 Letx € H, v >0, £ € (0,1) and 0 < p < 1. Fori=1,2,3,...,

set
H(z,i) = prox,(z—~0Vf(z))
P(z,i) = prox,,(H(z,i) —y0'V f(H(z,1))).
If
WV F(P(x,4)) = VI(H (,3)), P(x,i) — H(x,1))
H(V(H(z,i) = V() H(z,i) — z))
< Pl = e I+ 1) — o,
then X\ = /("

Else i =1+ 1. The linesearch ) stops after finitely many steps.

Theorem 6.1.13 Let {x,} be generated by Algorithm . If %0, <

and A, > X for some X\ > 0, then {x,} weakly converges to point in €.
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