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ABSTRACT 

 Optimization theory is important in applied sciences such as mechanics, economics, computing, 

data management, and medicine. In the modern world, many researchers are interested in developing 

algorithms to solve the optimization problem by focusing on developing methods that have efficiency in 

practical applications. In optimization theory, a significant problem is the convex minimization problem, 

which many researchers are interested in studying and developing algorithms to solve this problem. It can 

be a unified model for many practical problems such as signal processing, image processing, data 

classification, and many other applied fields.  

In this dissertation has separated by two parts. The dissertation's first purpose is to modify 

splitting methods, called the forward-backward method. The splitting methods are designed using inertial 

technique and new linesearch in stepsize. Moreover, the convergence of the proposed methods is proved 

under suitable conditions for solving the convex minimization problem in the framework of Hilbert spaces. 

The second purpose is the applications of the proposed methods to image deblurring, image inpainting, 

and date classification. The applications are given to support the efficiency of the proposed methods. 
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CHAPTER I

INTRODUCTION

Optimization has been expanding in all directions at an astonishing rate

during the last few decades. New algorithmic and theoretical techniques have

been developed, the diffusion into other disciplines has proceeded at a rapid pace,

and our knowledge of all aspects of the field has grown even more profound. At

the same time, one of the most striking trends in optimization is the constantly

increasing emphasis on the interdisciplinary nature of the field. Optimization

has been a basic tool in all areas of applied mathematics, engineering, medicine,

economics and other sciences.

An optimization problem consists in maximizing or minimizing some

function relative to some set, representing a range of choices available in a certain

situation. The function allows comparison of the different choices for determin-

ing which might be best. In this work, to focus in convex minimization prob-

lems from optimization problem. There are several methods for solving the con-

vex minimization problems such as gradient methods, proximal point algorithm,

forward-backward algorithm, Douglas-Rachford algorithm, Peaceman-Rachford

algorithm, extragradient method and Tseng’s splitting algorithm and so on.

Actually, Dunn [23] (1976), Bertsekas and Tsitsiklis [7] (1997) proposed

the gradient method. Next, Martinet [34, 35] and Rockafellar [42, 43] proposed

the proximal point algorithm for minimizing a nondifferentiable function. In

particular, it will be shown that a number of apparently unrelated, well-known

algorithms (e.g., iterative thresholding, projected Landweber, projected gradient,

alternating projections, alternating-direction method of multipliers, alternating

split Bregman) are special instances of proximal algorithm. In 1979, Lions and

Mercier [30] and Passty [40] proposed the forward-backward splitting method



 

 

 
2

which requires one of the function be differentiable, with a Lipschitz continuous

gradient. In 1956, Douglas and Rachford proposed the Douglas-Rachford algo-

rithm for solving matrix equations. It can be viewed as more general in scope

than the forward-backward algorithm in that it does not require that any of the

functions have a Lipschitz continuous gradient. However, this observation must

be weighed against the fact that it may be more demanding numerically as it

requires the implementation of two proximal steps at each iteration, whereas

only one is needed in the forward-backward algorithm. In some problems, both

may be easily implementable and it is not clear a priori which algorithm may be

more efficient. Applications of the Douglas-Rachford algorithm to signal and im-

age processing can be found in [22]. The Peaceman-Rachford splitting algorithm

[18, 24, 30] its convergence requires additional assumptions for the some limit-

ing case Douglas-Rachford algorithm. Tseng [51] (2000) introduced the follow-

ing modified forward-backward splitting method, also known as Tseng’s splitting

method. In 2009, Tseng and Yun [52] is the first that considers a variable metric

forward-backward algorithm in finite dimensional spaces, where the smooth part

is only continuously differentiable (possibly nonconvex). They proposes a general

Armjio-type line search rule and prove that cluster points of the generated se-

quence are stationary points. In 2017, Salzo [44] modified the forward-backward

splitting algorithm in infinite dimensional Hilbert spaces without the assumption

of the Lipschitz continuity of the gradient and using different types of line search

procedures. In 1976, Korpelevich [28] proposed the extragradient method has

become a classical method for solving variational inequality problems. For opti-

mization problems, this method generates a sequence of estimates based on two

projected gradient steps at each iteration.

Motivated and inspired by the work mentioned above, in this research,

we aim to design new algorithms for solving the convex minimization problems

in Hilbert spaces. We prove the convergence theorems under some suitable con-
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ditions. Finally, we give some applications of minimization problem including its

numerical experiments and apply the proposed algorithm to image deblurring,

image inpainting and data classification.



 

 

 

CHAPTER II

REVIEW OF RELATED LITERATURE
AND RESEARCH

Let H be a real Hilbert space. In this research, the objective of our

investigation is to solve the following convex minimization problem:

min
x∈H

(f(x) + g(x)), (2.1.1)

where g : H → (−∞,+∞] is proper, lower semicontinuous and convex, and

f : H → R is convex and differentiable with the Lipschitz continuous gradient

denoted by ∇f . By Fermat’s rule, the minimization problem (2.1.1) is to find

x∗ ∈ H which satisfies the first order optimality condition:

0 ∈ (∂g +∇f)(x∗),

where ∂g denotes the subdifferential of g. It is known that the convex minimiza-

tion problem has been applied successfully in many real-world problems, such

as for signal processing, image reconstruction and many more. We consult the

readers to [3, 10, 11, 14, 15, 20, 31, 54, 55, 56].

In what follows, we let Ω represent the solution set of problem (2.1.1).

In order to solve (2.1.1), several algorithms based on the proximal operator have

been proposed by using the following fixed point equation:

x = proxλg(x− λ∇f(x)), ∀x ∈ H, λ > 0,

where proxg is the proximal operator of g given by proxg = (I + ∂g)−1, where I

denotes the identity operator on H.
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Formally, for x0 ∈ H and the stepsize λ ∈ (0, 2/L), L is the Lipschitz

constant of ∇f , the forward-backward algorithm (FB) reads:

xn+1 = proxλg(xn − λ∇f(xn)).

It was proved that the generated iterates weakly converge to a minimizer of f+g.

Over the years, various schemes have been proposed to improve the forward-

backward algorithm. See also [5, 16, 29, 45, 47].

Alvarez and Attouch [2] introduced the following inertial proximal algo-

rithm. Let x0 = x1 is chosen arbitrarily,

xn+1 = proxλng(xn + θn(xn − xn−1)),

where {λn} is a sequence in (0,∞) and {θn} is a sequence in [0,∞). Polyak [41]

proposed an inertial extrapolation as an acceleration process to solve a convex

minimization problem.

In 2005, Combettes and Wajs [17] introduced the following relaxed forward-

backward method (RFB). Let ε ∈ (0,min{1, 1
L
}) and x0 ∈ H, define

yn = xn − λn∇f(xn)

xn+1 = xn + αn(proxλngyn − xn),

where λn ∈ [ε, 2
L
− ε], αn ∈ [ε, 1] and L is the Lipschitz constant of the gradient

of ∇f .

In the spirit of Nesterov [37], Cruz and Nghia [6] proposed a fast multistep

forward-backward method (FMFB) with linesearch. Let x0 = x1 ∈ domg, t0 =
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1, σ > 0, δ ∈ (0, 1
2
), γ ∈ (0, 1):

tn+1 =
1 +

√
1 + 4t2n−1

2

θn =
tn−1 − 1

tn

yn = xn + θn(xn − xn−1)

zn = Pdomg(yn)

xn+1 = proxλng(zn − λn∇f(zn)),

where λn = σγmn and mn is the smallest nonnegative integer such that

λn∥∇f(xn+1)−∇f(zn)∥ ≤ δ∥xn+1 − zn∥.

Recently, Suantai et al. [46] designed the following new linesearch rule.

Linesearch 2.1.1 Let x ∈ H, σ > 0, ρ ∈ (0, 1) and δ > 0.

Input λ = σ.

While
λ
2
(∥∇f(prox2λg(x− λ∇f(x)))−∇f(x)∥+ ∥∇f(proxλg(x− λ∇f(x)))−∇f(x)∥)

> δ(∥prox2λg(x− λ∇f(x))− proxλg(x− λ∇f(x))∥+ ∥proxλg(x− λ∇f(x))− x∥),

do λ = ρλ

End While

Out put λ.

Here prox2λg(x− λ∇f(x)) = proxλg(proxλg(x− λ∇f(x))).

In 2003, Moudafi and Oliny [36] introduced the following inertial forward-

backward method (IFB).

Method IFB: The inertial forward-backward method.
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Let x0, x1 ∈ H, λn ∈ (0, 2/L) for all n ≥ 1. Define

yn = xn + θn(xn − xn−1)

xn+1 = proxλng(yn − λn∇f(xn)),

where θn is the inertial parameter which controls the momentum xn − xn−1.

In 2009, the FISTA scheme by Beck and Teboulle [5] is the most-known

one, which achieves O(1/n2) convergence rate.

Method FISTA Let x0 = x1 ∈ H, t0 = 1 and λn = 1/L for all n ≥ 1. Calculate

tn =
1 +

√
1 + 4t2n−1

2
, θn =

tn−1 − 1

tn

yn = xn + θn(xn − xn−1)

xn+1 = proxλng(yn − λn∇f(yn)).

In 2017, Verma and Shukla [53] proposed the new accelerated proximal

gradient algorithm (NAGA) as follows:

Method NAGA The new accelerated proximal gradient algorithm.

Let x0, x1 ∈ H, αn ∈ (0, 1) and λn ∈ (0, 2/L) for all n ≥ 1. Define

yn = xn + θn(xn − xn−1)

zn = (1− αn)yn + αnproxλng(yn − λn∇f(yn))

xn+1 = proxλng(zn − λn∇f(zn)).

In 2000, Tseng [51] proposed a modified forward-backward algorithm

(MFB) via the stepsize with linesearch technique as follows. Given σ > 0,
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ρ ∈ (0, 1), δ ∈ (0, 1) and x1 ∈ H. Compute

yn = proxλng(xn − λn∇f(xn)),

xn+1 = proxλng(yn − λn(∇f(yn)−∇f(xn))), n ≥ 1

where λn is the largest λ ∈ {σ, σρ, σρ2, ...} satisfying λ∥∇f(yn) − ∇f(xn)∥ ≤

∥yn − xn∥.

In 2020, Padcharoen et al. [39] proposed the modified forward-backward

splitting method based on inertial Tseng method (IMFB). Given {λn} ⊂ (0, 1
L
),

{αn} ⊂ [0, α] ⊂ [0, 1). Let x0, x1 ∈ H and compute

wn = xn + θn(xn − xn−1),

yn = proxλng(wn − λn∇f(wn)),

xn+1 = yn − λn(∇f(yn)−∇f(wn)), n ≥ 1.

They established weak convergence of the proposed method.

In 2015, Shehu et al. [45] introduced the modified split proximal method

(MSP). Let r : H → H be a contraction mapping with a constant α ∈ (0, 1).

Set φ(x) =
√

∥∇h(x)∥2 + ∥∇ℓ(x)∥2 with h(x) = 1
2
∥(I − proxλg)Ax∥2, ℓ(x) =

1
2
∥(I − proxλµnf )x∥2. Given an initial point x1 ∈ H and construct

yn = xn − µnA
∗(I − proxλg)Axn,

xn+1 = αnr(xn) + (1− αn)proxλµnfyn, n ≥ 1,

where the stepsize µn = ψn
h(xn)+ℓ(xn)

φ2(xn)
with 0 < ψn < 4. They proved strong

convergence theorem for proximal split feasibility problems.

Very recently, Malitsky and Tam [33] introduced the forward-reflected-
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backward algorithm (FRB). Given λ0 > 0, δ ∈ (0, 1), γ ∈ {1, β−1} and β ∈ (0, 1).

Compute

xn+1 = proxλng(xn − λn∇f(xn)− λn−1(∇f(xn)−∇f(xn−1))), n ≥ 1

where the stepsize λn = γλn−1β
i with i being the smallest nonnegative integer

satisfying λn∥∇f(xn+1)−∇f(xn)∥ ≤ δ
2
∥xn+1 − xn∥.

Very recently, Hieu et al. [26] proposed the modified forward-reflected-

backward method (MFRB) with adaptive stepsize. Given x0, x1 ∈ H, λ0, λ1 > 0,

µ ∈ (0, 1
2
):

xn+1 = proxλng(xn − λn∇f(xn)− λn−1(∇f(xn)−∇f(xn−1))),

λn+1 = min{λn,
µ∥xn+1 − xn∥

∥∇f(xn+1)−∇f(xn)∥
}, n ≥ 1.

This stepsize allows the proposed method without knowing the Lipschitz

constant to solve the problem.

In our research, we design a new forward-backward methods with the

inertial term. We use the adaptive stepsize and new linesearch stepsize in our

methods for solving the convex minimization problem. Moreover, we provide weak

convergence theorems for the proposed methods. Finally, we present numerical

experiments to illustrate and application to image deblurring, image inpanting

and data classification. Some comparisons to other methods are also given to

show the efficiency of our methods.



 

 

 

CHAPTER III

PRELIMINARIES

In this section, we provide some basic concepts, definitions and lemmas

which will be used in the sequel.

3.1 Fundamentals

Definition 3.1.1 [48](Fixed point) Let X be a nonempty set and T : X → X.

We say that x ∈ X is a fixed point of T if

T (x) = x

and denote by Fix(T ) the set of all fixed points of T .

Definition 3.1.2 [4](Convex set) Let C be a subset of a linear space X. Then

C is said to be convex if (1−λ)x+λy ∈ C for all x, y ∈ C and all scalar λ ∈ [0, 1].

Proposition 3.1.3 [4] Let C be a subset of a linear space X. Then C is convex

if and only if λ1x1 + λ2x2 + ... + λkxk ∈ C for any finite set {x1, x2, ..., xk} ⊆ C

and scalars λi ≥ 0 with λ1 + λ2 + ...+ λk = 1.

Definition 3.1.4 [4](Convex function) Let X be a linear space and f : X →

(−∞,∞] be a function. Then f is said to be convex if f(λx + (1 − λ)y) ≤

λf(x) + (1− λ)f(y) for all x, y ∈ X and λ ∈ [0, 1].

Definition 3.1.5 [4](Proper function) Let function f : X → (−∞,∞]. Then

f is said to be proper if there exists x ∈ X with f(x) <∞.

Example 3.1.6 1. f(x) = |x|p where p ≥ 1 is a convex function in R.

2. f(x) = x3 − x2 is a convex function in [1
3
,∞).

3. f(x) = x log x is a convex function in R+.
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Definition 3.1.7 [1](Normed space) Let X be a norm linear space over field

K (R or C) and ∥ · ∥ : X → R+ be a function. Then ∥ · ∥ is said to be a norm if

the following properties hold:

1. ∥x∥ ≥ 0, and ∥x∥ = 0 ⇔ x = 0;

2. ∥αx∥ = |α|∥x∥ for all x ∈ X and α ∈ K;

3. ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for all x, y ∈ X.

The ordered pair (X, ∥ · ∥) is called a normed space.

Example 3.1.8 Rk is a normed space with the following norms:

∥x∥1 =
k∑

i=1

|xi| for all x = (x1, x2, .., xk) ∈ Rk;

∥x∥p =
( k∑

i=1

|xi|p
)1/p

for all x = (x1, x2, .., xk) ∈ Rk and p ∈ (1,∞);

∥x∥∞ = max
1≤i≤k

|xi| for all x = (x1, x2, .., xk) ∈ Rk.

Example 3.1.9 Let X = l1, the linear space whose elements consist of all abso-

lutely convergent sequences (x1, x2, ..., xi, ...) of scalars (R or C),

l1 = {x : x = (x1, x2, ..., xi, ...) and
∞∑
i=1

|xi| <∞}.

Then l1 is a normed space with the norm defined by ∥x∥1 =
∑∞

i=1 |xi|.

Example 3.1.10 Let X = lp (1 < p < ∞) be the linear space whose elements

consist of all p-summable sequences (x1, x2, ..., xi, ...) of scalars (R or C),

lp = {x : x = (x1, x2, ..., xi, ...) and
∞∑
i=1

|xi|p <∞}.

Then lp is a normed space with the norm defined by ∥x∥p = (
∑∞

i=1 |xi|p)1/p.

Example 3.1.11 Let X = l∞, the linear space whose elements consist of all
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bounded sequences (x1, x2, ..., xi, ...) of scalars (R or C),

l∞ = {x : x = (x1, x2, ..., xi, ...) and {xi}∞i=1 is bounded}.

Then l∞ is a normed space with the norm defined by ∥x∥∞ = supi∈N |xi|.

Definition 3.1.12 [1](Completeness) The space X is said to be complete if

every Cauchy sequence in X converges.

Example 3.1.13 The Euclidean space Rk is complete with

d(x, y) =
√

(ξ1 − η1)2 + (ξ2 − η2)2 + (ξ3 − η3)2 + ...+ (ξk − ηk)2

where x = (ξ1, ξ2, ξ3, ..., ξk), y = (η1, η2, η3, ..., ηk) ∈ Rk.

Example 3.1.14 The sequence space l∞ is complete.

Example 3.1.15 The sequence space lp is complete.

Definition 3.1.16 [1](Inner product space) An inner product space is a vector

space X with an inner product defined on X. Here, an inner product on X is

a mapping of X × X into the scalar field K of X; that is, with every pair of

vectors x and y there is associated a scalar which is written by ⟨x, y⟩ and called

the inner product of x and y, such that for all vectors x, y, z and scalars α we

have

(IP1) ⟨x, x⟩ ≥ 0;

(IP2) ⟨x, x⟩ = 0 ⇔ x = 0;

(IP3) ⟨αx, y⟩ = α⟨x, y⟩;

(IP4) ⟨x, y⟩ = ⟨y, x⟩;

(IP5) ⟨x+ y, z⟩ = ⟨x, z⟩+ ⟨z, y⟩.
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Example 3.1.17 The function ⟨·, ·⟩ : Rk × Rk → R defined by

⟨x, y⟩ =
k∑

i=1

xiyi for all x = (x1, x2, ..., xk), y = (y1, y2, ..., yk) ∈ Rk

is an inner product on Rk. In this case Rk with this inner product is called real

Euclidean k-space.

Example 3.1.18 Let Ck be the set of k-tuples of complex numbers. Then the

function ⟨·, ·⟩ : Rk × Rk → R defined by

⟨x, y⟩ =
k∑

i=1

xiyi for all x = (x1, x2, ..., xk), y = (y1, y2, ..., yk) ∈ Ck

is an inner product on Ck. In this case Ck with this inner product is called

complex Euclidean k-space.

Example 3.1.19 Let l2 be the set of all sequences of complex numbers

(a1, a2, . . . , ai, . . .) with
∑∞

i=1 |ai|2 < ∞. Then the function ⟨·, ·⟩ : l2 × l2 → C

defined by

⟨x, y⟩ =
∞∑
i=1

xiyi for all x = {xi}∞i=1, y = {yi}∞i=1 ∈ l2

is an inner product on l2.

Definition 3.1.20 [4](Hilbert space) An inner product space which is complete

with respect to the induced norm is called a Hilbert space.

Example 3.1.21 The Euclidean space Rk is a Hilbert space with inner product

defined by

⟨x, y⟩ = x1y1 + x2y2 + ...+ xkyk

where x = (x1, x2, ..., xk), y = (y1, y2, ..., yk) ∈ Rk.
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Example 3.1.22 The space l2 is a Hilbert space with inner product defined by

⟨x, y⟩ =
∞∑
j=1

xjyj,

where x, y ∈ l2.

Proposition 3.1.23 [13](The Cauchy-Schwarz inequality) Let X be an in-

ner product space. Then the following holds:

|⟨x, y⟩|2 ≤ ⟨x, x⟩⟨y, y⟩ for all x, y ∈ X,

i.e.,

|⟨x, y⟩| ≤ ∥x∥∥y∥ for all x, y ∈ X.

Definition 3.1.24 [1](Bounded linear operator) Let X and Y be normed

spaces and T : X → Y be a linear operator. The operator T is said to be

bounded if there is a real number c > 0 such that for all x ∈ X,

∥Tx∥ ≤ c∥x∥.

Definition 3.1.25 [4](Level set of convex function) Let f : H → R be a

convex function with the domain H. Then, for any λ ∈ R, the set

Vλ = {x ∈ H|f(x) ≤ λ}

Definition 3.1.26 [4] A sequence {xn} in a Hilbert space H is said to converge

weakly to a point x in H if

⟨xn, y⟩ → ⟨x, y⟩

for all y ∈ H and denote that xn ⇀ x.

Definition 3.1.27 [1](Contraction mapping) Let H be a real Hilbert space
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and C be a nonempty subset of H. Then a map F : C → C is said to be

contraction if there exists k ∈ [0, 1) such that

∥F (x)− F (y)∥ ≤ k∥x− y∥,

for all x, y ∈ C.

Definition 3.1.28 [4](Nonexpansive mapping) Let H be a real Hilbert space

and C be a nonempty subset of H. A mapping T : C → C is said to be

nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥,∀x, y ∈ C.

A mapping T : C → C is said to be firmly nonexpansive if, for all x, y ∈ C,

⟨x− y, Tx− Ty⟩ ≥ ∥Tx− Ty∥2.

The operator I − PC is also firmly nonexpansive, where I denotes the identity

operator, i.e., for any x, y ∈ H,

⟨(I − PC)x− (I − PC)y, x− y⟩ ≥ ∥(I − PC)x− (I − PC)y∥2.

In a real Hilbert space, we know that for any point x ∈ H, there exists a unique

point PCx ∈ C such that

∥x− PCx∥ ≤ ∥x− y∥, ∀y ∈ C.

Here PC is called the metric projection of H onto C. We know that PC is a

nonexpansive mapping of H onto C. It is also known that PC satisfies

⟨x− y, PCx− PCy⟩ ≥ ∥PCx− PCy∥2,
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for all x, y ∈ H. Furthermore, PCx is characterized by the property

⟨x− PCx, PCx− y⟩ ≥ 0,

for all y ∈ C. Moreover, we know that

∥y − PCx∥2 + ∥x− PCx∥2 ≤ ∥x− y∥2, ∀x, y ∈ H.

We also know that all Hilbert space has the Kadec-Klee property, that is, (xk)

converges weakly to x and ∥xn∥ → ∥x∥ imply xn converges strongly to x.

We know the following equality:

∥βx+ (1− β)y∥2 = β∥x∥2 + (1− β)∥y∥2

−β(1− β)∥x− y∥2, ∀x, y ∈ H, (3.1.1)

where β ∈ (0, 1).

Definition 3.1.29 [4] Let H be a real Hilbert space and let f : H → R, function

f is said to be lower semi-continuous at x if xn → x, then

f(x) ≤ lim inf
n→∞

f(xn).

Definition 3.1.30 [4] Let f : Rn → R∪{+∞} be a closed proper convex function,

The proximal operator proxf : Rn → Rn of f is defined by

proxf (v) = argmin
x

(f(x) + (1/2)∥x− v∥22),

and the proximal operator of the scalar function αf , where α > 0, which can be

expressed as

proxαf (v) = argmin
x

(f(x) + (1/2α)∥x− v∥22),
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then proxαf is call the proximal operator of f with parameter α.

Let g : H → (−∞,+∞] be a proper, lower semicontinuous and convex

function. We denote the domain of g by domg = {x ∈ H|g(x) < +∞}. For any

x ∈ domg, the subdifferential of g at x is defined by

∂g(x) = {v ∈ H|⟨v, y − x⟩ ≤ g(y)− g(x), y ∈ H}.

Recall that the proximal operator proxg : dom(g) → H is defined by

proxg(x) = (I + ∂g)−1(z), z ∈ H. It is well-known that the proximal operator is

single-valued. Furthermore, we have

z − proxλg(z)

λ
∈ ∂g(proxλg(z)) for all z ∈ H, λ > 0. (3.1.2)

A differentiable function f is convex if and only if there holds the in-

equality

f(z) ≥ f(x) + ⟨∇f(x), z − x⟩, ∀z ∈ H. (3.1.3)

Definition 3.1.31 [4] Let S be a nonempty subset of H. A sequence {xn} in H

is said to be quasi-Fejér convergent to S if and only if for all x ∈ S there exists a

positive sequence {εn} such that
∞∑
n=0

εn < +∞ and ∥xn+1 − x∥2 ≤ ∥xn − x∥2 + εn

for all n ≥ 1. When {εn} is a null sequence, we say that {xn} is Fejér convergent

to S.

3.2 Lemmas

Lemma 3.2.1 [4] Let Ω be a nonempty closed convex subset of a real Hilbert

space H. Then, for any x ∈ H, the following assertions hold:
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(1) ⟨x− PΩx, z − PΩx⟩ ≤ 0 for all z ∈ Ω;

(2) ∥PΩx− PΩy∥2 ≤ ⟨PΩx− PΩy, x− y⟩ for all x, y ∈ H;

(3) ∥PΩx− z∥2 ≤ ∥x− z∥2 − ∥PΩx− x∥2 for all z ∈ Ω.

Lemma 3.2.2 [9] The subdifferential operator ∂g is maximal monotone. More-

over, the graph of ∂g, Gph(∂g) = {(x, v) ∈ H × H : v ∈ ∂g(x)} is demiclosed,

i.e., if the sequence {(xn, vn)} ⊂ Gph(∂g) satisfies that {xn} converges weakly to

x and {vn} converges strongly to v, then (x, v) ∈ Gph(∂g).

Lemma 3.2.3 [38] Let {an}, {bn} and {cn} be real positive sequences such that

an+1 ≤ (1 + cn)an + bn, n ≥ 1.

If Σ∞
n=1cn < +∞ and Σ∞

n=1bn < +∞, then lim
n→+∞

an exists.

Lemma 3.2.4 [25] Let {an} and {θn} be real positive sequences such that

an+1 ≤ (1 + θn)an + θnan−1, n ≥ 1.

Then, an+1 ≤ K ·
∏n

i=1(1 + 2θi) where K = max{a1, a2}. Moreover, if
∑∞

n=1 θn <

+∞, then {an} is bounded.

Lemma 3.2.5 [4, 27] If {xn} is quasi-Fejér convergent to S, then we have:

(i) {xn} is bounded.

(ii) If all weak accumulation points of {xn} is in S, then {xn} weakly

converges to a point in S.



 

 

 

CHAPTER IV

SPLITTING METHODS

4.1 Inertial modified forward-backward method

In this section, we assume that the following conditions are satisfied for

our convergence analysis:

(A1) The solution set of the convex minimization problem (2.1.1) is

nonempty, i.e., Ω = argmin(f + g) ̸= ∅.

(A2) f, g : H → (−∞,+∞] are two proper, lower semicontinuous and

convex functions.

(A3) f is differentiable on H and ∇f is Lipschitz continuous on H with

the Lipschitz constant L > 0.

We next introduce a new inertial forward-backward method for solving

(2.1.1).

Algorithm 4.1.1 Inertial modified forward-backward method (IMFB)

Initialization: Let x0 = x1 ∈ H, λ1 > 0, θ1 > 0 and δ ∈ (0, 1).

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1). (4.1.1)

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)). (4.1.2)
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Step 3. Compute the xn+1 step:

xn+1 = yn − λn(∇f(yn)−∇f(wn)) (4.1.3)

where

λn+1 =


min{ δ∥wn−yn∥

∥∇f(wn)−∇f(yn)∥ , λn} if ∥∇f(wn)−∇f(yn)∥ ̸= 0;

λn otherwise.

Set n = n+ 1 and return to Step 1.

Remark 4.1.2 It is easy to see that the sequence {λn} is non-increasing. From

the Lipschitz continuity of ∇f , there exists L > 0 such that ∥∇f(wn)−∇f(yn)∥ ≤

L∥wn − yn∥. Hence,

λn+1 = min

{
δ∥wn − yn∥

∥∇f(wn)−∇f(yn)∥
, λn

}
≥ min{ δ

L
, λn}.

By the definition of {λn}, it implies that the sequence {λn} is bounded from

below by min{λ0, δ
L
}. So, we obtain limn→∞ λn = λ > 0.

Lemma 4.1.3 Let {xn} be generated by Algorithm 4.1.1. Then

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − (1− δ2λ2n
λ2n+1

)∥yn − wn∥2,∀x∗ ∈ Ω.

Proof. Let x∗ ∈ Ω. Then

∥xn+1 − x∗∥2 = ∥yn − λn(∇f(yn)−∇f(wn))− x∗∥2

= ∥yn − x∗∥2 + λ2n∥∇f(yn)−∇f(wn)∥2

−2λn⟨yn − x∗,∇f(yn)−∇f(wn)⟩

= ∥yn − wn + wn − x∗∥2 + λ2n∥∇f(yn)−∇f(wn)∥2

−2λn⟨yn − x∗,∇f(yn)−∇f(wn)⟩
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= ∥wn − x∗∥2 + ∥yn − wn∥2 + 2⟨wn − x∗, yn − wn⟩

−2λn⟨yn − x∗,∇f(yn)−∇f(wn)⟩+ λ2n∥∇f(yn)−∇f(wn)∥2

= ∥wn − x∗∥2 + ∥yn − wn∥2 + 2⟨wn − yn + yn − x∗, yn − wn⟩

−2λn⟨yn − x∗,∇f(yn)−∇f(wn)⟩+ λ2n∥∇f(yn)−∇f(wn)∥2

= ∥wn − x∗∥2 + ∥yn − wn∥2 − 2⟨yn − wn, yn − wn⟩

+2⟨yn − x∗, yn − wn⟩ − 2λn⟨yn − x∗,∇f(yn)−∇f(wn)⟩

+λ2n∥∇f(yn)−∇f(wn)∥2

= ∥wn − x∗∥2 + ∥yn − wn∥2 − 2∥yn − wn∥2 + 2⟨yn − x∗, yn − wn⟩

−2⟨yn − x∗, λn(∇f(yn)−∇f(wn))⟩+ λ2n∥∇f(yn)−∇f(wn)∥2

= ∥wn − x∗∥2 − ∥yn − wn∥2

−2⟨yn − x∗, wn − yn + λn(∇f(yn)−∇f(wn))⟩

+λ2n∥∇f(yn)−∇f(wn)∥2. (4.1.4)

Note that

λn+1 = min

{
δ∥wn − yn∥

∥∇f(wn)−∇f(yn)∥
, λn

}
≤ δ∥wn − yn∥

∥∇f(wn)−∇f(yn)∥
.

It follows that

∥∇f(wn)−∇f(yn)∥ ≤ δ

λn+1

∥wn − yn∥. (4.1.5)

Combining (4.1.4) and (4.1.5), we obtain

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − ∥yn − wn∥2 +
δ2λ2n
λ2n+1

∥yn − wn∥2

−2⟨yn − x∗, wn − yn + λn(∇f(yn)−∇f(wn))⟩

= ∥wn − x∗∥2 − (1− δ2λ2n
λ2n+1

)∥yn − wn∥2
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−2⟨yn − x∗, wn − yn + λn(∇f(yn)−∇f(wn))⟩. (4.1.6)

From (4.1.2), we see that wn − λn∇f(wn) ∈ (I + λn∂g)yn. Since ∂g is maximal

monotone, then there is un ∈ ∂g(yn) such that

wn − λn∇f(wn) = yn + λnun.

This shows that

un =
1

λn
(wn − λn∇f(wn)− yn). (4.1.7)

Since 0 ∈ (∇f + ∂g)(x∗) and ∇f(yn) + un ∈ (∇f + ∂g)yn, we get

⟨∇f(yn) + un, yn − x∗⟩ ≥ 0. (4.1.8)

Substituting (4.1.7) into (4.1.8), we have

1

λn
⟨wn − λn∇f(wn)− yn + λn∇f(yn), yn − x∗⟩ ≥ 0.

This implies that ⟨wn − λn∇f(wn)− yn + λn∇f(yn), yn − x∗⟩ ≥ 0. Using (4.1.6),

we derive

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − (1− δ2λ2n
λ2n+1

)∥yn − wn∥2. (4.1.9)

Lemma 4.1.4 Let {xn} be generated by Algorithm 4.1.1. If
∑∞

n=1 θn < ∞, then

limn→∞ ∥xn − x∗∥ exists for all x∗ ∈ Ω.
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Proof. Let x∗ ∈ Ω. From Lemma 4.1.3, we see that

∥xn+1 − x∗∥ ≤ ∥wn − x∗∥.

So, we have

∥xn+1 − x∗∥ ≤ ∥wn − x∗∥

= ∥xn + θn(xn − xn−1)− x∗∥

≤ ∥xn − x∗∥+ θn∥xn − xn−1∥

≤ ∥xn − x∗∥+ θn(∥xn − x∗∥+ ∥xn−1 − x∗∥). (4.1.10)

Hence

∥xn+1 − x∗∥ ≤ (1 + θn)∥xn − x∗∥+ θn∥xn−1 − x∗∥.

By Lemma 3.2.4, we conclude that

∥xn+1 − x∗∥ ≤ K
n∏

i=1

(1 + 2θi),

where K = max{∥x1 − x∗∥, ∥x2 − x∗∥}. Since
∑∞

n=1 θn < +∞, by Lemma 3.2.4,

we have {xn − x∗} is bounded. Hence
∑∞

n=1 θn∥xn − xn−1∥ < +∞. By Lemma

3.2.3 and (4.1.10), we have lim
n→∞

∥xn − x∗∥ exists.

Lemma 4.1.5 Let {xn} be generated by Algorithm 4.1.1. If
∑∞

n=1 θn <∞, then

lim
n→∞

∥xn+1 − xn∥ = 0.

Proof. We see that



 

 

 
24

∥wn − x∗∥2

= ∥xn + θn(xn − xn−1)− x∗∥2

= ∥xn − x∗∥2 + 2θn⟨xn − x∗, xn − xn−1⟩+ θ2n∥xn − xn−1∥2

≤ ∥xn − x∗∥2 + 2θn∥xn − x∗∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2. (4.1.11)

From (4.1.9) and (4.1.11), we have

∥xn+1 − x∗∥2 ≤ ∥xn − x∗∥2 + 2θn∥xn − x∗∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−(1− δ2λ2n
λ2n+1

)∥wn − yn∥2. (4.1.12)

Note that θn∥xn − xn−1∥ → 0 and lim
n→∞

∥xn − x∗∥ exists by Lemma 4.1.4. From

(4.1.1) and (4.1.12), we have ∥wn − xn∥ → 0 and ∥wn − yn∥ → 0, respectively. It

is easy to see that ∥xn − yn∥ → 0. Since ∇f is uniformly continuous, we obtain

lim
n→∞

∥∇f(wn)−∇f(yn)∥ = 0. (4.1.13)

From (4.1.3) and (4.1.13), we get

∥xn+1 − yn∥ = λn∥∇f(yn)−∇f(wn)∥

→ 0 (as n→ ∞).

Thus, we have

∥xn+1 − xn∥ ≤ ∥xn+1 − yn∥+ ∥yn − xn∥

→ 0 (as n→ ∞).
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Theorem 4.1.6 Let {xn} be generated by Algorithm 4.1.1. If
∑∞

n=1 θn < ∞,

then {xn} weakly converges to a point in Ω.

Proof. Since {xn} is bounded, there exists a subsequence {xnk
} of {xn} such that

xnk
⇀ x̄ ∈ H. From Lemma 4.1.5, we obtain xnk+1 ⇀ x̄. We note that

ynk
= proxλnk

g(wnk
− λnk

∇f(wnk
)).

From (3.1.2), we obtain

wnk
− λnk

∇f(wnk
)− ynk

λnk

∈ ∂g(ynk
).

Hence

wnk
− ynk

λnk

−∇f(wnk
) +∇f(ynk

) ∈ ∂g(ynk
) +∇f(ynk

). (4.1.14)

Since ∥xn − yn∥ → 0, we also have ynk
⇀ x̄. Letting k → ∞ in (4.1.14)

and using (4.1.13), by Lemma 3.2.2 and Remark 4.1.2, we get

0 ∈ (∇f + ∂g)(x̄).

So x̄ ∈ Ω. From (4.1.12) we see that {xn} is a quasi-Fejer sequence. Hence,

by Lemma 3.2.5, we conclude that {xn} weakly converges to a point in Ω. This

completes the proof.

4.2 Inertial modified relaxed forward-backward-forward method

In this section, we introduce an algorithm using the inertial extrapolation

and the adaptive stepsize. We assume that the following conditions are satisfied
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for our convergence analysis:

(A1) The solution set of the convex minimization problem (2.1.1) is

nonempty, i.e., S = argmin(f + g) ∩ Ω ̸= ∅, where Ω is a subset of H.

(A2) f, g : H → (−∞,+∞] are two proper, lower semicontinuous and

convex functions.

(A3) f is differentiable on H and ∇f is Lipschitz continuous on H with

the Lipschitz constant L > 0.

We next introduce a relaxed inertial forward-backward-forward method

for solving (2.1.1).

Algorithm 4.2.1 Inertial modified relaxed forward-backward-forward

method (IRFBF)

Initialization: Let x0 = x1 ∈ H, λ1 > 0, ρ1 ∈ (0, 1), µ ∈ (0, 1) and θ1 ≥ 0.

Iterative step: Let Ω be a nonempty closed convex subset of H. Given n ≥ 1,

calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward-forward step:

yn = proxλng(wn − λn∇f(wn)),

zn = (1− ρn)wn + ρn(yn − λn(∇f(yn)−∇f(wn))),

Step 3. Compute the projection step:

xn+1 = PΩ(zn).
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Step 4. Compute the stepsize step:

λn+1 =


min{λn, µ∥yn−wn∥

∥∇f(yn)−∇f(wn)∥} if ∥∇f(yn)−∇f(wn)∥ ̸= 0;

λn otherwise.

(4.2.1)

Set n = n+ 1 and return to Step 1.

Using the proof line as in [8], we obtain the following lemma.

Lemma 4.2.2 Let µ ∈ (0, 1) and λ1 > 0. The sequence {λn} generated by (4.2.1)

is nonincreasing and

lim
n→∞

λn = λ ≥ min{λ1,
µ

L
}.

Hence,

∥∇f(yn)−∇f(wn)∥ ≤ µ

λn+1

∥yn − wn∥. (4.2.2)

Theorem 4.2.3 Let {xn} be generated by Algorithm 4.2.1. If
∑∞

n=1 θn < +∞

and 0 < lim infn→∞ ρn ≤ lim supn→∞ ρn < 1, then the sequence {xn} weakly

converges to an element of S.

Proof. Let x∗ ∈ S. Then, by Lemma 3.2.1(3), we have

∥xn+1 − x∗∥2 = ∥PΩ(zn)− x∗∥2

≤ ∥zn − x∗∥2 − ∥PΩ(zn)− zn∥2. (4.2.3)

From (3.1.1) and by setting vn = yn − λn(∇f(yn)−∇f(wn)), we obtain

∥zn − x∗∥2 = ∥(1− ρn)wn + ρnvn − x∗∥2

= ∥(1− ρn)(wn − x∗) + ρn(vn − x∗)∥2
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= (1− ρn)∥wn − x∗∥2 + ρn∥vn − x∗∥2

−ρn(1− ρn)∥vn − wn∥2. (4.2.4)

From definition of vn and (4.2.2), we have

∥wn − x∗∥2 = ∥wn − yn + yn − vn + vn − x∗∥2

= ∥wn − yn∥2 + ∥yn − vn∥2 + ∥vn − x∗∥2 + 2⟨wn − yn, yn − vn⟩

+2⟨yn − vn, vn − x∗⟩+ 2⟨vn − x∗, wn − yn⟩

= ∥wn − yn∥2 + ∥yn − vn∥2 + ∥vn − x∗∥2 + 2⟨wn − yn, yn − x∗⟩

+2⟨yn − vn, vn − x∗⟩

= ∥wn − yn∥2 + ∥yn − vn∥2 + ∥vn − x∗∥2 + 2⟨wn − yn, yn − x∗⟩

+2⟨yn − vn, vn − yn + yn − x∗⟩

= ∥wn − yn∥2 + ∥yn − vn∥2 + ∥vn − x∗∥2 + 2⟨wn − yn, yn − x∗⟩

−2⟨yn − vn, yn − vn⟩+ 2⟨yn − vn, yn − x∗⟩

= ∥wn − yn∥2 − ∥yn − vn∥2 + ∥vn − x∗∥2 + 2⟨wn − vn, yn − x∗⟩

= ∥wn − yn∥2 − λ2n∥∇f(yn)−∇f(wn)∥2 + ∥vn − x∗∥2

+2⟨wn − vn, yn − x∗⟩

≥ ∥wn − yn∥2 −
λ2nµ

2

λ2n+1

∥yn − wn∥2 + ∥vn − x∗∥2

+2⟨wn − vn, yn − x∗⟩.

It follows that

∥vn − x∗∥2 ≤ ∥wn − x∗∥2 − ∥wn − yn∥2 +
λ2nµ

2

λ2n+1

∥yn − wn∥2

−2⟨wn − vn, yn − x∗⟩. (4.2.5)
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Since

(I − λn∇f)(wn) ∈ (I + λn∂g)(yn),

we have

wn ∈ yn + λn∂g(yn) + λn∇f(wn)

= yn − λn(∇f(yn)−∇f(wn)) + λn(∂g +∇f)(yn)

= vn + λn(∂g +∇f)(yn).

Hence,

1

λn
(wn − vn) ∈ (∂g +∇f)(yn).

This, together with 0 ∈ (∂g+∇f)(x∗) and the monotonicity of ∂g+∇f , implies

⟨wn − vn, yn − x∗⟩ ≥ 0. (4.2.6)

From (4.2.5) and (4.2.6), we have

∥vn − x∗∥2 ≤ ∥wn − x∗∥2 − ∥wn − yn∥2 +
λ2nµ

2

λ2n+1

∥wn − yn∥2

= ∥wn − x∗∥2 −
(
1− λ2nµ

λ2n+1

)
∥wn − yn∥2. (4.2.7)

From (4.2.4) and (4.2.7), we have

∥zn − x∗∥2 ≤ (1− ρn)∥wn − x∗∥2 + ρn∥wn − x∗∥2 − ρn

(
1− λ2nµ

2

λ2n+1

)
∥wn − yn∥2

−ρn(1− ρn)∥vn − wn∥2

= ∥wn − x∗∥2 −
(
1− λ2nµ

λ2n+1

)
∥wn − yn∥2

−ρn(1− ρn)∥vn − wn∥2. (4.2.8)
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This shows that

∥zn − x∗∥ ≤ ∥wn − x∗∥. (4.2.9)

From (4.2.3) and (4.2.9), we also have

∥xn+1 − x∗∥ ≤ ∥zn − x∗∥ ≤ ∥wn − x∗∥.

Hence,

∥xn+1 − x∗∥ ≤ ∥wn − x∗∥

= ∥xn + θn(xn − xn−1)− x∗∥

≤ ∥xn − x∗∥+ θn∥xn − xn−1∥

= ∥xn − x∗∥+ θn∥xn − x∗ + x∗ − xn−1∥

≤ ∥xn − x∗∥+ θn(∥xn − x∗∥+ ∥xn−1 − x∗∥). (4.2.10)

Therefore

∥xn+1 − x∗∥ ≤ (1 + θn)∥xn − x∗∥+ θn∥xn−1 − x∗∥.

By Lemma 3.2.4, we conclude that

∥xn+1 − x∗∥ ≤ K

n∏
i=1

(1 + 2θi)

where K = max{∥x1 − x∗∥, ∥x2 − x∗∥}. Since
∑∞

n=1 θn < +∞ and {xn} is

bounded, we have
∑∞

n=1 θn∥xn−xn−1∥ < +∞. By Lemma 3.2.3 and (4.2.10), we

have lim
n→∞

∥xn − x∗∥ exists.
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Next, we consider

∥wn − x∗∥2

= ∥xn + θn(xn − xn−1)− x∗∥2

= ∥xn − x∗∥2 + 2θn⟨xn − x∗, xn − xn−1⟩+ θ2n∥xn − xn−1∥2

≤ ∥xn − x∗∥2 + 2θn∥xn − x∗∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2. (4.2.11)

From (4.2.3), (4.2.8) and (4.2.11), we get

∥xn+1 − x∗∥2 ≤ ∥xn − x∗∥2 + 2θn∥xn − x∗∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−ρn
(
1− λ2nµ

2

λ2n+1

)
∥wn − yn∥2 − ρn(1− ρn)∥vn − wn∥2

−∥xn+1 − zn∥2. (4.2.12)

From (4.2.12), we have ∥wn−yn∥ → 0, ∥vn−wn∥ → 0 and ∥xn+1−zn∥ → 0. From

definition of wn, we see that ∥xn − wn∥ → 0. Since ∇f is uniformly continuous,

we obtain

lim
n→∞

∥∇f(wn)−∇f(yn)∥ = 0. (4.2.13)

From definition of vn and (4.2.13), we have

∥yn − vn∥ = λn∥∇f(yn)−∇f(wn)∥

→ 0. (4.2.14)

On the other hand, we see that

∥zn − yn∥2 = ∥(1− ρn)wn + ρnvn − yn∥2

= (1− ρn)∥wn − yn∥2 + ρn∥vn − yn∥2

−ρn(1− ρn)∥wn − vn∥2.
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Since ∥wn − yn∥ → 0, ∥vn − wn∥ → 0 and (4.2.14), it follows that

∥zn − yn∥ → 0.

Also, we have

∥xn − yn∥ ≤ ∥xn − wn∥+ ∥wn − yn∥

→ 0

and

∥zn − xn∥ ≤ ∥zn − yn∥+ ∥yn − xn∥

→ 0. (4.2.15)

Hence, we obtain

∥xn+1 − xn∥ ≤ ∥xn+1 − zn∥+ ∥zn − xn∥

→ 0. (4.2.16)

Since the sequence {xn} is bounded, the set of its weak accumulation points

is nonempty. Take any weak accumulation point x̄ of the sequence yn. Since

∥xn − yn∥ → 0, there is a subsequence {ynk
} of {yn} weakly converging to x̄.

From

ynk
= proxλnk

g(wnk
− λnk

∇f(wnk
)),

it follows that

wnk
− λnk

∇f(wnk
)− ynk

λnk

∈ ∂g(ynk
).
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This implies that

wnk
− ynk

λnk

−∇f(wnk
) +∇f(ynk

) ∈ ∂g(ynk
) +∇f(ynk

). (4.2.17)

Letting k → ∞ in (4.2.17), we obtain by Lemma 3.2.5,

0 ∈ (∂g +∇f)(x̄).

Thus x̄ ∈ argmin(f + g).

Next, we will show that x̄ ∈ Ω. Since PΩ is nonexpansive, by (4.2.15)

and (4.2.16), we have

∥PΩ(xn)− xn∥ ≤ ∥PΩ(xn)− PΩ(zn)∥+ ∥PΩ(zn)− xn∥

≤ ∥xn − zn∥+ ∥xn+1 − xn∥

→ 0.

Hence, by the demiclosedness of PΩ, we obtain x̄ ∈ Ω. By Lemma 3.2.5, we

conclude that the sequence {xn} weakly converges to a point in S. This completes

the proof.

4.3 New proximal gradient method

In this section, we introduce our algorithm for solving the convex mini-

mization problem (2.1.1). Following Cruz and Nghia [6], we assume that

(I) f, g : H → (−∞,+∞] are two proper, lower semicontinuous and

convex functions with domg ⊆ domf .

(II) The function f is Fréchet differentiable on an open set containing

domg. The gradient ∇f is uniformly continuous on any bounded subset of domg
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and maps any bounded subset of domg to a bounded set in H.

Algorithm 4.3.1 Initialization: Let x0 = x1 ∈ H, σ > 0, ρ ∈ (0, 1), δ ∈ (0, 1),

θ1 > 0

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1). (4.3.1)

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)),

where λn = σρmn and mn is the smallest nonnegative integer such that

λn(∥∇f(proxλng(yn − λn∇f(yn)))−∇f(yn)∥+ ∥∇f(wn)−∇f(yn)∥)

≤ δ

2
(∥proxλng(yn − λn∇f(yn))− yn∥+ ∥wn − yn∥).

Step 3. Compute the xn+1 step:

xn+1 = proxλng(yn − λn∇f(yn)).

Set n = n+ 1 and return to Step 1.

Theorem 4.3.2 Let {xn} be generated by Algorithm 4.3.1. If
∑∞

n=1 θn < +∞

and λn ≥ λ for some λ > 0, then the sequence {xn} weakly converges to an

element of Ω.

Proof. By definition of proximal operator, we have

wn − yn
λn

−∇f(wn) =
wn − proxλng(wn − λn∇f(wn))

λn
−∇f(wn) ∈ ∂g(yn).
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It follows from the convexity of g that

g(x)− g(yn) ≥
⟨wn − yn

λn
−∇f(wn), x− yn

⟩
,∀x ∈ domg. (4.3.2)

Also, we have

yn − xn+1

λn
−∇f(yn) =

yn − proxλng(yn − λn∇f(yn))
λn

−∇f(yn) ∈ ∂g(xn+1).

By the convexity of g, we also have

g(x)− g(xn+1) ≥
⟨yn − xn+1

λn
−∇f(yn), x− xn+1

⟩
,∀x ∈ domg. (4.3.3)

On the other hand, for any x ∈ domg ⊆ domf , we have

f(x)− f(wn) ≥ ⟨∇f(wn), x− wn⟩ (4.3.4)

and

f(x)− f(yn) ≥ ⟨∇f(yn), x− yn⟩. (4.3.5)

Combining (4.3.2), (4.3.3), (4.3.4) and (4.3.5), we obtain

g(x)− g(xn+1) + g(x)− g(yn) + f(x)− f(yn) + f(x)− f(wn)

≥
⟨yn − xn+1

λn
−∇f(yn), x− xn+1

⟩
+
⟨wn − yn

λn
−∇f(wn), x− yn

⟩
+⟨∇f(yn), x− yn⟩+ ⟨∇f(wn), x− wn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+ ⟨∇f(yn), xn+1 − x⟩+ 1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(wn), yn − x⟩+ ⟨∇f(yn), x− yn⟩+ ⟨∇f(wn), x− wn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩+ ⟨∇f(yn), xn+1 − yn⟩

+⟨∇f(wn), yn − wn⟩
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=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(yn)−∇f(xn+1) +∇f(xn+1), xn+1 − yn⟩

+⟨∇f(wn)−∇f(yn) +∇f(yn), yn − wn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(yn)−∇f(xn+1), xn+1 − yn⟩+ ⟨∇f(xn+1), xn+1 − yn⟩

+⟨∇f(wn)−∇f(yn), yn − wn⟩+ ⟨∇f(yn), yn − wn⟩

≥ 1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−∥∇f(yn)−∇f(xn+1)∥∥xn+1 − yn∥ − ∥∇f(wn)−∇f(yn)∥∥yn − wn∥

+f(xn+1)− f(yn) + f(yn)− f(wn)

≥ 1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−∥∇f(yn)−∇f(xn+1)∥(∥yn − wn∥+ ∥xn+1 − yn∥)

−∥∇f(wn)−∇f(yn)∥(∥yn − wn∥+ ∥xn+1 − yn∥) + f(xn+1)− f(wn)

=
1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−(∥∇f(yn)−∇f(xn+1)∥+ ∥∇f(wn)−∇f(yn)∥)(∥yn − wn∥+ ∥xn+1 − yn∥)

+f(xn+1)− f(wn).

It follows that

1

λn
[⟨yn − xn+1, xn+1 − x⟩+ ⟨wn − yn, yn − x⟩] (4.3.6)

≥ g(xn+1)− g(x) + g(yn)− g(x) + f(yn)− f(x) + f(wn)− f(x)

+f(xn+1)− f(wn)− (∥∇f(yn)−∇f(xn+1)∥+ ∥∇f(wn)−∇f(yn)∥)

×(∥yn − wn∥+ ∥xn+1 − yn∥).

From (4.3.6), it follows that

⟨yn − xn+1, xn+1 − x⟩+ ⟨wn − yn, yn − x⟩
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≥ λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−λn(∥∇f(yn)−∇f(xn+1)∥+ ∥∇f(wn)−∇f(yn)∥)

×(∥yn − wn∥+ ∥xn+1 − yn∥)

≥ λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−δ
2
(∥xn+1 − yn∥+ ∥wn − yn∥)(∥yn − wn∥+ ∥xn+1 − yn∥)

≥ λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−δ
2
(∥xn+1 − yn∥2 + ∥wn − yn∥2). (4.3.7)

We know that

2⟨yn − xn+1, xn+1 − x⟩ = ∥yn − x∥2 − ∥yn − xn+1∥2 − ∥xn+1 − x∥2 (4.3.8)

and

2⟨wn − yn, yn − x⟩ = ∥wn − x∥2 − ∥wn − yn∥2 − ∥yn − x∥2. (4.3.9)

From (4.3.7), (4.3.8) and (4.3.9), we get

−1

2
∥yn − xn+1∥2 −

1

2
∥xn+1 − x∥2 + 1

2
∥wn − x∥2 − 1

2
∥wn − yn∥2

≥ λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−δ
2
(∥xn+1 − yn∥2 + ∥wn − yn∥2).

This shows that

∥wn − x∥2 − ∥xn+1 − x∥2

≥ 2λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

+(1− δ)∥xn+1 − yn∥2 + (1− δ)∥wn − yn∥2.
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Setting x = z, we obtain

∥xn+1 − z∥2 ≤ ∥wn − z∥2 − 2λn[(f + g)(xn+1)− (f + g)(z)

+(f + g)(yn)− (f + g)(z)]− (1− δ)∥xn+1 − yn∥2

−(1− δ)∥wn − yn∥2

≤ ∥wn − z∥2. (4.3.10)

Hence

∥xn+1 − z∥ ≤ ∥wn − z∥

= ∥xn + θn(xn − xn−1)− z∥

≤ ∥xn − z∥+ θn∥xn − xn−1∥

≤ ∥xn − z∥+ θn(∥xn − z∥+ ∥xn−1 − z∥).

This shows that ∥xn+1− z∥ ≤ (1+ θn)∥xn− z∥+ θn∥xn−1− z∥. By Lemma 3.2.4,

we get

∥xn+1 − z∥ ≤ K ·
n∏

i=1

(1 + 2θi),

where K = max{∥x1−z∥, ∥x2−z∥}. Since
∑∞

n=1 θn < +∞ and {xn} is bounded,

we have
∑∞

n=1 θn∥xn−xn−1∥ < +∞. By Lemma 3.2.3, we also have limn→∞ ∥xn−

z∥ exists.

Consider

∥wn − z∥2 = ∥xn + θn(xn − xn−1)− z∥2

= ∥xn − z∥2 + 2θn⟨xn − z, xn − xn−1⟩+ θ2n∥xn − xn−1∥2

≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥

+θ2n∥xn − xn−1∥2. (4.3.11)
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From (4.3.10) and (4.3.11), we obtain

∥xn+1 − z∥2 ≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−2λn[(f + g)(xn+1)− (f + g)(z) + (f + g)(yn)− (f + g)(z)]

−(1− δ)∥xn+1 − yn∥2 − (1− δ)∥wn − yn∥2

≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−(1− δ)∥xn+1 − yn∥2 − (1− δ)∥wn − yn∥2. (4.3.12)

Since
∑∞

n=1 θn∥xn−xn−1∥ < +∞ and limn→∞ ∥xn−z∥ exists. Hence, by (4.3.12),

∥yn − wn∥ → 0 and ∥xn+1 − yn∥ → 0. From (4.3.1), it is easy to see that

∥xn − wn∥ → 0.

Moreover, we have

∥xn − yn∥ ≤ ∥xn − wn∥+ ∥wn − yn∥

→ 0 (as n→ ∞). (4.3.13)

From (4.3.13), we obtain

∥xn − xn+1∥ ≤ ∥xn − yn∥+ ∥yn − xn+1∥

→ 0 (as n→ ∞).

Since {xn} is bounded, there exists a subsequence {xnk
} of {xn} such that xnk

⇀

z∗ ∈ H. Moreover, we obtain xnk+1 ⇀ z∗. Since {xnk
} is bounded and ∥xnk+1 −

ynk
∥ → 0, by assumption (II), we obtain

lim
k→∞

∥∇f(xnk+1)−∇f(ynk
)∥ = 0. (4.3.14)
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Note that

xnk+1 = proxλnk
g(ynk

− λnk
∇f(ynk

)).

It follows from (3.1.2) that

ynk
− λnk

∇f(ynk
)− xnk+1

λnk

∈ ∂g(xnk+1).

Hence

ynk
− xnk+1

λnk

+∇f(xnk+1)−∇f(ynk
) ∈ ∇f(xnk+1) + ∂g(xnk+1).

Letting k → ∞ in (4.3.15), from (4.3.14) and Lemma 3.2.2, we get

0 ∈ ∂(f + g)(z∗).

Hence z∗ ∈ Ω. By Lemma 3.2.5, we conclude that {xn} weakly converges to a

point in Ω. This completes the proof.

Remark 4.3.3 The condition that {λn} is bounded away from 0 can be removed

when ∇f is Lipschitz continuous. Indeed, if ∇f is L-Lipschitz continuous on H,

then λn ≤ σ, n ≥ 1. If λn < σ, then λn = σρmn where mn is the smallest positive

integer such that

λn(∥∇f(proxλng(yn − λn∇f(yn)))−∇f(yn)∥+ ∥∇f(wn)−∇f(yn)∥)

≤ δ

2
(∥proxλng(yn − λn∇f(yn))− yn∥+ ∥wn − yn∥). (4.3.15)

Set λ̂n = λn

ρ
. By the Lipschitz continuity of ∇f and (4.3.15), we have

λ̂nL(∥proxλng(yn − λn∇f(yn))− yn∥+ ∥wn − yn∥)

≥ λ̂n(∥∇f(proxλng(yn − λn∇f(yn)))−∇f(yn)∥+ ∥∇f(wn)−∇f(yn)∥)
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>
δ

2
(∥proxλng(yn − λn∇f(yn))− yn∥+ ∥wn − yn∥).

So λ̂nL > δ
2
. It follows that λn > δρ

2L
. Hence λn ≥ min{σ, δρ

2L
} for all n ≥ 1.

4.4 Double proximal gradient method with new linesearch

In this section, we assume that the following conditions are satisfied for

our convergence analysis:

(A1) The solution set of the convex minimization problem (2.1.1) is

nonempty, i.e., Ω = argmin(f + g) ̸= ∅.

(A2) f, g : H → (−∞,+∞] are two proper, lower semicontinuous and

convex functions.

(A3) The gradient ∇f is uniformly continuous on bounded subset of H

and maps any bounded subset of H.

We next introduce an inertial double forward-backward method for solv-

ing (2.1.1).

Algorithm 4.4.1 An inertial double proximal forward-backward method

(IDFB)

Initialization: Let x0 = x1 ∈ H, θ1 > 0, γ > 0, ℓ ∈ (0, 1) and 0 < µ < 1.

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)).



 

 

 
42

Step 3. Compute the xn+1 step:

xn+1 = proxλng(yn − λn∇f(yn)),

where the linesearch λn = γℓmn is the smallest nonegative integer such that

λn(⟨∇f(xn+1)−∇f(yn), xn+1 − yn⟩+ ⟨∇f(yn)−∇f(wn), yn − wn⟩)

≤ µ2 + 1

4
∥xn+1 − yn∥2 +

µ

µ+ 1
∥yn − wn∥2. (4.4.1)

Set n = n+ 1 and return to Step 1.

Lemma 4.4.2 Let x ∈ H, γ > 0, ℓ ∈ (0, 1) and 0 < µ < 1. For i = 1, 2, 3, ..., set

H(x, i) = proxγℓig(x− γℓi∇f(x))

P (x, i) = proxγℓig(H(x, i)− γℓi∇f(H(x, i))).

If

γℓi(⟨∇f(P (x, i))−∇f(H(x, i)), P (x, i)−H(x, i)⟩

+⟨∇f(H(x, i))−∇f(x), H(x, i)− x⟩)

≤ µ2 + 1

4
∥P (x, i)−H(x, i)∥2 + µ

µ+ 1
∥H(x, i)− x∥2,

then λ = γℓi.

Else i = i+ 1. The linesearch (4.4.1) stops after finitely many steps.

Proof. If x ∈ Ω, then x = proxγg(x − γ∇f(x)) = H(x, 0). It follows that

H(x, 0) = x and the linesearch stops with zero step, hence λ = γ.

If x /∈ Ω, then

γℓi(⟨∇f(P (x, i))−∇f(H(x, i)), P (x, i)−H(x, i)⟩
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+⟨∇f(H(x, i))−∇f(x), H(x, i)− x⟩)

>
µ2 + 1

4
∥P (x, i)−H(x, i)∥2 + µ

µ+ 1
∥H(x, i)− x∥2,

it follows that

γℓi(∥∇f(P (x, i))−∇f(H(x, i))∥∥P (x, i)−H(x, i)∥

+∥∇f(H(x, i))−∇f(x)∥∥H(x, i)− x∥)

>
µ2 + 1

4
∥P (x, i)−H(x, i)∥2 + µ

µ+ 1
∥H(x, i)− x∥2. (4.4.2)

So we have as i→ ∞, ∥P (x, i)−H(x, i)∥ → 0 and ∥H(x, i)−x∥ → 0. Since ∇f is

uniformly continuous, we get ∥∇f(P (x, i))−∇f(H(x, i))∥ → 0 and ∥∇f(H(x, i))−

∇f(x)∥ → 0 as i→ ∞. By (4.4.2), we have

∥H(x, i)− x∥
γℓi

→ 0 as i→ ∞.

We see that

x− γℓi∇f(x)−H(x, i)

γℓi
∈ ∂g(H(x, i)).

Hence,

x−H(x, i)

γℓi
∈ ∂g(H(x, i)) +∇f(x).

By Lemma 3.2.2, we have 0 ∈ ∂g(x) +∇f(x). Thus, x ∈ Ω which is a contradic-

tion. This completes the proof.

Theorem 4.4.3 Let {xn} be generated by Algorithm 4.4.1. If
∑∞

n=1 θn <∞ and

λn ≥ λ for some λ > 0, then {xn} weakly converges to point in Ω.
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Proof. By definition of proximal operator, we have

wn − yn
λn

−∇f(wn) =
wn − proxλng(wn − λn∇f(wn))

λn
−∇f(wn)

∈ ∂g(yn).

By property of the convexity of g, we obtain

g(x)− g(yn) ≥ ⟨wn − yn
λn

−∇f(wn), x− yn⟩, ∀x ∈ H. (4.4.3)

Also, we have

yn − xn+1

λn
−∇f(yn) =

yn − proxλng(yn − λn∇f(yn))
λn

−∇f(yn)

∈ ∂g(xn+1),

by the convexity of g, we also have

g(x)− g(xn+1) ≥ ⟨yn − xn+1

λn
−∇f(yn), x− xn+1⟩, ∀x ∈ H. (4.4.4)

For any x ∈ H, we also have

f(x)− f(wn) ≥ ⟨∇f(wn), x− wn⟩ (4.4.5)

and

f(x)− f(yn) ≥ ⟨∇f(yn), x− yn⟩. (4.4.6)

Using (3.1.3) and (4.4.1) and combining (4.4.3), (4.4.4), (4.4.5) and (4.4.6), we

obtain

g(x)− g(xn+1) + g(x)− g(yn) + f(x)− f(wn) + f(x)− f(yn)
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≥ ⟨yn − xn+1

λn
−∇f(yn), x− xn+1⟩+ ⟨wn − yn

λn
−∇f(wn), x− yn⟩

+⟨∇f(wn), x− wn⟩+ ⟨∇f(yn), x− yn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+ ⟨∇f(yn), xn+1 − x⟩+ 1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(wn), yn − x⟩+ ⟨∇f(wn), x− wn⟩+ ⟨∇f(yn), x− yn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩+ ⟨∇f(yn), xn+1 − yn⟩

+⟨∇f(wn), yn − wn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(yn)−∇f(xn+1) +∇f(xn+1), xn+1 − yn⟩

+⟨∇f(wn)−∇f(yn) +∇f(yn), yn − wn⟩

=
1

λn
⟨yn − xn+1, x− xn+1⟩+

1

λn
⟨wn − yn, x− yn⟩

+⟨∇f(yn)−∇f(xn+1), xn+1 − yn⟩+ ⟨∇f(xn+1), xn+1 − yn⟩

+⟨∇f(wn)−∇f(yn), yn − wn⟩+ ⟨∇f(yn), yn − wn⟩

=
1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−⟨∇f(xn+1)−∇f(yn), xn+1 − yn⟩ − ⟨∇f(yn)−∇f(wn), yn − wn⟩

+⟨∇f(xn+1), xn+1 − yn⟩+ ⟨∇f(yn), yn − wn⟩

=
1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−[⟨∇f(xn+1)−∇f(yn), xn+1 − yn⟩+ ⟨∇f(yn)−∇f(wn), yn − wn⟩]

+⟨∇f(xn+1), xn+1 − yn⟩+ ⟨∇f(yn), yn − wn⟩

≥ 1

λn
[⟨yn − xn+1, x− xn+1⟩+ ⟨wn − yn, x− yn⟩]

−[
µ2 + 1

4λn
∥xn+1 − yn∥2 +

µ

(µ+ 1)λn
∥yn − wn∥2]

+f(xn+1)− f(yn) + f(yn)− f(wn).

It follows that

2⟨yn − xn+1, xn+1 − x⟩+ 2⟨wn − yn, yn − x⟩
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≥ 2λn[g(xn+1)− g(x) + g(yn)− g(x)− f(x) + f(yn)− f(x) + f(xn+1)]

−2λn[
µ2 + 1

4λn
∥xn+1 − yn∥2 +

µ

(µ+ 1)λn
∥yn − wn∥2]

= 2λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−[
µ2 + 1

2
∥xn+1 − yn∥2 +

2µ

µ+ 1
∥yn − wn∥2]. (4.4.7)

We have

2⟨yn − xn+1, xn+1 − x⟩ = ∥yn − x∥2 − ∥yn − xn+1∥2 − ∥xn+1 − x∥2, (4.4.8)

and

2⟨wn − yn, yn − x⟩ = ∥wn − x∥2 − ∥wn − yn∥2 − ∥yn − x∥2. (4.4.9)

Substituting (4.4.8) and (4.4.9) into (4.4.7), we obtain

−∥yn − xn+1∥2 − ∥xn+1 − x∥2 + ∥wn − x∥2 − ∥wn − yn∥2

≥ 2λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

−[
µ2 + 1

2
∥xn+1 − yn∥2 +

2µ

µ+ 1
∥yn − wn∥2].

It follows that

∥xn+1 − x∥2

≤ ∥wn − x∥2 − ∥yn − xn+1∥2 − ∥wn − yn∥2

−2λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)]

+
µ2 + 1

2
∥xn+1 − yn∥2 +

2µ

µ+ 1
∥yn − wn∥2

= ∥wn − x∥2 − (1− µ2 + 1

2
)∥yn − xn+1∥2 − (1− 2µ

µ+ 1
)∥wn − yn∥2

−2λn[(f + g)(xn+1)− (f + g)(x) + (f + g)(yn)− (f + g)(x)].
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Setting x = z ∈ Ω and using 0 < µ < 1, we have

∥xn+1 − z∥2 = ∥wn − z∥2 − (1− µ2 + 1

2
)∥yn − xn+1∥2 − (1− 2µ

µ+ 1
)∥wn − yn∥2

−2λn[(f + g)(xn+1)− (f + g)(z) + (f + g)(yn)− (f + g)(z)]

≤ ∥wn − z∥2. (4.4.10)

So,

∥xn+1 − z∥ ≤ ∥wn − z∥

= ∥xn + θn(xn − xn−1)− z∥

≤ ∥xn − z∥+ θ∥xn − xn−1∥

≤ ∥xn − z∥+ θn(∥xn − z∥+ ∥xn−1 − z∥), (4.4.11)

which gives ∥xn+1 − z∥ ≤ (1 + θn)∥xn − z∥+ θn∥xn−1 − z∥. By Lemma 3.2.4, we

obtain

∥xn+1 − z∥ ≤ K ·
n∏

i=1

(1 + 2θi),

where K = max{∥x1 − z∥, ∥x2 − z∥}. By Lemma 3.2.4 and
∑∞

n=1 θn < +∞, we

obtain {xn} is bounded. So

∞∑
n=1

θn∥xn − xn−1∥ < +∞.

By Lemma 3.2.3 and (4.4.11), we obtain limn→∞ ∥xn − z∥ exists.

Consider,

∥wn − z∥2 = ∥xn + θn(xn − xn−1)− z∥2

= ∥xn − z∥2 + 2θn⟨xn − z, xn − xn−1⟩+ θ2n∥xn − xn−1∥2
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≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥

+θ2n∥xn − xn−1∥2. (4.4.12)

From (4.4.10) and (4.4.12), we have

∥xn+1 − z∥2 ≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−(1− µ2 + 1

2
)∥yn − xn+1∥2 − (1− 2µ

µ+ 1
)∥wn − yn∥2

−2λn[(f + g)(xn+1)− (f + g)(z) + (f + g)(yn)− (f + g)(z)]

≤ ∥xn − z∥2 + 2θn∥xn − z∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

−(1− µ2 + 1

2
)∥yn − xn+1∥2 − (1− 2µ

µ+ 1
)∥wn − yn∥2. (4.4.13)

Since
∑∞

n=1 θn∥xn − xn−1∥ < +∞ and limn→∞ ∥xn − z∥ exists, from (4.4.13), we

obtain

lim
n→∞

∥yn − xn+1∥ = 0 (4.4.14)

and

lim
n→∞

∥wn − yn∥ = 0. (4.4.15)

From definition of wn, we have

lim
n→∞

∥xn − wn∥ = 0. (4.4.16)

From (4.4.15) and (4.4.16), we see that

lim
n→∞

∥xn − yn∥ ≤ lim
n→∞

∥xn − wn∥+ lim
n→∞

∥wn − yn∥

= 0. (4.4.17)
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From (4.4.14) and (4.4.17), we obtain

lim
n→∞

∥xn+1 − xn∥ ≤ lim
n→∞

∥xn+1 − yn∥+ lim
n→∞

∥yn − xn∥

= 0.

Since {xn} is bounded, there exists a subsequence {xnk
} of {xn} such that xnk

⇀

z̄ ∈ H. Moreover, we obtain xnk+1 ⇀ z̄. Since {xnk
} is bounded, limk→∞ ∥xnk+1−

ynk
∥ = 0 and ∇f is uniformly continuous, we have

lim
k→∞

∥∇f(xnk+1)−∇f(ynk
)∥ = 0. (4.4.18)

From

xnk+1 = proxλnk
g(ynk

− λnk
∇f(ynk

)),

it follows that

ynk
− λnk

∇f(ynk
)− xnk+1

λnk

∈ ∂g(xnk+1).

Hence,

ynk
− xnk+1

λnk

+∇f(xnk+1)−∇f(ynk
) ∈ ∇f(xnk+1) + ∂g(xnk+1). (4.4.19)

Using (4.4.18), letting k → ∞ in (4.4.19) and applying Lemma 3.2.2, we get

0 ∈ (∇f + ∂g)(z̄).

Hence z̄ ∈ Ω. From (4.4.13) and Definition 3.1.31, we have {xn} is a quasi- Fej�r

sequence. By Lemma 3.2.5, we conclude that {xn} weakly converges to a point

in Ω. This completes the proof.



 

 

 

CHAPTER V

APPLICATION

5.1 Application to image deblurring

This section is devoted to the presentation of numerical experiments

which illustrate the application to image deblurring of an inertial modified forward-

backward method (IMFB) and new proximal gradient method (Agorithm 4.3.1)

in Section 4.1 and 4.3.

Let A ∈ RN×M be the blurring matrix, x ∈ RN the original image and

b ∈ RM the degraded image. Adding the random noise v ∈ RM , we have the

following image recovery problem

Ax = b+ v.

For solving this problem, we make use of the model of Tibshiranit [49]

which is known as LASSO problem

min
x∈RN

{
1

2
∥b− Ax∥22 + τ∥x∥1

}
, (5.1.1)

where τ is a positive parameter, ∥ · ∥1 is the ℓ1-norm, and ∥ · ∥2 is the Euclidean

norm.

In this connection, problem (5.1.1) can be seen as (2.1.1) by setting

f(x) =
1

2
∥b− Ax∥22 and g(x) = τ∥x∥1.
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Peak-signal-to-noise ratio (PSNR) in decibel (dB) [50] is defined by

PSNR = 10 log10

(
2552

MSE

)

where MSE= ∥xn − x∥2. Structural similarity index measure (SSIM) [54] is used

for measuring the similarity between two images. It is noted that, a higher PSNR

generally indicates that the reconstruction is of higher quality. The resultant

SSIM index is a decimal value between 0 and 1, and value 1 is indicates perfect

structural similarity. We use a Fast Fourier Transform (FFT) for converting it to

the frequency domain.

The numerical experiments have been carried out in Matlab environment

(version R2020b) on MacBook Pro M1 with ram 8 GB.

We will present restoration of images corrupted by the following blur

types:

• Motion blur with motion length of 45 pixels and motion orientation

180◦.

• Gaussian blur of filter size 5× 5 with standard deviation 5.

• Out of focus blur with radius 7.

Example 5.1.1 Set a regularization τ = 10−5 and x0 = x1 = (1, 1, 1, ..., 1) ∈ RN .

For IFB, choose θn =


1

n2∥xn−xn−1∥22
if xn ̸= xn−1

0 otherwise.

For Algorithm 4.3.1, we set t0 = 1, tn =
1+
√

1+4t2n−1

2
and

θn =


tn−1−1

tn
, if 1 ≤ n ≤ 1000

0 otherwise.
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In the implementation, we choose the following parameters:

Table 1: The parameters for each methods in section 4.3

Methods λn = n
L(n+1)

αn = 0.5 µ = 0.4 ρ = 0.5 σ = 2 δ = 0.9

IFB ✓ - - - - -
FISTA ✓ - - - - -
NAGA ✓ ✓ - - - -
FMFB - - ✓ ✓ ✓ -

Algorithm 4.3.1 - - - ✓ ✓ ✓

Here L was computed by the maximum eigenvalues of the matrix ATA.

The quality improvements of the reconstructed grey image sizes 320 × 266 and

RGB image sizes 1000× 744.

Numerical results for recovering the degraded grey and RGB images by

using the proposed method with 1,000 iterations are reported in Table 2.

Table 2: The comparison of PSNR and SSIM of the restored images for grey
images

Methods Motion blur Gaussian blur Out of focus
PSNR SSIM PSNR SSIM PSNR SSIM

IFB 26.5404 0.6317 48.9764 0.9945 34.6308 0.9322
FISTA 56.2778 0.9984 49.4321 0.9959 44.6754 0.9856
NAGA 59.2419 0.9992 50.3907 0.9966 45.2599 0.9871
FMFB 57.5154 0.9987 50.4814 0.9966 45.2917 0.9872
Algorithm 4.3.1 62.7602 0.9996 52.4786 0.9978 45.6101 0.9880
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Table 3: The comparison of PSNR and SSIM of the restored images for RGB
images

Methods Motion blur Gaussian blur Out of focus
PSNR SSIM PSNR SSIM PSNR SSIM

IFB 28.2037 0.8686 35.5792 0.9745 28.5151 0.8650
FISTA 39.6261 0.9871 45.1640 0.9931 38.4775 0.9823
NAGM 41.6376 0.9917 42.9277 0.9941 39.3708 0.9849
FMFB 41.6352 0.9918 42.9499 0.9941 39.4220 0.9850
Algorithm 4.3.1 45.6777 0.9966 44.5793 0.9957 40.9983 0.9889

From Tables 2 and 3, we observe that Algorithm 4.3.1 provides a higher

PSNR and SSIM than those of IFB, FISTA, NAGA and FMFB methods. This

shows that the proposed method has a better convergence behaviour than others.

We next show the restored images of Grey and RGB images for motion

blur.
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Grey images

(a) original
image
17.4716

(b) blurred
image

(c) IFB
26.5404

(d) FISTA
56.2778

(e) NAGA
59.2419

(f) FMFB
57.5154

(g) Alg. 4.3.1
62.7602

cropped
image (a)

cropped
image (b)

cropped
image (c)

cropped
image (d)

cropped
image (e)

cropped
image (f)

cropped
image (g)

RGB images

(h) original
image
19.3878

(i) blurred
image

(j) IFB
28.2037

(k) FISTA
39.6261

(l) NAGA
41.6376

(m) FMFB
41.6352

(n) Alg. 4.3.1
45.6777

cropped
image (h)

cropped
image (i)

cropped
image (j)

cropped
image (k)

cropped
image (l)

cropped
image (m)

cropped
image (n)

Figure 1: The original images, images degraded by motion blur and restored images for grey images and

RGB images.
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We next show the restored images of Grey and RGB images for Gaussian

blur.
Grey images

(a) original
image
28.0122

(b) blurred
image

(c) IFB
48.9764

(d) FISTA
49.4321

(e) NAGA
50.3907

(f) FMFB
50.4814

(g) Alg. 4.3.1
52.4786

cropped
image (a)

cropped
image (b)

cropped
image (c)

cropped
image (d)

cropped
image (e)

cropped
image (f)

cropped
image (g)

RGB images

(h) original
image
24.8557

(i) blurred
image

(j) IFB
35.5792

(k) FISTA
45.1640

(l) NAGA
42.9277

(m) FMFB
42.9499

(n) Alg. 4.3.1
44.5793

cropped
image (h)

cropped
image (i)

cropped
image (j)

cropped
image (k)

cropped
image (l)

cropped
image (m)

cropped
image (n)

Figure 2: The original images, images degraded by Gaussian blur and restored images for grey images and

RGB images.
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We next show the restored images of Grey and RGB images for out of

focus.
Grey images

(a) original
image
23.3081

(b) blurred
image

(c) IFB
34.6308

(d) FISTA
44.6754

(e) NAGA
45.2599

(f) FMFB
45.2917

(g) Alg. 4.3.1
45.6101

cropped
image (a)

cropped
image (b)

cropped
image (c)

cropped
image (d)

cropped
image (e)

cropped
image (f)

cropped
image (g)

RGB images

(h) original
image
21.6416

(i) blurred
image

(j) IFB
28.5151

(k) FISTA
38.4775

(l) NAGA
39.3708

(m) FMFB
39.4220

(n) Alg. 4.3.1
40.9983

cropped
image (h)

cropped
image (i)

cropped
image (j)

cropped
image (k)

cropped
image (l)

cropped
image (m)

cropped
image (n)

Figure 3: The original images, images degraded for out of focus and restored images for grey images and

RGB images.
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(a) PSNR plotting of grey images (b) MSE plotting of grey images

(c) PSNR plotting of RGB images (d) MSE plotting of RGB images

Figure 4: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm 4.3.1 for motion blur.
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(e) PSNR plotting of grey images (f) MSE plotting of grey images

(g) PSNR plotting of RGB images (h) MSE plotting of RGB images

Figure 5: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm 4.3.1 for gaussian blur.
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(i) PSNR plotting of grey images (j) MSE plotting of grey images

(k) PSNR plotting of RGB images (l) MSE plotting of RGB images

Figure 6: The PSNR plotting and MSE plotting of comparison of IFB, FISTA,
NAGA, FMFB and Algorithm 4.3.1 for out of focus.

Example 5.1.2 We compare our algorithm (IMFB) in section 4.1 with FISTA,

MFB, FRB, MFRB, IMFB, MSP and FMFB.

In method IMFB, we set t0 = 1, tn =
1+
√

1+4t2n−1

2
and

θn =


tn−1−1

tn
, if 1 ≤ n ≤ 1000

0 otherwise.

The regularization parameters are chosen by τ = 10−5 and x0 = x1 =

(1, 1, 1, ..., 1) ∈ RN . We set the following parameters:
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Table 4: The parameters for each methods in section 4.1

Parameters FISTA MFB FRB MFRB IMFB MSP FMFB IMFB
λ0 = 0.1

λ
n
=

1
/∥A

∥
2

- ✓ ✓

λ
n
=

1
/∥A

∥
2

- - -
λ1 = 0.5 - - ✓ - - ✓
σ = 0.1 ✓ - - - ✓ -
ρ = 0.8 ✓ - - - ✓ -
β = 0.5 - ✓ - - - -
γ = 1/β - ✓ - - - -
δ = 0.5 ✓ ✓ - - - ✓
µ = 0.2 - - ✓ - ✓ -
αn = 1

n+1 - - - ✓ - -
ψ = 2 - - - ✓ - -

r(xn) =
1
2xn - - - ✓ - -

For the experiments, we use the sizes 251×189 for RGB images. We add

Poisson noise. For the results recovering the degraded RGB images, we limit the

iterations to 1,000. We report the numerical results as follows:

Table 5: The comparison of PSNR, SSIM and CPU time in seconds for each
methods of the restored images

Methods Motion blur Gaussian blur Out of focus
PSNR SSIM CPU PSNR SSIM CPU PSNR SSIM CPU

FISTA 25.1122 0.7694 48.0184 34.3744 0.9320 47.2637 30.9043 0.8672 47.2831
MFB 24.8516 0.7640 71.2241 34.9546 0.9405 71.4400 28.3107 0.8152 70.4725
FRB 27.5733 0.8536 113.2112 38.6119 0.9703 112.5153 31.8188 0.8886 111.3155

MFRB 25.5158 0.7893 77.6740 36.0870 0.9515 70.3914 29.3660 0.8412 69.7562
IMFB 33.6105 0.9453 42.8921 41.1854 0.9818 42.7064 34.8978 0.9293 42.9258
MSP 34.8218 0.9560 92.9287 38.0609 0.9675 93.2503 32.0816 0.8941 93.2242

FMFB 40.8550 0.9785 64.8279 43.9280 0.9888 64.9999 38.0780 0.9544 64.8632
IMFB 46.7885 0.9920 75.7321 47.3368 0.9939 75.5435 41.0665 0.9743 74.7891

In Table 5, we see that IMFB has a higher PSNR than FISTA, MFB,

FRB, MFRB, IMFB, MSP, FMFB for the same number of iterations. Moreover,

SSIM of IMFB is closer to 1 than other methods. This shows that our algorithm

has a better convergence than other methods for this example. However, we

observe that IMFB has a less CPU time than other methods.

We next show the different types of blurred RGB images with the PSNR.
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Motion blur

(a)original
image
20.4054

(b)blurred
image

cropped
image(a)

cropped
image(b)

Gaussian blur

(c)original
image
28.7148

(d)blurred
image

cropped
image(c)

cropped
image(d)

Out of focus

(e)original
image
23.5639

(f)blurred
image

cropped
image(e)

cropped
image(f)

Figure 7: The original images and images degraded for each blurred RGB images
with noise.
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We next show the restored images of RGB images for Motion blur with

the PSNR.

(a) FISTA
25.1122

(b) MFB
24.8516

(c) FRB
27.5733

(d) MFRB
25.5158

(e) IMFB
33.6105

(f) MSP
34.8218

(g) FMFB
40.8550

(h) IMFB
46.7885

cropped
image(a)

cropped
image(b)

cropped
image(c)

cropped
image(d)

cropped
image(e)

cropped
image(f)

cropped
image(g)

cropped
image(h)

Figure 8: Recovered images via the different methods for degraded images by Motion blur

We next show the restored images of RGB images for Gaussian blur with

the PSNR.

(a) FISTA
34.3744

(b) MFB
34.9546

(c) FRB
38.6119

(d) MFRB
36.0870

(e) IMFB
41.1854

(f) MSP
38.0609

(g) FMFB
43.9280

(h) IMFB
47.3368

cropped
image(a)

cropped
image(b)

cropped
image(c)

cropped
image(d)

cropped
image(e)

cropped
image(f)

cropped
image(g)

cropped
image(h)

Figure 9: Recovered images via the different methods for degraded images by Gaussian blur
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We next show the restored images of RGB images for out of focus with

the PSNR.

(a) FISTA
30.9043

(b) MFB
28.3107

(c) FRB
31.8188

(d) MFRB
29.3660

(e) IMFB
34.8978

(f) MSP
32.0816

(g) FMFB
38.0780

(h) IMFB
41.0665

cropped
image(a)

cropped
image(b)

cropped
image(c)

cropped
image(d)

cropped
image(e)

cropped
image(f)

cropped
image(g)

cropped
image(h)

Figure 10: Recovered images via the different methods for degraded images by out of focus
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(a) PSNR plotting of Motion blur (b) SSIM plotting of Motion blur

(c) PSNR plotting of Gaussian blur (d) SSIM plotting of Gaussian blur

(c) PSNR plotting of Out of focus (d) SSIM plotting of Out of focus

Figure 11: Graphs of PSNR and SSIM values for each blurred image and restored
images for each methods

The results of the numerical experiments are summarized in Table 5. In

Figures 2, 3, 4 and 11, we report all results that include the recovered images

via each algorithms. It is shown that IMFB outperforms FISTA, MFB, FRB,

MFRB, IMFB, MSP and FMFB in terms of PSNR and SSIM.
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5.2 Application to image inpainting

In this section, we provide numerical experiments that support an inertial

modified relaxed forward-backward-forward method (IRFBF) in section 4.2. We

aim to apply our result to solve an image inpainting problem which is the following

minimization:

min
x∈RM×N

1

2
∥A(x− x0)∥2F + τ∥x∥∗

where x0 ∈ RM×N(M < N), A is a linear map that selects a subset of the entries

of an M×N matrix by setting each unknown entry in the matrix to 0, x is matrix

of known entries A(x0), and τ > 0 is regularization parameter.

In particular, we aim to solve the following image inpainting problem

[19, 21]:

min
x∈RM×N

1

2
∥PΩ(x)− PΩ(x0)∥2F + τ∥x∥∗ (5.2.1)

where ∥ · ∥F is the Frobenius matrix norm, and ∥ · ∥∗ is the nuclear matrix norm.

Define PΩ as follows:

PΩ(x) =


xij, (i, j) ∈ Ω

0, otherwise.

The image inpainting problem (5.2.1) is problem (2.1.1), when f(x) = 1
2
∥PΩ(x)−

PΩ(x0)∥2F and g(x) = τ∥x∥∗. We know that ∇f(x) = PΩ(x) − PΩ(x0) is 1-

Lipschitz continuous and proxg is obtained by the singular value decomposition

(SVD) [12].

To measure the quality of images, we use the signal-to-noise ratio (SNR)
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and the structural similarity index (SSIM) [54] which are defined by:

SNR = 20 log
∥x∥F

∥x− xr∥F

and

SSIM =
(2axaxr + c1)(2σxxr + c2)

(a2x + a2xr + c1)(σ2
x + σ2

xr
+ c2)

where x is the original image, xr is the restored image, ax and axr are the mean

values of the original image a and restored image xr, respectively, σ2
x and σ2

xr

are the variances, σ2
xxr

is the covariance of two images, c1 = (0.01L)2 and c2 =

(0.03L)2, and L is the dynamic range of pixel values. SSIM ranges from 0 to 1,

and 1 means perfect recovery.

Next, we present the performance of IRFBF in section 4.2 and its com-

parison to the projected version of RFB and FMFB. In all tests, the starting

point x0 = x1 = (0, 0, 0, ..., 0) ∈ RN . Set

λn = 1/∥A∥2, αn = 0.09 for RFB;

σ = 0.1, δ = 0.2, γ = 0.5 for FMFB;

λ1 = 0.2, µ = 0.2, ρ = 2 for IRFBF.

We test two images. The first one, we use x-ray image with size 700×525

(see Figure 12(a)). For the second, we use windows image with size 466 × 572

(see Figure 12(b)).

The maximum number of iterations was set to be 300th. All codes are

written in Matlab (version R2020b) on MacBook Pro M1 with ram 8 GB. Then,

we have the numerical results as follows:

From Table 6, we can see that our algorithm (IRFBF) is effective and



 

 

 
67

(a)x-ray image (b)windows image

Figure 12: The original images for image inpanting

Table 6: The SNR and SSIM for each methods in section 4.2

Methods x-ray windows
SNR SSIM SNR SSIM

RFB 19.9964 0.9614 12.5741 0.9365
FMFB 20.4239 0.9649 12.6261 0.9388
IRFBF 22.0834 0.9653 13.6382 0.9391

has higher SNR and SSIM than RFB and FMFB for both images. This means

that our proposed algorithm is better than other methods.

Next, we show the figures of inpainting for each methods.
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(a)painted image (b)restored image
by
RFB
(SNR=19.9964)

(c)restored image
by
FMFB
(SNR=20.4239)

(d)restored image
by
IRFBF
(SNR=22.0834)

Figure 13: The painted x-ray image and restored images by RFB, FMFB and
IRFBF

(a)painted image (b)restored image by
RFB
(SNR=12.5741)

(c)restored image by
FMFB
(SNR=12.6261)

(d)restored image by
IRFBF
(SNR=13.6382)

Figure 14: The painted windows image and restored images by RFB, FMFB and
IRFBF
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(a) SNR plotting of x-ray image

(b) SNR plotting of windows image

Figure 15: Graphs of SNR values of x-ray and windows images for each methods

We see that the proposed method does not require the computation of

Lipschitz constant of the gradient of functions. Moreover, the linesearch of iter-

ations is not necessary in algorithms.

5.3 Application to data classification

In this section, we apply an inertial double proximal forward-backward

method (IDFB) in section 4.4 to data classification problems. The data classifi-

cation problems based on a learning technique called extreme learning machine
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(ELM).

Let {(xn, yn) : xn ∈ RN , yn ∈ RM , n = 1, 2, 3, ..., K} be a training set of

K distinct samples, xn is an input training data and yn is a training target. For

the output of ELM with single hidden layer at the i-th hidden node is

hi(x) = f(ai · x+ bi),

where f is an activation function, ai is the weight at the i-th hidden node and bi

is the bias at the i-th hidden node.

The output function with L hidden nodes is the single-hidden layer feed

forward neural networks (SLFNs)

On =
L∑
i=1

βihi(xn),

where βi is the optimal output weight at the i-th hidden node. The hidden layer

output matrix A is defined by

A =


f(a1 · x1 + b1) · · · f(aL · x1 + bL)

... . . . ...

f(a1 · xK + b1) · · · f(aL · xK + bL)



The main aim of ELM is to calculate an optimal weight β = [β1, ..., βL]
T

such that Aβ = B, where B = [t1, ..., tK ]
T is the training target data. We find the

solution β via convex minimization problem. Next, we present the least absolute

shrinkage and selection operator (LASSO) [49] to find the parameter β. It can

be formulated as follows:

min
β∈RL

{∥Aβ −B∥22 + τ∥β∥1}, (5.3.1)
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where τ is a regularization parameter. We see that if f(β) = ∥Aβ − B∥22 and

g(β) = τ∥β∥1, then the problem (5.3.1) is reduced to the problem (2.1.1).

In experiments, we use a cervical cancer behaviour risk data set from UCI

Machine Learning Repository [32] for training processing. This data set contains

72 samples which has 19 attributes. We classify two classes of data.

We use the sigmoid as the activation function and the hidden nodes

L = 300. For efficiency of algorithms, we measure by the accuracy of the output

data as follows:

accuracy =
correctly predicted data

all data
× 100.

For the loss of an example, it is computed by the binary cross entropy

loss function:

Loss = − 1

output size

output size∑
i=1

yi log ŷi + (1− yi) log(1− ŷi),

where ŷi is the i-th scalar value in the model output, yi is the corresponding

target value, and output size is the number of scalar values in the model output.

We set parameters for each methods as follows:

Table 7: Chosen control parameters of each methods in section 4.4

Methods γ ℓ δ µ
FISTA L = 1/∥A∥
FMFB 2 0.5 0.1 -
IDFB 2 0.5 - 0.8
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In our method (IDFB), we set t0 = 1, tn =
1+
√

1+4t2n−1

2
and

θn =


tn−1−1

tn
if n ≤ 1000,

0 otherwise.

The regularization parameter is τ = 10−5. The stopping criteria is the

binary cross entropy (Loss=0.119). We obtain the results in Table 8.

Table 8: The performance of each methods with the stopping criteria as training
accuracy > 90 and testing accuracy > 90

Methods Iter Training time Acc(%)
FISTA 49 0.0491 90.91
FMFB 32 0.9747 90.91
IDFB 25 0.8014 90.91

From Table 8, we see that IDFB has the number of iterations less than

FISTA and FMFB at the testing accuracy 90.91. It shows that IDFB has a better

efficiency than other methods.

Next, we show graphs of the accuracy and loss of training data and testing

data for overfitting of IDFB.
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Figure 16: Graph accuracy of IDFB

Figure 17: Graph loss of IDFB

From Figure 16, we see that training accuracy and validation accuracy

have a high gap. It shows that a few training data set are not good enough to

train model. Also, Figure 17 has a gap between training loss and testing loss.

However, graphs of accuracy and loss values tends in the same way which show

that our method (IDFB) can still classify data set even if there are a few data

set.



 

 

 

CHAPTER VI

CONCLUSIONS

The following results are all main theorems of this thesis:

Algorithm 6.1.1 Inertial modified forward-backward method (IMFB)

Initialization: Let x0 = x1 ∈ H, λ1 > 0, θ1 > 0 and δ ∈ (0, 1).

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)).

Step 3. Compute the xn+1 step:

xn+1 = yn − λn(∇f(yn)−∇f(wn))

where

λn+1 =


min{ δ∥wn−yn∥

∥∇f(wn)−∇f(yn)∥ , λn} if ∥∇f(wn)−∇f(yn)∥ ̸= 0;

λn otherwise.

Set n = n+ 1 and return to Step 1.

Lemma 6.1.2 Let {xn} be generated by Algorithm 6.1.1. Then

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − (1− δ2λ2n
λ2n+1

)∥yn − wn∥2,∀x∗ ∈ Ω.
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Lemma 6.1.3 Let {xn} be generated by Algorithm 6.1.1. If
∑∞

n=1 θn < ∞, then

limn→∞ ∥xn − x∗∥ exists for all x∗ ∈ Ω.

Lemma 6.1.4 Let {xn} be generated by Algorithm 6.1.1. If
∑∞

n=1 θn <∞, then

lim
n→∞

∥xn+1 − xn∥ = 0.

Theorem 6.1.5 Let {xn} be generated by Algorithm 6.1.1. If
∑∞

n=1 θn < ∞,

then {xn} weakly converges to a point in Ω.

Algorithm 6.1.6 Inertial modified relaxed forward-backward-forward

method (IRFBF)

Initialization: Let x0 = x1 ∈ H, λ1 > 0, ρ1 ∈ (0, 1), µ ∈ (0, 1) and θ1 ≥ 0.

Iterative step: Let Ω be a nonempty closed convex subset of H. Given n ≥ 1,

calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward-forward step:

yn = proxλng(wn − λn∇f(wn)),

zn = (1− ρn)wn + ρn(yn − λn(∇f(yn)−∇f(wn))),

Step 3. Compute the projection step:

xn+1 = PΩ(zn).
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Step 4. Compute the stepsize step:

λn+1 =


min{λn, µ∥yn−wn∥

∥∇f(yn)−∇f(wn)∥} if ∥∇f(yn)−∇f(wn)∥ ̸= 0;

λn otherwise.

(6.1.2)

Set n = n+ 1 and return to Step 1.

Lemma 6.1.7 Let µ ∈ (0, 1) and λ1 > 0. The sequence {λn} generated by (6.1.2)

is nonincreasing and

lim
n→∞

λn = λ ≥ min{λ1,
µ

L
}.

Hence,

∥∇f(yn)−∇f(wn)∥ ≤ µ

λn+1

∥yn − wn∥.

Theorem 6.1.8 Let {xn} be generated by Algorithm 6.1.6. If
∑∞

n=1 θn < +∞

and 0 < lim infn→∞ ρn ≤ lim supn→∞ ρn < 1, then the sequence {xn} weakly

converges to an element of S.

Algorithm 6.1.9 Initialization: Let x0 = x1 ∈ H, σ > 0, ρ ∈ (0, 1), δ ∈ (0, 1),

θ1 > 0

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)),
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where λn = σρmn and mn is the smallest nonnegative integer such that

λn(∥∇f(proxλng(yn − λn∇f(yn)))−∇f(yn)∥+ ∥∇f(wn)−∇f(yn)∥)

≤ δ

2
(∥proxλng(yn − λn∇f(yn))− yn∥+ ∥wn − yn∥).

Step 3. Compute the xn+1 step:

xn+1 = proxλng(yn − λn∇f(yn)).

Set n = n+ 1 and return to Step 1.

Theorem 6.1.10 Let {xn} be generated by Algorithm 6.1.9. If
∑∞

n=1 θn < +∞

and λn ≥ λ for some λ > 0, then the sequence {xn} weakly converges to an

element of Ω.

Algorithm 6.1.11 An inertial double proximal forward-backward method

(IDFB)

Initialization: Let x0 = x1 ∈ H, θ1 > 0, γ > 0, ℓ ∈ (0, 1) and 0 < µ < 1.

Iterative step: For n ≥ 1, calculate xn+1 as follows:

Step 1. Compute the inertial step:

wn = xn + θn(xn − xn−1).

Step 2. Compute the forward-backward step:

yn = proxλng(wn − λn∇f(wn)).

Step 3. Compute the xn+1 step:

xn+1 = proxλng(yn − λn∇f(yn))
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where the linesearch λn = γℓmn is the smallest nonegative integer such that

λn(⟨∇f(xn+1)−∇f(yn), xn+1 − yn⟩+ ⟨∇f(yn)−∇f(wn), yn − wn⟩)

≤ µ2 + 1

4
∥xn+1 − yn∥2 +

µ

µ+ 1
∥yn − wn∥2 (6.1.3)

Set n = n+ 1 and return to Step 1.

Lemma 6.1.12 Let x ∈ H, γ > 0, ℓ ∈ (0, 1) and 0 < µ < 1. For i = 1, 2, 3, ...,

set

H(x, i) = proxγℓig(x− γℓi∇f(x))

P (x, i) = proxγℓig(H(x, i)− γℓi∇f(H(x, i))).

If

γℓi(⟨∇f(P (x, i))−∇f(H(x, i)), P (x, i)−H(x, i)⟩

+⟨∇f(H(x, i))−∇f(x), H(x, i)− x⟩)

≤ µ2 + 1

4
∥P (x, i)−H(x, i)∥2 + µ

µ+ 1
∥H(x, i)− x∥2,

then λ = γℓi.

Else i = i+ 1. The linesearch (6.1.3) stops after finitely many steps.

Theorem 6.1.13 Let {xn} be generated by Algorithm 6.1.11. If
∑∞

n=1 θn < ∞

and λn ≥ λ for some λ > 0, then {xn} weakly converges to point in Ω.
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