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ABSTRACT

Many real-world problems in applied sciences, engineering and economics can be reformulated
as the convex minimization problem of the sum of two proper lower—semicontinuous and convex functions.
In order to solve this problem, the forward-backward splitting algorithm has been used for the
convergence analysis. It has a great attention in optimization due to its broad application to many disciplines
such as signal and image processing, transportation, data regression, and classification problems. The
main objective of this dissertation is to improve and develop new splitting algorithms for solving convex
minimization problems by adapting with another method and many techniques with inertial conditions. The
convergence theorems are established under suitable conditions in the framework of Hilbert spaces. Finally,
numerical experiments are given to show the efficiency of the proposed methods in image processing.
Numerical results show that the proposed algorithms have a better convergence than some known
algorithms.



LIST OF CONTENTS

Chapter Page

1  INTRODUCTION ... m

2 REVIEW OF RELATED LITERATURE AND RESEARCH .0

3 PRELIMINARIES ... ... M
3.1 Sequences of real numbers.............. ... L. s
3.2 Hilbert space. . .....o.ii i 18|
3.3 Proximal operator........... ... 30
4 MAIN RESULTS .. ... B

4.1 Double inertial proximal gradient algorithms for convex
optimization problems.......... ... ... ... ... L 3=
4.2 Inertial projected forward-backward algorithm for constrained
convex minimization problems............... ... .. ... a14|
4.3 Inertial proximal gradient method using adaptive stepsize for
convex minimization problems........................ b3
4.4 Convergence analysis of a modified forward-backward splitting
algorithm for minimization problems.................. hY

4.5 New inertial forward-backward algorithm for convex

minimization problems............. ... ... ... ... 2

4.6 Numerical examples and applications......................... ral

5 CONCLUSIONS .. 105
BIBLIOGRAPHY ... 1T

BIOGRAPHY .. rTa



Tables

- W N

LIST OF TABLES

Page
Chosen parameters of each algorithm for image deblurring ... ... [
The results of deblurred images for each algorithm.............. [a
Chosen parameters of each algorithm for image inpainting . ... .. 93

The results of inpainting images for each algorithm ............. ga



Figures

8-11
12-13
14

15

16

17

18

19-24
25-26

LIST OF FIGURES

Page
The original image of size 480 x 640 x 3 (Fig(A)). .............. I8
The out of focus blur (disk) with radius r = 11 (BM1-1)........ 78

The gaussian blur of the filter size [7 x 7] with standard deviation
o=13 (BMI1-2). ... 9
The motion blur specified with the motion length of 11 pixels and
motion orientation § =16 (BM1-3)..................... rat|
The original image, the deblurred RGB image by out of focus blur
matrices (BM1-1) and the restored images ............. RO
The original image and zoom in the figures .................... (S8l

The deblurred RGB image by out of focus blur matrices and zoom

in the figures. ........ ... B2
The restored images and zoom in the figures ................ B2-R3
The graphs of PSNR and SSIM plotting .................... R4-B3
The original image of size 640 x 463 x 3 (Fig(B)).............. KA
The out of focus blur (disk) with radius » = 6 (BM2-1)........ 43]

The gaussian blur of the filter size [6 x 6] with standard deviation

The motion blur specified with the motion length of 13 pixels and
motion orientation § = 57 (BM2-3)..................... 43]
The original image size 640 x 463 x 3 (Fig(B)), the deblurred
RGB image by motion blur specified with the motion length

of 13 pixels and motion orientation 57 (BM2-3) and the

restored IMAages ......... . ¥
The restored images and zoom in the figures ............... R8-K9

The graphs of PSNR and SSIM plotting .................... g0-g1n



27
28-30
31
32-36
37-38
39
40
41
25
42-46
47-48
49
50
01-52

10

The original image of size 718 x 717 (Fig(C)).................. g3
The 20%,40% and 60% missing image ...................... O5-04
The 40% missing image (MM1-2) and zoom in the figures. ... .. S16

The restored images and zoom in the figures ............... O6-g7
The graphs of PSNR and SSIM plotting ................... g3-08
The original image of size 359 x 479 x 3 (Fig(D)).............. 09
The missing imMage. . ...t 09
The missing image (MM2) and zoom in the figures .......... a0
The restored images and zoom in the figures ............. [O0- 10
The graphs of PSNR and SSIM plotting ................. [O2-I02
The original image of size 380 x 285 x 3 (Fig(E))............. 3
The miSSINgG IMAZE. . . ..ottt i M3
The restored images ............. i I3

The graphs of PSNR and SSIM plotting ................. [O4-rad



CHAPTER 1

INTRODUCTION

To solve basic optimization problems, researchers may use algorithm that
terminat in finite number of steps, or heuristics that may provide approximate
solutions to problem, one of classical techniques is the gradient method proposed
by B.T. Polyak in 1963 [87] and it can be described by the fixed point equation
in 1976 by J.C. Dunn [15] . The proximal point methods are widely used to deal
with one maximal monotone operator. The proximal point algorithm initiated by
B. Martinet in 1970 [23] and subsequently studied by R.T. Rockafellar in 1976 [34]
is often referred. The splitting methods play a central role in the analysis and the
numerical solution.Due to its applications, there have been several modifications
and generalizations of these methods suggested and invented independently for
solving the problem in many different contexts. This tool plays an important
role in the analysis and the numerical solution of optimization problems. The
main concept of technique is obtained by splitting in that the functions are used
individually so as to yield an easily implementable algorithm. In 1979, P.L. Lions
and B. Mercier [Z1] proposed splitting algorithm for the sum nonlinear operator,
also sometime called forward-backward splitting algorithm. In 1956, J. Douglas
and H.H. Rachford [I3] proposed on the numerical solution of heat conduction
problems in two and three space variables or called Douglas-Rachford splitting
algorithms. The splitting methods is used to find a minimizer of the sum of two
convex functions. Once the parameters for dispute model have been determined,
a list of feasible solutions can be developed. In order to use optimization, a
separate objective function could be developed for each party to represent its
interest. In 1964, B.T. Polyak [33] introduced the algorithm that can speed up
gradient descent and it modification was made immensely popular by Nesterov’s

accelerated gragient algorithm which was algorithm proposed by Y. Nesterov in



1983 [28]. This well-known method that has improved the convergence rate is

know as the inertial iteration for operator.

Many problems have constraints. Each constraint limits the set of possi-
ble solutions and together the constraints define the feasible set. Feasible design
points do not violate any constraints. In 1964, A.A. Goldstein [I6] and in 1966,
E.S. Levitin, B.T. Polyak [20] proposed gradients projection methods for mini-
mizing a continuously differentiable mapping were originally. It is helpful to study
the constrained minimization problem. Next, in 2000, P. Tseng [37] introduced
the following modified forward-backward splitting method, also known as Tseng’s
splitting algorithm, for investigate them, a projected forward-backward algorithm
for fine minimizer of the sum of two convex function. However, many proximal
point method usually assumed that the gradient is Lipschitz continuous and the
step size is bounded below and less than some constants related to the Lipschitz
constant, which is some how not known in practice. For this reason, it is our
purpose to study and develop the proximal mapping involving new techniques
for solving minimization problems. In 1976, D.P. Bertsekas [5] was the first to
propose a practical finite procedure to determine the step. In 2016, J.Y.B. Cruz
and T.A. Nghia [4] proposed the proximal gradient algorithm using linesearch
technique for solving the convex minimization problem in Hilbert spaces. The
main advantage of the proposed method is that the Lipschitz condition on the
gradient of functions is dropped in computing. As reviewed, it is therefore the
main objective in this research to develop and modify the numerical algorithms
by using the prvious technique for solving minimization problems and to estab-
lish some convergence theorems. The main results established in this research
can improve and generalize the corresponding results in this area and, of course,
can be applied to solve major problems existed in science, engineering, economics
and other related branches. Finally, to give some applications of optimization

problem including its numerical experiments. The main results can improve and



extend the corresponding results in this area and, can be applied to solve major

problems existed in science.



CHAPTER 2

REVIEW OF RELATED LITERATURE
AND RESEARCH

In optimization theory, many problems can be formulated as the mini-

mization problem which is modeled as the following basic form:

min f(z), (2.1.1)

zeH

where f is a functional in the real Hilbert space H. Any value of x from among
all points in Hilbert space H that minimizes the objective function is called a

solution or minimizer. A particular solution is written as x,.

In 1963, B.T. Polyak [37] proposed gradient method for the minimization
of functionals, gradient minimizing method consist in constructing the sequence

(™) according to the formula:
"t = 2" — 0, Vf(z"), (2.1.2)
where «,, > 0 is the stepsize and V f is the gradient of f, then any limit point of

(z™) is a stationary point of problem (ZZ1).

In 1964, B.T. Polyak [33] introduced the following algorithm that can

speed up gradient descent as follows:

Algorithm 2.1.1 Let f be a functional in the real Hilbert space H and 2° € H.

Calculate

yn _ xn+6($n —.an_l)

=y - aV (),



where o, 5 > 0. The parameter [ is called the inertial term that accelerates the

convergemnce.

This modification was made immensely popular by Nesterov’s accelerated

gradient algorithm.

Algorithm 2.1.2 Let T be an operator and let 2°, 2! € H, generate

yn st $n+ﬁn<xn _xnfl)

$n+1 — T<yn)’

where 3, > 0 is the stepsize, which was proposed by Y. Nesterov in 1983 [2§].

In 1976, J.C. Dunn [I5] proposed convexity monotonicity and gradient
processes in Hilbert space by zeros of V f are fixed point of 7" = [ — V f and

conversely. Furthermore (Z1=2) may be put into form

2" = (1 — ap)2™ + o, Ta",

where «, € [0, 1] generates a sequence (z") in nonempty closed convex subset of
H. Furthermore, the associated defect norm sequence (||7'z™ — 2"||) is monotone
nonincreasing and therefore converges downward to a limit Lipschitz constant

L>0.

Many problems have constraints. Each constraint limits the set of pos-
sible solutions, and together the constraints define the feasible set ). For solving
these problems usually restrict the change in the working subspace by only drop-
ping or adding one constraint at each iteration.This apply to methods based on

projected gradients.

Gradients projection methods for minimizing a continuously differen-



tiable mapping were originally proposed by A.A. Goldstein (1964) [16] and E.S.
Levitin, B.T. Polyak (1966) [20]. It is helpful to study the constrained minimiza-

tion problem which is modeled as the following form:

min f(z), (2.1.3)

z€Q

where €) is a nonempty closed convex subset of H. The method assumes one can
constructively project points onto a nonempty closed convex set and denote the
projection of x into © by Pg(x). Given the projection P into €2, the gradient

projection algorithm is defined by
2"t = Po(z" — a, Vf(2")),

where «,, > 0 is the stepsize and V f is the gradient of f with respect to the
inner product associated with the norm. The results show that if V f is Lipschitz
continuous with L—Lipschitz constant and if e < o, < 2(1—¢) for some e € (0, 1),

then any limit point of (z™) is a stationary point of problem (2123).

In 1976, D.P. Bertsekas [A] was the first to propose a practical finite

procedure to determine the step. The algorithm consists of the iteration:
Algorithm 2.1.3 Given ¢ > 0,60 € (0,1) and 6 € (0,1). Let 2° € Q. For n > 1,
calculate

7" = Po(z" — a,, Vf(2")),

where «,, = 06™ and m,, is the smallest m nonnegative integer such that

2" — 2" (o6™)]?

ofm

f(@"(o8™)) < f(2") =6

Assuming that f is continuously differentiable and €2 is the convex set and limit



points of (z™) are stationary points of problem (2123).

In 1976, R.T. Rockafellar [34] proposed monotone operator and the prox-
imal point algorithm based on the fact of G.T. Minty (1962) [24] that for each

x € H and « > 0 there is unique z, such that z, — x € oT(x) or in other word:

z, € (I +aT)(x).

The operator prox,; = (I+aT) ! is single-valued from all of H into H and prox,,
is called the proximal mapping associated with o7, it following the terminology
of J.J. Moreau (1965) [25] for the case of T' = Jf. The proximal point algorithm

is generated by

2" = prox,, ¢(z"),

where prox,, ;= (I + a,df)~" and (o) is a sequence of positive real numbers.

In many problems, however, can be modeled in the following form:

géig f(x) +g(x), (2.1.4)

where f: H — (—o00,+0o0] and g : H — R are two proper lower semi-continuous

convex function such that f is differentiable on H.

In 1979, P.L. Lions and B. Mercier [21] study two splitting algorithms
for sum of two monotone operators and proposed splitting algorithm for the sum

nonlinear operator. The algorithm consists of the iteration:

Algorithm 2.1.4 Given f and g are maximal monotone operators, generate

2" = (I 4+ adg) (I —aVf)z",



where « is sufficiently small if f is Lipschitz continuous.

In 2003, A. Moudafi and M. Oliny [26] proposed the first inertial forward-
backward under the setting of finding zeros of monotone inclusion problem. Spec-

ify the algorithm to the case of solving (214), they obtain the following iteration:

Algorithm 2.1.5 Given f : H — (—00,+400] is convex differentiable and g :

H — (—o00, +0o0] is proper convex and lower simi-continuous. Generate

yn _ xn_i_gn(xn _I_n—1>7
" = prox,,(y" — aVf(z")),

where «, € (0,2/L) and 6, is the inertial parameter which controls the momen-

tum ™ — "L,

The above scheme recovers the heavy-ball method when g = 0 [29] and

become the scheme of [22] if replace V f(2™) with V f(y™).

In 2005, P.L. Combettes and V.R. Wajs [I0] study the properties of prob-
lems (E14) and analyze the convergence of forward-backward splitting algorithm.

The fixed point characterization provided
£ = pros,,(z — aV f(z))

where prox,, = (I + adg)™' is called the resolvent of the operator dg with a

parameter o > 0, suggests solving problems (214) via the fixed point iteration
i proxag(x” —aVf(z")),

where « is a suitable value. P.L. Combettes and V.R. Wajs [I0] proposed main

convergence result generated by



Algorithm 2.1.6 (RFB) Given f : H — (—o00,+00] and g : H — R are two
proper lower semi-continuous convex functions such that f is differentiable on
H with a {—Lipschitz continuous gradient for some L € (0,+00). Let (a,) and
(bn) be sequences in H such that ) _|lan|| < +ooand > |bn]| < +oo. Fix

2% € H, calculate

y" = 2" = N(Vf(@")+by)
it — o (prox,, ,(y") + an — "),
where A € (0, 00) such that 0 < inf,ey Ay, < sUp,ey An < 2L and «,, € (0, 1] such
that inf,ey o, > 0. The results show that (z™) converges weakly to a stationary

point of problem (Z14).

In 2011, P.L. Combettes and J.C. Pesquet [I1] review the basic prop-
erties of proximity operators and present optimization methods based on these
operators. These proximal splitting methods are shown to capture and extend

several well-known algorithms in a unifying framework such as

Algorithm 2.1.7 (Forward-backward algorithm)

Fix ¢ € (0,min(1, 1)) and z° € R", calculate

y' = 2" —a,Vf(a")
2= gy Bn(prox,, y" —z"),
where «,, € [L,2/L — €] and 3, € [e,1]. The results show that sequence (z")
generated by Forward-backward algorithm converges to a solution to (2214 where
f € Ty(R), I'y(R) is the class of lower semicontinuous convex functions from RY
and g : RY — R are convex and differentiable with a L—Lipschitz continuous

gradient Vf.
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Algorithm 2.1.8 (Beck-Teboulle proximal gradient algorithm)|3]
(FISTA-BT) Fix 2% € RV set 20 = 20 and ¢y = 1, calculate

yn = " _ L_1Vf(2n)
"t = prox; —1,y"
Zn—i—l — " + Oén(.I'n+1 _ xn))

144/42+1

_ tn—1 _4
where a,, = 1+ e and t,,1 = 5

While little is known about the actual convergence of sequences produced
by Beck-Teboulle proximal gradient algorithm, the O(#) rate of convergence of

the objective function they achieve is optimal.

Algorithm 2.1.9 (Douglas-Rachford algorithm)

Fix e € (0,1) and a > 0, let y* € RY and calculate

y" = prox,,y"

yn+1 - yn L ﬁn(pYOXag(Qiﬁn _\ yn> o :En)?
where (3, € [6,2 — ¢]. The results show that the sequence (z") generated by
Douglas-Rachford algorithm converges to a solution to (E-I4) where f and g are

functions in the class of lower semi-continuous convex functions from RY.

In 2016, J.Y.B. Cruz and T.A. Nghia [d] proposed the proximal gradient
algorithm using linesearch technique for solving the convex minimization prob-
lem in Hilbert spaces. The main advantage of the proposed method is that the
Lipschitz condition on the gradient of functions is dropped in computing. The

linesearch is defined as follows:

Algorithm 2.1.10 (FBS-CN) Given o > 0,6 € (0,1) and 6 € (0,3). Let 2° €
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domyg, calculate
"t = prox, ,(z" —a,Vf(z")),
where «,, = 06™ and m,, is the smallest nonnegative integer such that
||V f(2") = Vf(@")]| < lla™" — 2. (2.1.5)

The results show that the sequence (z") converges weakly to a solution of mini-

mization problem (2Z174).

In 2017, M. Verma and K.K. Schonlieb [39] proposed a new accelerated
proximal gradient technique for regularized multitask learning framework as fol-

lows:

Algorithm 2.1.11 (NAGA) Given T, is the forward-backward operator of f and

g. Calculate

yn — xn_i_en(xn_xnfl)’

anrl = Tn[<1 i an>yn + @nTnyn]a

where «, € (0,1). The results show that (z™) converges strongly to a stationary

point of problem (Z14).

In practical applications, many problems in real world can be modeled
as a subproblem. To investigate them, a projected forward-backward algorithm

for solving the constrained convex minimization problem modeled as follows:

min f(x) + g(z), (2.1.6)

e

where f and g are convex function on H, f is differentiable on H and (2 is a
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nonempty closed convex subset of H.

In 2000, P. Tseng [37] introduced the following modified forward-backward

splitting method, also known as Tseng’s splitting algorithm.

Algorithm 2.1.12 (FBFS) Given Q@ C H is a closed and convex set which in-

tersects the solution set of (Z14). Let 2° € Q. Calculate

y" = (I+a,09) (I — @,V f)a"

" = Po(y" — an(VI(Y") = V("))

where «,, € (0,00), the results show that the sequence (z") converges weakly to

a solution of problem (ZZI8).

In 2015, Z. Mu and Y. Peng [27] presented an alternated inertial proximal

point algorithm for solving the maximal monotone inclusion problem as follows

Algorithm 2.1.13 Given 7' is a set-valued maximal monotone operator and

20, 2! € RY. Calculate

z" if n is even

" + ap (2 — 2" 1) if n is odd

and

2 = (14 BT) (),

where 8 > 0. This form is a lot less popular than general inertia. However, it

has pretty good convergence properties and performance.

In 2016, J.Y.B. Cruz and T.A. Nghia [d] proposed a fast multistep

forward-backward method with Linesearch (2713) as follows:
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Algorithm 2.1.14 (FISTA-CN) Fix 2° € RV, set 2° = 2! € H, {, = 1 and
d € (0,1/2), calculate

. 1+ /42 +1
n+tl = T 4
2

" = Py [x” + (t” — 1) (2" — x”_l)]

n+1

i — prox, .(y" —a,Vf(y")),

where v, := Linesearch (2218). The results show that the sequence (2™) converges

weakly to a solution of problem (Z7I8).

In 2016, W. Jin, Y. Censor and M. Jiang [IR]| presented the projected
scaled gradient (PSG) method with bounded perturbations in a finite dimensional
setting for solving (Z123) where f is a continuously differentiable convex function.

More precisely, the method is generated by

Algorithm 2.1.15 Given € is a nonempty closed convex subset of H and 2° € Q.

Calculate

"t = Po(2" — a, D(z™)V f(2") + e(a™)),

where D(z") is a diagonal scaling matrix, then (z") converges to a solution of

problem (2173) under suitable conditions.

In 2020, P. Duan, Y. Zhang and Q. Bu [14] presented an alternated iner-
tial proximal gradient algorithm for unconstrained convex optimization problem.

Consider the following algorithm.

Algorithm 2.1.16 Let 2°, 2! € H and compute

if n is even

"+ (2" — ™) if n is odd.
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Calculate the next iterate via

2t = prox,, ,(y" — anD(y") +e(y")),
where D is a diagonal scaling matrix, then (z™) converges weakly to a solution of

problem (2T4) under suitable conditions.

For numerical examples and applications, the least absolute shrinkage
and selection operator (lasso) received much attention from optimization com-
munity to many disciplines, such as optimal control, signal processing, system

identification and image analysis. The lasso problem is
min (1/2)||Az — b|)3 + |||, (2.1.7)
zeRN

where A € RN ') ¢ RM and a > 0. Consider the splitting for problem (218),

f@) = (1/2)[ Az = bll3, g(x) = o]

with Vf(z) = A"(Az — b) and prox,,(z) = S.(x), S, is the solf-thresholding
operator. Moreover, many real world problems can be formulated in the form
of a minimization problem. In particular, if A is a bounded linear operator, x
is a vector with to be recovered data and y is the observed or measured. It is
known that to solve (EZI74) can be seen as solving the signal recovery and image
processing. In experiments on regression and classification problems, the main

goal of extreme learning machine is to find

rv = (27, ... 2%]" such that Az = b,
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where A is hidden layer output matrix defied by
G(ayzy +0b1) -+ G(ayry + bas)

G(alxN—i-bl) G(aMxN+bM)

where GG is an activate function, a; and b; are parameters of the ¢-th hidden node
and b = [b],...,bL]T is the training data. The problem is formulated as the

following convex minimization problem
: 2
min ||z = bllz + o]}y,

where « is a regularization parameter. In addition, the convex minimization

problem problem is found solution by split feasibility problem.

Split feasibility problem. Consider the split feasibility problem
find x, € C such that Az, € Q,

where C' and @) are nonempty closed convex subsets of real Hibert spaces H; and

Hs, respectively. In case, x € C such that Az € @) is found by
min - (1/2)]| Az = blf; + do(@),

where A : H; — Hs, is a bounded linear operator. dc(z) is indicator function,

then split feasibility problem becomes the following problem (2Z18).



CHAPTER 3

PRELIMINARIES

This chapter is to present the notation, definition and basic facts that

are used throughout the dissertation.

3.1 Sequences of real numbers

In this section, we present definition and basic facts about sequences of
real numbers. Let N be the set of natural numbers and let R be the set of real
numbers. For each positive integer n, we are given a real number a”. Then, the

list of numbers,

(a',a?, ... a",...) or (a™) or {a"}.

Definition 3.1.1 (Convergent sequence)[35] A sequence (a") in R is said to
converge to a real number a if for every € > 0, there exists positive integer N (in

general depending on ¢) such that

la" —a| <e

for all n > N. We denote that (a™) converges to a by a” — a or lim a" = a. The
n—roo

number a is called a limit of the sequence (a™) and (a") is called a convergent

sequence.

Definition 3.1.2 (Bounded sequence)[35] A sequence (a™) in R is said to
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bounded if there is M > 0 such that

0" < M

for all n > N.

Remark 3.1.3 [35] Let (a™) be a sequence in R, if a sequence (a") converge to a

real number a. Then (a™) is bounded.

Definition 3.1.4 [35] Let (a") be a sequence of real numbers. Then, we called

- Increasing or nondecreasing if a™ < a™*! for all n € N.
- Decreasing or nonincreasing if a"*! < a” for all n € N.
- Strictly increasing if a® < a™*! for all n € N,

- Strictly decreasing if a™1 < a™ for all n € N.

Lemma 3.1.5 (Theorem 1.3.7 in [85]) Let (a™), (b") and (c¢™) be sequences of real
numbers and a™ < b" < " for all n € N. If there exists a € R such that a™ — a

and " — a, then b" — a.

Definition 3.1.6 (Subsequence)[35] Let (a") be a sequence of real numbers
and (n;) be a sequence in N such that n; < n;y; for all i € N. Then the sequence

(a™) given by

is called a subsequence of (a™).

Remark 3.1.7 (Remark 2.1.5 in [35]) Let (a™) be a sequence in R, if a sequence
(a™) converge to a real number a. Then every subsequence (a™) of (a™) converge

to a.

Lemma 3.1.8 (Theorem 1.2.3 in [35]) Let (a™) be sequences of nonnegative real

numbers such that a™ — 0. For n € N define a,, = sup{ax|k > n}, then o, — 0.
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Definition 3.1.9 [35] Let (a") be a bounded sequence of real numbers. Then,

we called
- The limit inferior of (a™) defined by

liminfa" = lim a,
n—00 n—oo

where a,, = inf{a*|k > n}. It is denoted by liminf a".

n—o0

- The limit superior of (a™) defined by

limsupa” = lim ay,
n—00 n—00

where a,, = sup{a®|k > n}. It is denoted by limsup a”.

n—oo

Lemma 3.1.10 (Remark 1.4.4 in [35]) Let (a") be a bounded sequence of real

numbers. Then liminf a" and limsup a” exists.
n—0o0 n—00

Lemma 3.1.11 (Theorem 1.4.5 in [B5]) Let (a™) be a bounded sequence of real

numbers. Then, the following hold:

inf ¢" <liminfa" <limsupa”™ < sup a”.
n—gR0 n—00 n—00 n—0o

Lemma 3.1.12 (Theorem 1.4.6 in [B5]) Let (a™) be a bounded sequence of real
numbers and a € R. Then, (a™) converge to a if and only if

liminf a” = limsup a” = a.
n—oo n—00

Lemma 3.1.13 (Lemma 1 in [B6]) Let (a™), (b™) be sequences of nonnegative real
numbers such that

a"t <a"+b",neN.
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]fz b" < 0o, then 7}1_)11010 a" exists.
n=1

Lemma 3.1.14 (Lemma 1 in [30]) Let (a™), (b") and (9,) be sequences of non-

negative real numbers such that

"™ < (1+6,)a" +b",n €N.

n—00

]fz b" < oo and 25" < 00, then (a™) is bounded and lim a" exists.
n=1 n=1

In particular, if (a") has a subsequence which converges strongly to zero,

then lim a™ = 0.
n—oo

Lemma 3.1.15 (Lemma 5 in [I7]) Let (a™) and (0,) be sequences of nonnegative

real numbers such that
a"tt < (1+6,)a" +0,a"', neN.

Then the following holds a"*' < K - H(l +26;), where K = max{a',a*}. More-
=1

over, sz&n < 400, then (a™) is bounded.

n=1
3.2 Hilbert space

Definition 3.2.1 (Metric space)[l] Let X be a nonempty set and d : X x X —

[0,00) be a function. Then d is called a metric on X if the following properties

hold:
(M1) d(z,y) >0 for all 2,y € X;
(M2) d(z,y) = 0 if and only if z = y for all z,y € X;
(M3) d(z,y) = d(y,x) for all z,y € X;
(M4) d(z,y) < d(x,z) 4+ d(z,y) for all x,y,z € X.

The value of metric d at (x,y), we write d(x,y), is called distance between x and
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y, and the ordered pair (X, d) is called a metric space.

Example 3.2.2 (Examples of metric space)

1. In real line R, define

d(z,y) = |z —y|

for all z,y € R. Then (R, d) is a metric space and the metric d is called the

usual metric for R.

2. In euclidean plane R?, define

d(ZE, y) T \/(J”1 B y1)2 3 (Iz - y2)2’

where z = (2!, 2%),y = (y',4*) € R? Then (R? d) is a metric space.

3. In euclidean space R", define

where z = (2, 2%, ..., 2"),y = (y*, 9>, ...,y") € R™. Then (R",d) is a metric

space.

Definition 3.2.3 (Vector space)[l] A vector space or linear space X over the
field F (R or C) is a set X together with an internal binary operation (+) called
addition and a scalar multiplication carrying (o, x) in F'x X to az in X satisfying
the following statements for all z,y,z € X and o, € F":

(V) z+y=y+ux;

(V2) (z+y) +z =2+ (y+2);

(V3) there exists an element 0 € X call the zero vector of X such that

r+ 0=z forall z € X;

(V4) for every element x € X, there exists an element —z € X called the



21

additive inverse or the negative of x such that z + (—x) = 0;
(V5) a(z +y) = ax + ay;
(V6) (a+ B)z = ax + By;
(VT) (aB)a = a(Ba);
(V&) 1-z =
The scalar field is the real numbers the vector space is called a real vector space. If

the scalar field is the complex numbers, then the vector space is called a complex

vector space.

Definition 3.2.4 (Normed space)[l] Let X be a norm linear space over field
F (RorC)and | -] : X = R" be a function. Then || - || is said to be a norm if
the following properties hold:

(N1) ||z]| = 0, and ||z|| = 0 < x = 0;

(N2) ||az|| = |al]|z|| for all x € X and a € F;

(N3) llo + gl < 2l + ] for all 2,y € X,

The ordered pair (X, || - ||) is called a normed space.

Definition 3.2.5 (Inner product space)|l] Let X be a linear space over the

field F. An inner product on X is a function (-, -) : X x X — F with the following

properties:
(IP1) (z,2) >
(IP2) (z,2) =0 & x = 0;
(IP3) (az,y) = afz,y);
(IP4) (z,y) = (v, x);
(IP5) (x +y,2) = (x,2) + (2,y).

The ordered pair (X, (-, -)) is called an inner product space.

Example 3.2.6 (Examples of inner product space)
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1. The function (-,-) : R™ x R” — R defined by

(x,y) = szyz for all z = (2!, 2%, ..., 2"), v = (y', 9%, ...,y") €R"

i=1

is an inner product on R”. In this case R™ with this inner product is called

real Euclidean n-space.
2. Let C™ be the set of n-tuples of complex numbers. Then the function

(,-) : R" x R" — R defined by

n
(x,y) = Zx@ for all z = (2!, 2%, ...,2"), vy = (v',9*,...,y") € C"

=1

is an inner product on C" In this case C" with this inner product is called

complex Euclidean n-space.

3. Let /5 be the set of all sequences of complex numbers
(a',a?,... a",...) with > 7%, |a’|* < co. Then the function (-,-) : fo X 5 —

C defined by
(x,y) = ZJUZE for all @ = {2'}2,,y = {y'}2, € b
i=1

is an inner product on /5.

Proposition 3.2.7 (The Cauchy-Schwarz inequality))[l] Let X be an inner

product space. Then the following holds:
[z, y) [ < (z,2)(y,y) for all 2,y € X

1.e.,

{2 9)| < [z llllyll

for all z,y € X.
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Proposition 3.2.8 [Proposition 1.2.27 in [1]] Let X be an inner product space.

Then the function || - |:

||| = v/ (z,x), for all x € X

is norm on X.

Proposition 3.2.9 (The parallelogram law)[l] Let X be an inner product
space. Then

lz +yl* + llz = ylI* = 2(ll=)1* + lyl*)
for all z,y € X.

Definition 3.2.10 (Bounded sequence)[l] A sequence (z") in a normed space

X is bounded if there exists M > 0 such that ||z"|| < M for all n € N.
Definition 3.2.11 (Convergent sequence)]l] A sequence (z") in a normed
space X is said to be convergent if there is an x € X such that

lim ||z" —z|| = 0.
n—oo

In this case, we write ™ — z or lim z™ = x. If (2™) is not convergent, it is said
n—oo

to be divergent.

Definition 3.2.12 (Cauchy sequence)ll] A sequence (z") in a normed space

m

X is said to be Cauchy sequence if lim ||™ — 2"|| = 0, i.e., for € > 0, there
n,m—00

)

exists an integer n’ € N such that ||z™ — 2"|| < ¢ for all m,n > n®.

Definition 3.2.13 (Complete space)]l] The space X is said to be complete

space if every Cauchy sequence in X converges.

Definition 3.2.14 (Hilbert space)|l] An inner product space which is complete

with respect to the induced norm is called a Hilbert space.
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Example 3.2.15 (Examples of Hilbert space)
1. The space R" is a Hilbert space with inner product defined by
(z,y) = a'y' + 2% + .+ 2"y",
where x = (21, 2%, ..., 2"), v = (v}, 9%, ...,y") € R™.
2. The space C" is a Hilbert space with inner product defined by
(z,y) =2'§' + 2°F° + ... + 27",

where x = (2!, 2%, ..., 2"), v = (v}, 9%, ...,y") € C™.

1 ,.2

3. The space f5 of real sequence = = (z',z*,...) which are squaresummable,

i.e., by = {(2")22,| > 07 |2™|* < +oc} with the inner product

(x,y) = 2"y"
n=1

and with the norm

]l = (f}x")?);.

n=1

4. Ly([a,b]) where a,b € [—00, +00], a < b. The space of (equivalence classes

of) Lebesgue functions f : R — R which are square integrable, i.e., Ly(a, b)

{f: f; f2(z)dz < oo} with the inner product

(@) = [ 1@tz

= | bf(w)dx)%-

Proposition 3.2.16 Let H be a Hilbert space. Then

and with the norm
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L ez + (1 —ay)|* = efzl* + (1= a)llyl]* — a(l = a)[|x —y||* for all z,y € H

and o € R.
2. (x—y, z—w) = |lz—w|*+[ly—z|* =z —2|]* = ly—wl|® for all z,y, z,w € H.
S e+ yl? < ||lzll* +2(y, a2 +y) for allz,y € H.

4. ly = z|| < |lx = z|| if and only if ||y — z||* + 2(y — x, 2 — 2) < 0 for all

r,y,z € H.

Definition 3.2.17 (Strongly convergent)[l] A sequence (") in a Hilbert space
H is said to be strongly convergent to x if lim [|z" — z|| = 0 and is denoted by
n—0o0

" — x.

Definition 3.2.18 (Weakly convergent)|l] A sequence (z") in a Hilbert space
H is said to be weakly convergent to x if lim [(z" — z,y)| = 0 for all y € H and
n—oo

is denoted by x™ — x.

If a subsequence (z") C (x™) converges weakly to z, then z is called a
weak cluster point of the sequence (z™). The set of all weak limit point of (z")
denoted by

wy (2") = {z|3(z™) C (2") such thatz™ — z}
Proposition 3.2.19 (Lemma 3.2.11in [4]) If2" — x € H, then ||z| < liminf ||z"|.

Theorem 3.2.20 (Opial’s theorem)[29] If 2" — x € H, then the following
inequality holds

liminf ||z" — x| < liminf ||2" — y||
n—oo n—oo
forally' € H and x # y.

Theorem 3.2.21 (Lemma 3.2.4 in [9]) If 2" — x € H, then the following in-
equality holds

limsup [|2" — z|| < limsup ||2" — /||
n—oo n—oo
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forally € H and x # y.

Definition 3.2.22 [d] Let 2° € H and r > 0 be radius. Then,

- Open ball with a center 2V is defined by the subset

B(ZEO;T) ={z € H|||x — x0|| <r}

- Closed ball with a center x° is defined by the subset

B[xo;r] ={z € H|||x — x0|| <r}

- Sphere with a center 2° is defined by the subset

S(a%r) ={z € H||z — 2°|| =r}.

(" denotes the complement of a subset C' C H, i.e., C" = H \ C.

Definition 3.2.23 (Minkowski sum)[9] Let H be a Hilbert space and C, D C

H, we say that the Minkowski sum of C, D if

C+D={z€Hlz=x+y, x € Candye D}.

Definition 3.2.24 (Segment)[d] Let H be a Hilbert space, we say that a seg-

ment with endpoints z,y € H if

[z,y] ={2 € Hlz= (1 —a)x + ay,a € [0,1]}.

Definition 3.2.25 (Subset of minimizers)[d] Let H be a Hilbert space and
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C C H, we say that a subset of minimizers of f if

Argmin f(x) = {z € H|f(z) < f(z) for all x € C'}

zeC

where f : C' — R. An element of Argmin f(x) is called minimizer of f and is
zeC

denoted by argmin f(z).
zeC

Definition 3.2.26 (Hyperplane)[d] Let H be a Hilbert space. Then hyperplane
in H is defined by

H['CE’/B] :{yEH‘<$7y> :B}

where x € H, z # 0 and € R. The hyperplane H|[z, 8] is the boundary of two
half-spaces

H(xvﬂ)Jr :{yEH\(ﬂc,y) 25}

and

H(x,B)- ={y € H|(z,y) < B}.

Definition 3.2.27 (Sublevel set)[d] Let H be a Hilbert space, C C H and
f:C — R. Then

S(f,a) ={z e Clf(z) <o}
is called a sublevel set of f at a level a € R.

Definition 3.2.28 [0]Let H be a Hilbert space, C C H and f : C' — RU{+o0}.
Then,

- Domain of f is

domf = {x € C|f(z) < 4+o0}.

- Epigraph of f is

epif = {(z,a) € C x Rla > f(z)}.
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- Graph of f is
gph(f) = {(z,a) € €' x Rla = f(z)}.

The function f is proper if —oo ¢ f(C') and domf # (.
Definition 3.2.29 (Semi-continuous function) Let H be a real Hilbert space.
let f: H— (—o00,+oc| and let © € H. Then

- [ is lower semi-continuous at z if, for every (z") C H,

2" =z = f(z) <liminf f(x).

n—oo

- [ is upper semi-continuous at x if, for every (2™) C H,

n

" =z = f(z)>limsup f(z).

n—o0

Definition 3.2.30 [9] Let H be a Hilbert space and C' C H. Then,

- f:C — Ris weakly lower semi-continuous at x € C' if

2" —z = f(zx) <liminf f(x).

n—oQ

- f:+H— RU{+o0} is coercive if lim f(x) = +oo.

[[]| =00

- [ C — R attains the global minimum at a point x, € C if f(x,) < f(z)

for all z € C.

- [ C — R attains a local minimum at a point x, € C if there exists r > 0

such that f(z,) < f(z) for all z € C' N B(z,, 7).

Definition 3.2.31 (directional derivative)[d] Let H be a Hilbert space and
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f+ H — R, then directional derivative of f at x in the direction d is

Flond) — tim T 1D = T@

t—0+ t

which always exists.

Definition 3.2.32 (Fréchet-differentiable)[d] Let H be a Hilbert space and
f+ H — R, then f is Fréchet-differentiable or differentiable at x € H if there

exists y € H such that

f(@+1) = f(x) + (v, 1) + ol|[]]),

t
where lin% # = 0. The element y is called a derivative or differential of f at x
—

and denoted by f'(x).

Definition 3.2.33 (Gateaux-differentiable)[d] Let H be a Hilbert space and
f+ H — R, then f is Gateauz-differentiable at a point x € H if it has directional

derivative f'(z,d) for all d € H

f(x,d) = (g,d)

holds for some g € H. The element g is called a Gateaux-derivative or Gateaux-

differential of f at x and denoted by D f(z).

Lemma 3.2.34 (Theorem 1.1.13 in [9]) If a function f : H — R is Fréchet-
differentiable at x € H, then it is Gateauz-differentiable at x and f'(x) = Df(x).

Definition 3.2.35 [9] Let H, Hy, Hy be Hilbert spaces. The operator I : H — H
denotes the identity, i.e., [x = x for all x € H. Let A: Hy — Hs be a bounded

linear operator. Then,

- A* . Hy — H; is an adjoint operator if (Ax,y) = (x, A*y) for all x € H;
and y € Hs.
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- A*: Hy — Hy is unitary if A*A = I holds.
- A*: Hy — Hy is self-adjoint if A* = A.

Lemma 3.2.36 (Theorem 1.1.21 in [9]) For any bounded linear operator A :
H, — Hs it holds
IA]* = | A*[|* = [|A"Al| = [ AA"].

Definition 3.2.37 (Fixed point)[d] A point z € C is called a fized point of an
operator 7' : C' — C', if Tx = x. The subset of all fixed point of the operator T’
is denoted by FixT'.

Definition 3.2.38 (Convex subset)[d] Let H be a Hilbert space and C' C H.

Then a subset C is said to be convez if

(l-—a)z+ayeC

for all z,y € C and « € [0, 1].

Definition 3.2.39 (Convex functions) [9] Let H be a Hilbert space and C C H

be a convex subset. Let f: C'— R. Then f is said to be

- Convez if

f(I=a)z+ay) <(1—a)f(z) +af(y)
for all z,y € C' and « € [0, 1].

- Strictly convex if

f(1=a)z +ay) < (1-a)f(z)+af(y)

forall z,y € C, x # y and o € (0, 1).
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- a-strongly convex or strongly convex if

f(l—a)z+ay) <af(y)+ 1 —-a)f(z) - %M(l —a)|z -yl

for all z,y € C, a € [0,1] and A > 0.

- Concave if — [ is convex.
Properties of convex functions [d]

1. A convex function f:R™ — R is continuous.
2. A strongly convex function f: H — R is coercive.

3. A convex function f : H — R has directional derivatives f’(-,d) for all

d € H and for any =,d € H it holds

o) =t £ D = F)

t—0+ I,

4. If f : H — R is convex function and f'(z,d) > 0 foe all d € H, then f

attains its minimum at z € H.

5. Let C'C H be nonempty. A function d(-,C) : H — R defined by d(z,C) =
ing‘j lly — z|| is called a distance function to the subset C. If C is convex,
ye

then d(-,C') is a convex function.

Lemma 3.2.40 (Theorem 1.1.51 in [9]) A lower semi-continuous convex function

f: H — R s weakly lower semi-continuous.

Lemma 3.2.41 (Theorem 1.1.52in [9]) A continuous convez function f : H — R

defined on a closed bounded convexr subset C' C H attains its global minimum.
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Definition 3.2.42 (Subdifferential)[d] Let f : H — RU{+o00} be convex. The

subset

of(x) ={g € H|{g,y —x) < f(y) — f(x) for all y € H}

is called a subdifferential of f at x € H. The function f is said to be subdiffer-
entiable at x if df(x) # 0. An element of the subdifferential df(x) is called a

subgradient of f at x.

Example 3.2.43 1. The subdifferential of the absolute | - | has the form

;

-1 if z >0,
|z]) = [-1,1] ifz=0,
1 if 7 < 0.

2. The subdifferential of the norm || - || has the form

<H§_H) if x # 0,

B(0,1) if z =0.

A(ll=ll) =

Lemma 3.2.44 (Theorem 1.156 in [9]) For any x € H the subdifferential Of(z)
of a continuous convex function f : H — R is a nonempty, weakly closed and

bounded convez set.

Definition 3.2.45 (Metric projection)[d] Let C' C H be a nonempty subset

and x € H. If there exists a point y € C such that

ly — 2l < ||z — |l

for any z € C, then y is called a metric projection of z on to C' and denoted by

Pc$.
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If Pox exists and is uniquely determined for all z € H, then the operator
Po . H — C is called the metric projection on to C. A projection of z € H on to

a nonempty closed and convex subset C' of H is defined by

Por = argmin ||z — y||°.
yeC

Lemma 3.2.46 (Remark 1.2.2 in [9]) Let C C H be a nonempty closed convex
subset. Then for any x € H there exists a metric projection Pox and it s uniquely

determined.
Lemma 3.2.47 (Characterization)[9] Let x € H, C C H be a convex subset
and y € C. The following conditions are equivalent:

1. y= Pex,

2. (x—y,z—y) <0 forall z € C.
Lemma 3.2.48 (Lemma 1.2.5 in [9]) Let z,y,z € H. The following conditions
are equivalent:

1. (x—y,z—y) <0

2. (z—zy—a) =y -zl

5. Mz —yll* < llz — 2)* — ly — =,

4. (z—z,z—y) > 0.

Definition 3.2.49 (Lipschitz continuous)[d] The operator 7' : H — H is
Lipschitz continuous, if

Tz — Ty|| < L{jz — y||

for a positive constant L. The constant L is called a Lipschitz constant. We also

say that T is L-Lipschitz continuous.



34

Definition 3.2.50 (Nonexpansive operator)[d] We say that an operator T :
C — His:

- Nonezpansive, if
[Tz —Ty| < [lz -yl
for all z,y € C.

- Strictly nonexpansive, if

[Tz — Ty| < a|lz —y

for all z,y € C.

- An a—contraction or contraction, where « € (0, 1) if

T2 —Ty| < allz -yl

for all z,y € C' and « € [0, 1].

Theorem 3.2.51 (Banach,1922)[9] Let C' be a complete metric space and T :
C — C be contraction. Then T has exactly one fixed point x, € C. Furthermore,
for any x € C, the orbit (T"x)32, converges to x* with a rate of geometric

PTrogression.

Theorem 3.2.52 (Brouwer,1912)[9] Let C C R™ be a nonempty compact and

conver and T : C' — C' be continuous. Then T' has a fized point.

Theorem 3.2.53 (Schauder,1930)[9] Let C' be a onempty compact and convex

subset of a Banach space and T : C' — C' be continuous. Then T has a fixed point.

Theorem 3.2.54 (Browder-Géhde-Kirk,1965)[9] Let C be a nonempty closed
convez and bounded subset of a uniformly convex Banach space (e.g., of a Hilbert

space H) and T : C — C' be nonexpansive. Then T has a fized point.
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Proposition 3.2.55 (Proposition 2.1.11 in [9]) Let C' be nonempty closed convex
subset of H and T : C — H be nonexpansive operator. Then FixT is closed and

CONnver.

Lemma 3.2.56 (Demiclosedness principle)[2] Let T : C'— H be nonezpan-
sive and y € C' be a weak cluster point of a sequence (x")>° . If |Tx" —z"| — 0,

then y € FixT'.

Definition 3.2.57 (Firmly nonexpansive operator)[9] The operator T : C' —

H is said to be firmly nonexpansive, if
(Tz = Ty,x —y) > Tz - Ty|?
or
lz = ylI* > T2 — Ty[|* + (I~ T)a — (I - T)ylf?

for all z,y € C.

Lemma 3.2.58 (Lemma 2.2.21in [9)) Let T : C — H and xz,y € C. The following

inequalities are equivalent:

1. Tz —Ty,x —y) > [Tz — Ty|?,

2. (Tx =Ty, (x —Tz) = (y —Ty)) = 0,

3. (Ty—Tx,x —Tx)+ (Tx —Ty,y —Ty) <0,

4. Ty —a,Tex —a) + (Te —y, Ty —y) > |Tr — > + [Ty — y|I*.

Lemma 3.2.59 (Theorem 2.2.4 in [9)) A firmly nonexpansive operator T : C' —

H is monotone and nonexpansive.

Definition 3.2.60 (Monotone sequence)[d] Let C' C H be nonempty. We say

that a sequence (z™)>2, C H is Fejér monotone, if

lz" — 2| < [|la" — =
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for all z € C and n > 0.

Lemma 3.2.61 (Proposition 5.4 in [2]) Let H be a real Hilbert space. Let C' be
a nonempty, closed and convex subset of H and let (x™) be a sequence in H that

satisfies:

1. lim ||a™ — z|| exists for each x € C,
n—oo

2. wy,(2™) C C.

Then (z™) weakly converges to an element of C.

Theorem 3.2.62 (Theorem 5.5 in [2]) Let (z") be a sequence in H and C C H
be a nonempty subset of H. Suppose that (x™) is Fejér monotone with respect to
C' and that every weak sequential cluster point of (z™) belong to C. Then (z™)

converges weakly to a point in C.

3.3 Proximal operator

Definition 3.3.1 (Proximal operator) [31] Let f : R* — RU{+o00} be a closed

proper convex function. The prozimal operator of f is defined by

prox;(y) = argmin(f () + (1/2)]lz - yll3)

and the proximal operator of the scalar function o f, where o > 0, which can be

expressed as

ProXe(y) = argmin(f(z) + (1/2)]ls - yl2)

then prox,; is call the proximal operator of f with parameter a.

The proximal operator of f is characterized by

Ty = ProxX,;r & T — T, € Of (1.)
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which reduces to

T, = Prox;zr < r — x, € Vf(r,)

if f is differentiable. The proximal operator prox, : H — domg with proxg(z) =
(I +09g)~'(2),z € H. Tt is well - known that the proximal operator is single -

valued with full domain. It is also known that

— pro
LXO@(Z) € dg(prox,,(z)) for all z € H, a > 0. (3.3.1)

Lemma 3.3.2 (Fermat’s rule)f3] Let f : H — (—o0, +00| be proper. Then
argminf = {z € H|0 € 0f(x)}.

Lemma 3.3.3 (Theorem 4.7.1 and Proposition 4.2.1(i) in [6]) Let h : H - R U
{+00} be a closed proper lower-semicontinuous and convex function. The subdif-
ferential operator Oh is maximal monotone. Moreover, the graph of Oh, gph(0h) =
{(z,y) € Hx H :y € 0h(z)} is demiclosed, i.e., if the sequence (z",y") C
gph(0h) satisfies that (z™)nen converges weakly to x and (y"),en converges strongly

to y, then (z,y) € gph(oh).



CHAPTER 4

MAIN RESULTS

This chapter is to present our results for convex optimization problems.
We focus on the convergence analysis of the forward-backward algorithm for solv-
ing nonsmooth optimization problem in Hilbert spaces when the objective func-
tion is the sum of two convex functions. Also, we provide some applications in
image restoration including the numerical experiments for supporting our main

theorems.

4.1 Double inertial proximal gradient algorithms for convex opti-

mization problems

In this section, we propose a double inertial forward-backward method for
solving unconstrained convex minimization problem of the sum of two functions.
We assume that f : H — RU {400} and ¢ : H — R U {400} are proper,
lower semi-continuous and convex functions that f is differentiable on H with

the Lipschitz constant L of V f. The following is our algorithm.

Algorithm 4.1.1 Double inertial forward-backward algorithms (DIFB)
Initialization: Given «,, 6, and 7, be real positive sequences.
Iterative step: Let 2°, 2! € H be arbitrarily and calculate 2" as follows:

Stepl. Compute the inertial step:

Step 2. Calculate:
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n

and Yyt o= 0" (0" — 2™,

Step 3. Calculate the next iteration via:

" = prox, (y" — a,Vf(y")).

Set n :=n + 1 and return to Stepl.

Theorem 4.1.2 Let (z") be generated by Algorithm [-1.1. Assume that 0 <

2
liminf o, < limsup ay, < T ; 0, < 400 and Znn < +00. Then we have

n—oo n—o00
n=1

1. for each x, € argmin(f + g), ||z — 2, < K - H(l +2(0; +n; +0;m;)),
=1
where K = max{||z! — x.]|, ||2* — z.||}.

2. (z") weakly converges to an element of argmin(f + g).

Proof. Let z, € argmin(f + g). Since the proximal operator is firmly nonexpan-

sive, it follows that
||l’n+1 i I*||2

= ”pI'OXang(yn . Oéan(yn)) - prOXang(x* - Oéan<$*))H2

< " - VI = (@ — V)
(1 = prox,, )" — anV (") = (1= prox,, ) (. — 4, V£ (2.)
< " = wll = BNV - Vi) + o2V ~ Vi)

" = prox,, (07 — 4V F (") — @V F) — V()]
= "~ nl? — ou(F — @) IV ") ~ Vi)

—lly" — 2™ = (V") = V(@) (4.1.1)
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Next, we consider

Iy =l = " (" — 2
= o =l 2" — e — 2 e — 2P
<l = P 2mlle” — o — 2 R — 2

(4.1.2)

Similarly, we see that
I — 2|

= [[prox,, 4(w" — anVf(w")) — prox,,  (z. — 0nV f(z.))||*

< @" = anVf(")) = (2 — 0V f (@) ]*
—[I(I = prox,, ) (w" — an V f(w")) — (I — prox,,  )(z. — an V f(@.))||”
< " =zl - IVf (") = V(@) + oqlVf(w") = V(@)

L
—[lw" = prox, 4(w" — anVf(w")) = an(Vf(w") = V f(z.)]*

2 n 2
7~ @)lIVI") = Vf(z.)]

—[[w" = v" = an(Vf(w") = V(). (4.1.3)

= [ = z.* — o

By definition of w™, we get

Jw" —z.|” = [l2" + Op (" — 2" ) — .|
= 2" — x*HQ + 20, (x" — T4, 2" — :U”’l) + 9,%“3:” — :U”’le
< e — 2P + 20, |2 — @ |l — 2| 4 67 |2 — 2|2

(4.1.4)

From (E1), we have

la™ =zl < Iy — ]
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= [[v" +mu(v" —2") — ]

S e ot/ U (4.1.5)

From (A13) and (B13), we get

—all < [l = a4 paflo” — 2"

= [2" +0n(@" — 2"7") — @l + malo” — 2"
< 2" =zl + Ou(lla” =l + 2" — @)
Ha(lle” — 2l + On(lla” — 2]l + 12" = 2] + 2" — )

5 (1 + 6n + 1 + ennn)Hxn - ‘T*H + (971 + M + ennn)Hxn_l - JJ*H

By Lemma BTT3, we have

2™+ = | < K- T+ 2065 + nj + 05my))

J=1

where K = max{||z! — .||, ||z* —x.||}. Since ZQ” < 400 and Znn < 400, the

n=1 n=1

sequence (x™) is bounded. By Lemma BTT4, it can be concluded that lim ||z" —

n—oo

x,|| exists. From (B1), (1) and (E14), we obtain

IN

n+1

l2" — .|

& = @l + 262" = o 2" = 2" + 62 2" — 2
2
—an(5 — VS (") = V()|
" = 0" = an(VF@") = V@) + 20" =zl - 2

2
+lv" = 2" = an(7 = an) V(") = VI (@)l

—lly" = 2™ — (VS (y") = V()]

: : 0 : - <
Since TLIL)IEO ||x™ — x.|| exists, Z@n < 400 and Znn < 400 and 0 < liminf o, <

n—00
n=1 n=1
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limsup o, < —, we have
n—oo L

lim |V f(w") = Vf(z)[| =0 and lim [[Vf(y") = Vf(z.)]| = 0.

Moreover, we obtain

lim [ — 0" — an(Vf(w™) — Vf(z,)|| = 0

n—o0

and
lim [y — 2™ = an(V/(") = V()] = 0.
We can check that lim ||[w™ —v"|| =0 and lim [|y" — 2™"!|| = 0. Since Vf is
n—00 n—00
uniform continuous, we obtain lim |V f(w") =V f(v")|| =0 and lim |V f(y")—

V£ (™| = 0. By definition of 2"+ and (B23), we see that

yr—a,Vf(y") —a"t!

n € dg(a"h).
It follows that
y" — gt
Xia + V(@™ = Vi) € V(@™ + dg(a™).
We see that
n_ pntl

[—

+ V[ =V < ailly" — "+ V™) = VI

n

— 0 asn — oo.

Since (2™) is bounded, the set of its weak limit points is nonempty. Take any
weak limit point z of (2™). By Lemma BZ33, we have 0 € Vf(z) + 0¢g(Z). Thus
z € argmin(f + g). By Theorem BZG2, we can conclude that Theorem BT
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holds. O

Next, we consider the projected version of Algorithm E-T71. Let Q2 be a

nonempty, closed and convex subset of H. Also, let argmin(f + g) N Q # 0.

Algorithm 4.1.3 Double inertial projected forward-backward algorithms
(DIPFB)

Initialization: Given «,,, 6, and 7, be real positive sequences.

Iterative step: Let 2°, 2! € H be arbitrarily and calculate 2" as follows:

Stepl. Compute the inertial step:

wh = 2"+ 0, (z" — 3" ).
Step 2. Calculate:
" = prox, ,(w" —a,Vf(w"))
and
Yy = "+, (0" — 2"
Step 3. Calculate:
2" = prox, (y" —a,VI(y")).

Step 4. Calculate the next iteration via:

Set n :=n + 1 and return to Stepl.

Theorem 4.1.4 Let (z") be generated by Algorithm [.1.3. Assume that 0 <
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n—00

n—oo

Then we have
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2 oo [o.¢]
<Z’ 0, >0, nn20,29n<+oo andZnn<+oo.

n=1 n=1

1. for each x, € QNargmin(f +g), [|2" — x| < K'H(1+2(9j+7]j+9j77j))

j=1

where K = max{||z! — x.]|, ||2? — z.||}.

2. (x™) weakly converges to an element of Q N argmin(f + g).

Proof. Let z, € QNargmin(f + g). Thus, we obtain

n+1

lz"F — 2|* = [[Pa(z") — 2"

<" =@l = [[Pa(z") — 2%

According to Theorem BT, we can show that

IA

IN

IN

IN

IN

l2" — .|

[Pa(=") — z.]*

A L XCORE;
2
ly" = 2.l = ea( = an) VA" = Vi)

—lly" = 2" = an(VF(y") = V(@) = | Pa(z") = 2"|?

" = za|l® + 20a 0™ — @u[llv” = 2" + gl — 2

(s = ) VA" = VA P

—lly" = 2" = an(VF(y") = V@) = | Paz") = 2"|)°

2
lw" = 2.* = an(5 = @) [V f (") = V(@)

—[lw" = 2" — an(Vf(w") = V(@) + 2mall0" — @[l — 2" 7]

R = = (s — V) — VAP

—lly" = 2" = an(VF(y") = V@ )I* = [ Paz") = 2"|)°

o™ = @.]|* + 2600 |2" — 2|l — 2" M| + 67 [|l2" — 2"
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2
—an(F = ) [VF(w") = V()|
—[lw" = 2" — an(Vf(w") = V(@) + 2ma]l0" — @.]l[lv" — 2" 1]

2
" = 2" = an(7 = an) V(") = VI (@)l

—lly" = 2" = n(V(y") = VI (@))|” = [ Pa(=") = 2"|I*.
It can be shown that nh_g)lo ||x™ — x.|| exists and hence
T [V f (") = VS =0 and lim [VF(") - V()] =
Moreover, we see that

lim ||w" — 2" — a,(Vf(w") = Vf(z,))|| =0

n—o0

and
T g7 = 2" = an(VF(y") = V()] = 0.
We can check that lim [[w" — 0" = 0 and lim ||y" — 2"|| = 0. Since V[ is
n—+00 n—00
uniform continuous, we obtain lim |V f(w") =V f(v")|| =0 and lim |V f(y")—

Vf(z")|| = 0. By definition of 2" and (B=3), we see that

yn 7a anvf(yn) . |
Qp

€ dg(z").

It follows that

yn_zn

+ V(") = VIY") € V(") + 9g(z").

On
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We see that

yn —n
|

+ViE) =V < ailly" = 2"+ IVFE") = VI

— 0 asn — oo.

n

Since (™) is bounded, the set of its weak limit points is nonempty. Take any weak
limit point z of (z™). So there is a subsequence (™) of (z") weakly converging
to Z. By Lemma B=33, we have 0 € Vf(Z) 4+ dg(z). Thus z € argmin(f + g).
Moreover, since 7}1_1)1010 | Po(2") — 2"|| = 0 and 2™ — Z by Lemma we have
z € Q. Thus z € QN argmin(f + g). By Theorem B=Z62, we can conclude that
Theorem B4 holds. [l

Remark 4.1.5 It is easy to see that the conditions ZHn < 400 and Znn <

n=1 n=1
+o00 imply conditions
Z@on" — 2" > < +o00 and Znon” — 2" < +o0 (4.1.6)
n=1 n=1

when the sequence (z") in Algorithm BT and Algorithm B3 is bounded. More-
over, our assumptions can be replaced by (E-IH) with the same proof line as in

Theorem BT and E14.

4.2 Inertial projected forward-backward algorithm for constrained

convex minimization problems

In this section, we propose the alternated inertial projection forward-
backward algorithm and give the convergence analysis of the proposed algorithm
under the assumption that the solution set is nonempty. Let {2 be a nonempty,
closed and convex subset of a real Hilbert space H. We assume that f : H —
RU{+o0} and g : H — RU{+00} are proper, convex and lower semi-continuous,

that f is differentiable on H and V f is uniformly continuous on each bounded
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subset of H. The following is our algorithm.

Algorithm 4.2.1 Alternated inertial projected forward-backward algo-
rithm (AIPFB)

Initialization: Given o > 0,4 € (0, %), 6 € (0,1) and 6,, > 0.

Iterative step: Let 2°, 2! € H arbitrarily and calculate 2"*! as follows:

Stepl. Compute the inertial step:

" + O, (2" — ™Y, if n is odd
= (4.2.1)

%5, if n is even.

Step 2. Calculate:
"l = Po(prox,, (2" — a,Vf(2")))
where «,, = 00™» and m,, is the smallest nonnegative integer such that

an[|V f(prox,, (2" — anV f(2"))) = Vf(")]|
< dflprox,, (2" —an Vf(2")) — 2" (4.2.2)

Set n:=n + 1 and return to Stepl.

Theorem 4.2.2 Let (z") be generated by Algorithm [-21. Assume that 6, > 0

and Z 0, < +oo and that o, > o > 0 for some a. Then we have

n=1
1. for each z. € argmin(f + g), [z —z.] < K - H(l + 205541) where
=1
K =max{|lz! — 2.[], 2° — z.]}.

2. (z") weakly converges to an element of argmin(f + g) N Q.
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Proof. Let x, € argmin(f + ¢g) N Q and set

2n+1

y = prox 22 g, VF(22T).

Ol2n+1g(

Using (B23l), we obtain

L2l g 2ntl

i vf(z2n+1)
Qon+1
2n+1 Zi-gl SN
_ > n+1 __ pI‘OXa%_Hg(Z i — 042n+1vf<2 " )) . Vf<z2n+1)
Qon+1

c ag(y2n+1).

By the convexity of g, we see that

S+l y2n+1

g(z) — g > < R y> (42.3)

Qon+1

Similarly, by the convexity of f, we also have
f(a:*) _ f(22n+1) > <Vf(2’2n+1),$* _ 22n+1>. (4.2‘4)

From (E2272), (E223) and (E=24), it follows that

(f +9)(z.)
2n+1 2n+1 2Py = 2n+1 2n+1
T L i (AP
Qont1
—|—<Vf(22n+l),$* LY Z2n+1>
n 1 n mn mn
— g(y2n+1) + f<22 +1) 4 _<22 +1 y2 +1,$* o y2 +1>
Qop41
—|—<Vf(y2”+1), y2n+l _ 22n+1> + <Vf(z2n+l) _ vf(y2n+l)’ y2n+l . Z2n+1>
1
Z g(y2n+1) + f(22n+1) + <Z2n+1 _ y2n+1’ T, — y2n+1>
Qont1
FT) = fEET) = VAT = VAl = 22|
1 )
> (f + g) <y2n+1) 4 <22n+1 _ y2n+1’ Ty — y2n+1> _ Hy2n+1 _ Z2n+1”2'

Qon41 Qon41
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Since ||Z2n+1_x*||2_||22n+1_y2n+1”2_||y2n+1_l,*”2 _ 2<Z2n+1_y2n+17y2n+1_x*>’

we get

Iy —a® < 12 = 2l = 20000 [(f + 9@ = (F + 9) ()]

—(1 = )|y +t — 222 (4.2.5)

Using (A223) and Lemma B4R, we have

”1,271—&-2

N

—zf? Iy — @ ||* = | Paly™ ) — ™ )°

< 2 a2 (4.2.6)

Now, by setting y*" = prox,, ,(2*" — a2,V f(2*")), we have

E gy - TPy CTZ anWIET) g

Qop Qon

€ dg(y™).

Hence

2n

2n Z2n_y 2n 2n
o(ze) — gy >2<T—w<z Nw ng >

n

Similarly, we can show that

ly™ —2l* < (12 = 2l = 2000[(f + 9) (™) — (f + 9) ()]

—(1 = &)|Jy*™ — 22| (4.2.7)

Next, we will show that (2") is bounded. Indeed, from (E=21) and (E=Z8),

we obtain

[ N
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— ||{L‘2n+1 + 0271—}—1(1'2”—’—1 . an) o f*”

2n+1

IN

2n+1 _ :L,2n||

[27 = 2| + o |2

IA

127" = 2| + Oonir (|2 — 2| + (|2 — ).
This shows that

2% — 2| < (1 + O2ng) 12" = 2] + O2a 2™ — 2]
By Lemma BTT3, we have

12272 — .|| < K- T [(1+ 263541)
j=1

where K = max{||z' — .||, ||z® — z.]|}. Since 292n+1 < 400, it follows that
n=l1
(x?"t1) is bounded.

Next, we will show that (z%") is bounded. We see that

2n+1

22" — @ = [[Pa(y™) — z.]®

< ™ =2l = [1Pa(y™) = y™|I". (4.2.8)

Then, by (B=271) and (I=2F), we get

2n+1

IN

[ = ]| ly*" — ]

2n __

|

So, we have lim [|z*" — .|| exists and (2%") is bounded. Hence (z") is bounded.
n— oo

Moreover, from (E=277), we obtain lim ||z*"™ — .|| exists by Lemma BIT14. We
n—oo



o1

see that

[l 42 — .||

< g™ =2 = [ Paly™ ) =y

< 12 = P = 20004 [(f + 9) () = (f + 9) ()]
(1= )yt — 222 || Py — 2

= (|2 + o (@ = ™) = 2* = 2000 [(f + 9) (") = (f + 9)(2.)]
(1= O)ly* = 2P — [ Paly™ ) — y*"

= [l — | 02 22— 22| 4 2000 (22 — 3, 27 — 2?7
—2a,1[(f + 9) (") = (f + 9)(@.)]
(1 =) [ly* T = 2P — || Pay*™™) — P

< 2 = a4 05, 127 = 2|+ 2000 2™ — [l -

—20+1[(f + g)(y%H) —(f +9)(x.)]

_(1 - (5)Hy2n+1 o Z2n+1H2 _ ”PQ(anJrl) o ?/2n+1H2'

On the other hand, from (E=X7), we see that

Hx2n+1 o x*HQ
< |y = z? = 1Pa(y™) — v
< 127 = 2P = 200.[(f + 9) W) — (f + 9)(z)] — (1 = 0)||y*" —

—[[Pa(y™) — y™"|*

= |lo™ = zl* = 2a2a[(f + 9)(y*") = (f + 9)(@.)] = (1 = 9)|ly™" —

— | Pa(y™) — v*"|1%.

Using (E229) and (E=210), we obtain

||£B2n+2 - l'*||2 S

x2n|l

(4.2.9)

Z2n||2

ZQnHQ

(4.2.10)
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22" — 2. ? = 200, [(f + ) (@) — (f + g)(z.)] — (1 = &)|Jg?>" — 222
_HPQ(?J%) _ y2n||2 + 9§n+1‘|x2n+1 _ I_QnH
+ 2001 || — w25 — 2| = 2000 [(f + 9) (W) = (f + 9)(2.)]

_(1 . 5)Hy2n+l o Z2n+1”2 - HPQ(yZn-H) o y2n+lH2'

(o)

Since lim ||#*" — x| exists and Z 6, < +o0, we obtain
lim [[y***! — 2?1 =0 and lim [|y*" — 2*"|| = 0. (4.2.11)
n— o0 n—oo

Also, we have

lim ||Po(y*™ ™) —y*" ™| =0 and lim ||Po(y®™) —y*"|| =0. (4.2.12)
n—00

n—oo
From (EZ2Z11) and (E2ZT12), it implies that
lim ||y" — 2" = lim ||pr0xang(z" —a,Vf(z")=2"||=0
and

lim || Po(y") —y"||
n—oo

= lim [[Pa(prox,,, (" — V(=) = prox,,, (=" — a,VF("))] = 0.
By definition of 2", we get lim ||2" — z"|| = 0. Hence, we obtain
n—oo

[prox,, (2" — anVf(z")) — 2"

< lprox,, (2" —a,Vf(z")) = 2"|| + |[z" —2"|| = 0 as n — oo.

Since (™) is bounded, the set of its weak limit points is nonempty. Take any weak

limit point Z of (z™). So there is a subsequence (z™) of (2") weakly converging to
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Z. Moreover, (y™) also weakly converges to Z. Since (z™) is bounded, lim ||z"* —
1—00

prox, (2" —a,, Vf(z"))|| =0 and Vf is uniformly continuous, we obtain
Tim [[Vf(2") = Vf(prox,, 4(=" = anV(z"))] =0

By definition of y" and (B=3l), we see that

2™ = 0, VF(2) = prox,, (2 — an, V(™))

Qan,; g

Qs

7

€ 8g<pr0Xanig(Zni 4 ansz(zm)))

It follows that

M — proxan,g(z”i — a,,Vf(z™))

+ Vf(prox,, (2" = an Vf(z™))) = Vf(z™)

O,

7

€ VF(prox,, (2" = an, V(")) + 0g(prox,, ,(+" — 0, V("))

C If+ g)(proxanig(z”i — a,, Vf(2")).

By passing ¢ — oo and using Lemma B2333, we have 0 € Vf(Z) 4+ dg(Z). Thus
z € argmin(f + g). Moreover, since lim ||Po(y") — v"|| = 0 and y™ — z, by
n—oo
Lemma we have T € Q. Thus z € Q Nargmin(f 4 ¢g). By Theorem B=263,

we can show that (z") converges weakly to a point in argmin(f + g) N €. O

4.3 Inertial proximal gradient method using adaptive stepsize for

convex minimization problems

In this section, we propose a new inertial forward-backward algorithm
and prove the weak convergence. Assume that f: H - RU{+oc} and g: H —
R U {+0o0} are proper, convex and lower semi-continuous that V f is L-Lipschitz

continuous on H. The following is our algorithm.
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Algorithm 4.3.1 Inertial forward-backward using adaptive stepsize (IF-
BAS)

Initialization: Given ¢ € (0,1), a,, > 0 and 6,, > 0.

Iterative step: Let 2°, 2! € H be arbitrarily and calculate 2" as follows:

Stepl. Compute the inertial step:

2" =" + Op(z" — ") (4.3.1)
Step 2. Calculate:
g™t = prox,, (2" — e,V f(2")), (4.3.2)
where
3 o)z =zt : n n+1
min{ rer o e O} if Vf(z")—=Vf(z"™)#0
s = VG V@] (433)
Qn otherwise.

Set n:=n + 1 and return to Stepl.

Theorem 4.3.2 Let (™) be defined by Algorithm f-31. Assume that 6,, > 0 and
Z@n < +o00. Then, we have

n=1

1. for each x, € argmin(f + g), [|#"™ — z.|| < K - H(l +20;), where K =
i=1
max{[|lz! — 2., [4* — 2.}

2. The sequence (z™) weakly converges to a point in argmin(f + g).

Proof. Using (B23l) and (E=372), we see that

n_ gntl P proxang(z” —a,Vf(z"))

- V(") =

On On

z

— Vf(2") € dg(a™*).
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From the convexity of g, we have

Zn _ xn+1
o) =g+ 2 (ZE 0 — ) (4.3.4)
for all x € H. Also the convexity of f gives
f@) = fly) =2 (Vi) z—y) (4.3.5)

for all x,y € H. Combining (E=34) and (E=33) with y = 2", we obtain

9(x) — g(@") + f(=z) — f(z")

n n+1

" —X

> (FTTT i e et VIE, - )

= ai(z” — "t p — 2" 1 (V ("), 2™ - 2"

= ai(z” — " p — 2™ - (V (2™, 2™ - )
+7<LVf(Zn) = V"), 2" = 2"

> Oéln(z" — "tz — 2™ L (V (™), 2" - 2"
~[V£(") = V"2 = 2|

> ai<zn — g — Y (Y f (), 2 — 2
e Gt

By definition of (a,), we have

o
IVF(E") = VI < —|z" = 2" (4.3.6)

n+1

Indeed, if V f(2") = Vf(z"!), then the inequality (E238) hold. Otherwise, from
(A63R), we have

5||Zn—ﬂfn+1|| 5||Zn_l,n+l||

Q1 = min{ IV f(zn) — V f(ant)| on} < |V f(z") = Vfznt))| '




o6

This implies that

)
IV f(z") = V") < a_Hzn e
n+1

Therefore, the inequality follows from (B=31). It then follows that

<Zn _ :L‘n+1,$n+1 _ ZC>

> an[f(2") +g(a™) = (f + 9)(@) + (Vf(z"),2™" - 27)]

dayy,

——1||Zn . xn+1||2.

Using 2(z" — ™1 2™ — ) = ||2" — 2|2 — ||]2" — 2™ T2 — ||a™™! — 2|2, we get

[ —z]? <[l =2 = 200,[(f 4+ g) (@) = (f + 9)(@)]
20y,

20— 2 4.3.7
200 2 — ) (437)

—(1-

Now, we let x, € argmin(f+ ¢) and we will show that (z™) is bounded. By (2=3)
and (E237), we see that

Iz =z < 2" =

= 2" +0u(a" —2"") — .||

< 2" = @l + O™ =l + 2" — ).
It implies that

2™ =zl < (L4 ) [l2" = 2| + Onl2" " — ).
By Lemma BTTH, we have

lz"* — ) < K- T](1 +26)),
j=1
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o0
where K = max{||z! — x.]|, ||z — x.]|}. Since Z@n < 400, we have (z") is

n=1

bounded. From (B=3T) and (E=3717), we see that

2" =2 P < fla 4 Ou(a” = 2" = w)? = 200[(f + 9) (") = (f + g) ()]
20y,
Qg1
2™ — 2|? + 260, ]|2" = zllla” — 2" + 622" — 2|2

—(1—=—)[l" —a""||?

IN

n 2000, 0w m
—20,[(f +9)(@™) = (f + g)(w)] = (1 — = +1)||Z — 2"
o . " A . . ooy,
This implies that lim ||z" — z.||” exists. Since lim (1 — )=1—0>0, we
n—00 n—00 Q1
have
lim [|2" — 2" = 0.
n—oo
From definition of 2z, it is easily seen that lim ||z" — z"|| = 0 and implies that
n—oo
lim ||2""' — 2"|| = 0. By the boundedness of (z"), we know that the set of its
n—oo

weak accumulation points is nonempty. Let 2°° be a weak accumulation point of
(™). So there is a subsequence (™) of (z™) such that (z™) converges weakly to
x*. Next, we show that > € argmin(f + g). Let (v,u) € gph(V(f) + 9(9)),

that is u — V f(v) € dg(v). Since 2™ = prox, (I —a,, V[)2", we obtain
(I —a,,V)z" € (I + a,dg)z™™,

1
which yields — (2™ — 2™ — @, Vf(2")) € dg(z™™). Since dg is maximal

monotone, we have

(0 — 2" u = V() = — (2" — 2" — 0, V(")) > 0.
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This shows that

(v — x”i+17u>
1
> (v— Z‘""H,Vf(v) 4+ (2" — it an V£(2)))

— (0= 2"V () = V) + (- an e (a gt

ng

= (v—a™" V() = VFE") + (0 =™ V@™ = V™))

1
+<’U _ xn¢+17 _(Zni s $ni+1)>

QU
1
> (v — gt V(™) — V(2™)) + (v — g™, — (2™ — g™T)),
(o
Since lim ||z"—2""!|| = 0 and by assumptions, we have lim ||V f(z")—=Vf(z"")| =
n—oo N—00

0. From Remark 3.1 in [BR], we know that (a,) is bounded from below by

min {ao, —} and lim o, = a > 0. Hence we obtain
L n—00

(v — 2, u) = lim (v — 2™ u) > 0.
1—00
Hence, 0 € (Vf + 0g)x*>, and consequently x> € argmin(f + ¢). This gives that
(™) converges weakly to a point in argmin(f + g) by applying Theorem B=Z62.

We thus complete the proof. n

4.4 Convergence analysis of a modified forward-backward splitting

algorithm for minimization problems

In this section, we assume that f : H — RU {400} and g : H —
RU{+4o00} are proper, lower semi-continuous and convex functions, f is uniformly
continuous on bounded sets and V f is bounded on bounded sets. The following

is our algorithm.

Algorithm 4.4.1 New modified forward-backward splitting algorithm
(NMFBS)
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Initialization: Given 0 > 0,60 >0, 0 € (0,1) and 6; > 0.
Iterative step: Let 2° = 2! € H and calculate 2! as follows:

Step 1. Compute the inertial step:
2" =" 4 O, (2" — 2" ).
Step 2. Compute:

y" = prox,, (2" —anVf(2")) + an(Vf (") = Vf(prox,,,(z" — anVf(z")))),

where «,, = 0™ and m,, is the smallest number such that:

IV f(2") = V f(prox,, (" — V("))
HIVF(Y") = Vf(prox,, (" — VLG
< O*(|l" = prox,, (2" — an V("))

+ly" = prox,, (" — aV f (")) (4.4.1)

Step 3. Compute the 2™*! step:

" = prox, (¥ — oV f(y")) + oan(Vf(y") — Vf(prox,, ,(y" — anVf(y™))).

Set n :=n + 1 and return to Stepl.

Following the proof as in [9], we can show the following lemma.
Lemma 4.4.2 The Linesearch (E) has a finite steps.

Theorem 4.4.3 Suppose that o, > « for some a > 0, 6, > 0 and Z@n < 400.

n=1

Then, we have for each x, € argmin(f +¢g)NQ, [|z"™ —a,|| < K - H(l + 26;)

7=1
where K = max{||z' — z.|, ||#? — .||} and (z™) generated by Algorithm F-Z-1
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converges weakly to an element of argmin(f + g).

Proof. Let z, € argmin(f + g) and set p" = prox, ,(2" —a,Vf(z")). Then we

obtain

y" =p" + an(V(2") = Vf(p")). (4.4.2)

Moreover, we have

2" —p" — o, Vf(2") € a,0g(p"). (4.4.3)

Using (B272), we see that

a, V(") =y" = p" + a, V(")) (4.4.4)

Combining (A2=3) and (E=24), we have

2=y —a,Vf(p")) € a0y (p"). (4.4.5)

Now, set r" = prox, ,(y" —a,Vf(y")). Then, we obtain

2" =" 4, (VF(y") — V™). (4.4.6)

Also, we have

y' =2 —a, V(")) € andg(r™). (4.4.7)

Since z, € argmin(f + g), we obtain —«,V f(z.) € a,0(x,). Thus, by (EZ3),

(B270) and the monotonicity of dg, we have

(2" =y" = an(Vf(p") = V() p" —2.) 20
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and
(y" — 2" — a, (Vf(r") — Vf(x,)),r" — x,) > 0.

+1

So, we have (z"—y", p"—x,) > 0 and (y" —z" ' r"—x,) > 0 by the monotonicity

of Vf. Thus we have

=yt =y )+ (" -y Yyt —x) >0 (4.4.8)

and

<yn - $n+1,7"n g | $n+l> =+ <yn il mn-ﬁ-l’a:n-i-l o ZL‘*> 2 0. (4.4.9)

We note that ||z +y||> = ||z|* £ 2(x,y) + ||y||* for all z,y € H. Using (EAR), we

have

2((2” _yn’pn _yn> 4+ <Zn _yn7yn —l’*>)

= |2 =z = " — z]?+ [y =2 = |2 = P72 (4.4.10)

Using (B29), we have

2((y" — 2™ ™ — 2™ 4 (Y — 2T 2™ — )

= |y" = z® = l2" = 22 2T =R - |y - R (4.4.11)

From (B43R),(d279), (210) and (EZ411), we obtain

[ = 2P <l =l = e = R e

—[ly" =" (4.4.12)
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Using (E471), (B42), (B48) and (B-412), we obtain

l2" — 2.

2" = 2l + 6" + (V7" = V) = 5[ = 1" = o
i+ an(TF ") = V1) = 1| = [l =

= " =@l + R (IV (") = VLI + IV ") = VL))

IN

—[lz" = p" I = lly" = |

< N2 =@l + (" = oI + lly™ — " 17) = N2 = p" I = Iy — )1

= [l2" =z = (1= )" —p"* — (1 =) ly" — " (4.4.13)
Next, we will show that lim ||a" — x,|| exists. From (B27I3), we see that
n—oo

[ N
= 2" — 2] + a2 — 2" 7|
< 2" =zl + Oullle” = 2l + [l = 2.)

= (14+6,)||2" — z]| + 0, ]|2" " — z.]|. (4.4.14)
By Lemma BTT3H, we have

la" — | < K- T](1+26)),
j=1

o0
where K = max{||z! — z.]|, ||z — x.]|}. Since Zen < 400, we have (z") is

n=1

bounded. Thus Zeon" — 2" Y| < +oo. By Lemma BT14 and (E2414), we
n=1
have lim ||2" — z,|| exists. From (E4-T3), we see that
n—oo

I — 2.

< et =t = (=) =P = (1= 8% ly" ="
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= 2" +0a(a" —a"7h) — @ = (L= 0%l = p"|* = (1= 0%y — "
= 2" = 2.]* + 20, ]la" — wlla” — 2" + G5 fla” — 2"

—(L=")[[e" = p"|I* = (1= ) ly" —r"[I*.

Noting lim 6,||2" — 2™ | =0, lim ||a" — x| exists and § € (0, 1), we have
n—oo n—o0
Jim 2" —p"|| =0 (4.4.15)
and
lim [|y" — " = 0. (4.4.16)

Since V f is uniformly continuous on bounded sets, we have

Tim [V f(z") = V(") = 0. (4.4.17)
and
Tim [V f(y") = V()| = 0. (4.4.18)

By definition of 2", it is easy to see that lim |2 — z"|| = 0. Then,
n—oo

lp" =" < 2" =Pl + 2" — 2"

— 0asn— oo. (4.4.19)

From (E271H), (B24118), (B211) and (EZ419), we obtain

[r =™ < " =y +[ly" =" +[[p" — 2"
= |Ir" =y +[Ip" + an(VF(") = V") —p"| + |Ip" — 2|

= I ="+ anll V") = V) + Ip" = 2"



64

— 0 asn — oco.

By the boundedness of (z"), we assume that 7 is a weak limit point of (z"), i.e.,

z

there is a subsequence (z™) of (z") such that 2™ — z. Since lim ||r"™ —z"|| = 0,
1—00

we also obtain r™ — Z as ¢ — oco. Using (BZ3), we obtain

ni _ pni . Y™ — prox,, (Y™ — an, VI(y™)) — an,Vf(y™)
Y Vi) = . .

€ gy — an,VI(y™)).

Q.

(3

It follows that

yni — i

+ Vi) = V™) € V") 4+ og(r™)

C Af+9)0™).

Qi

By passing i — oo and using (B218) and (E21R), we have 0 € V f(Z) + dg(z)
by Lemma B=373. Hence, by Theorem BZ62, we can conclude that (z™) converges

weakly to a point in argmin(f 4 ¢g). We thus complete the proof. O]

4.5 New inertial forward-backward algorithm for convex minimiza-

tion problems

In this section, we assume that f : H — RU {400} and g : H —
RU{+o0} are proper, lower semi-continuous and convex functions, f is uniformly
continuous on bounded sets and V f is bounded on bounded sets. The following

is our algorithm.

Algorithm 4.5.1 Inertial modified forward-backward splitting algorithm
(IMFBS)
Initialization: Given 0,6, 1, >0, 6 € (0,1) and p € (0,1).

Iterative step: Let 2° = 2! € H, calculate 2" and p,; as follows:
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Stepl. Compute the inertial step:

V"t =" 4 O, (2" — "),

Step2. Compute the forward-backward step:

yn = prOXang(vn _ Oéan(Un)),

where «,, = 00™» and m,, is the smallest nonnegative number such that:

anl|VF(y") = V)| < 6lly™ = vl (4.5.1)

Step3. Compute the forward-backward step:

2" =prox,  (y" — V("))

Step4. Compute the 2" step:

g™ = 2"+ (V") — V("))

and update
i (e i if IV )~ V1) £ 0
lini1 = (4.5.2)
Lhn, otherwise.

Set n:=n + 1 and return to Stepl.

Theorem 4.5.2 Suppose that oy, > « for some o >0, 6, > 0 and Z@n < 400.

n=1

Then, we have for each z, € argmin(f+g)NQ, ||z —x,|| < K'H<1+29j) where
j=1
K = max{||z" — z.]|, ||[z* — x.||} and the sequence (z") generated by Algorithm
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.51 converges weakly to a minimizer of f + g.

Proof. Let x, € argmin(f + g). Following the definition of 2", we have

y" = 2" = VI (Y") € pa0g(z"). (4.5.3)
By definition of 21, we see that
pVF(y") = 2" = 2" + uVF(2"). (4.5.4)

From (E2573) and (E-54), we have
y" =" =,V (2") € pndg(z"). (4.5.5)

Since z, € argmin(f + g), we get —u, Vf(x.) € p,dg(z,). Thus, by relation
(A53) and the monotonicity of dg, we have

(" — 2" = @ (Vf(2") = V(@) 2" — 2.) > 0.
This together with the monotonicity of V f implies that
(y* — "t 2" —2,) > 0.
Hence, we have
(y" — a2 — T 4 (" — 2T T 1) > 0. (4.5.6)
We know that ||z £ y||? = ||z]|* & 2{x,y) + ||y||*>. So by (E5H), we obtain

1 n n n n n n
lly™ =P+l = 2" =y = 2]
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gl = 2l = " = " = e — 2] 2 0.
It implies that
o™ = @ < fly™ = wl® + 2™ =27 = fly™ = 2" (4.5.7)
By definition of "' and (E532), we have

la™ = 2" < (12" + (V") = VIET) - 2"

= mlVIW") = VIEIE (4.5.8)

Note that

o = ( plly" — 2" " ) < Ay ==l
" IVFym) = VEEHIT") T IV E@n) — V]

It follows that

n n p n n
V(") = VI < +1||y — 2" (4.5.9)
Combining (A238) and (E549), we have
P>
la™ = 2P < Sy = 2 (4.5.10)
n+1

By definition of y", we have

n n

vy

Qn

= Vf{") € dg(y").

By the convexity of g, we get

n n

vty

Qn

o(2.) — gly") > < SV y">. (45.11)
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By the convexity of f, we see that

Fz.) = F0") = (VF™), 2, — ™). (4.5.12)

Combining (E-2), (E5511) and (B-512), we have

(f +9)(x.)

> o)+ 1) + (S = V) =g ) 4 (90,

= G+ FOM) + o (0" = Y = o)+ (VIO = V.5 = )
HVfY")y" =)

> g + W) + o0 = g =) = 9 = VA - o)
HVEY"),y" —o")

> g+ FOM) + o = g — g — g =

V"), y" = "), (4.5.13)

By (B5513) and the convexity of f, we get

1 n n n
— (" —y"y" — )

n

v

g(§") + F@) — (F + g)(z) — ainnyn R ) — F)

= (F+9)") ~(F+9) ) — Iy = (4514

We see that |[v" — z.||* = [[v™ — y"||* + 2(v"™ — ¥y, y" — z.) + ||y — z.]|*>. By
(A5T14a), we have

0" = 2 = o =y = " — @l

> 20, [(f + 9) (") — (f + g) ()] — 26]|y"™ — o™,
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It implies that

ly" =z ]* < [l = 2 = (1= 28) 0" =y

—2an[(f +9)(y") = (f + g9)(x.)]- (4.5.15)

Hence, from (E2571), (E2510) and (E551H), we obtain

2

2
n n n Py n n
[l = 2P < o =@ = (1= 20) ([ = y" (P = (1= =)y — 2"
n+1

=200, [(f + 9) (") — (f + 9)(@.)]- (4.5.16)

Now, we will show that (™) is bounded. From (E2518) and by definition of (v™),

we have

— ol < 0" -l

= 2" +0a(a" —2"") — ]|

IN

12" = @l + On(ll2” = 2| + 2" — . ])-
This shows that

27 — 2l < (L4 Oa) 2" — 2l + Onfl2™ " — 2.
By Lemma BTT3, we conclude that

ot~z < K- T(1+26)
j=1

o0
where K = max{||z! — z.]|,||z* — x.]|}. Since Zen < 400, we have (z") is
n=1

bounded. From (E518), we have

Hxn—H o x*HQ
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< e+ Ou(a” — 2" — @ = (1= 20) [l — g
P’ >
—20al(f +9)(") = (F + 9)(@)] = (1 =75 ly" = 27
n+1
= [a" = z|l* + 20, [l2" — 2. |ll|l2" — 2" 7| + 6% [la” — 2"
—(1=20)[[v" = y"[I* = 20, [(f + 9)(y") — (f + g)(x.)]
Ppn 2
—(1—==5")[ly" = 2"[I*. (4.5.17)
n+1
Since lim 6,||z" — 2™ | = 0, lim [|2" — x| exists and 1 — 26 > 0, we have
n—oo n— oo
lim ||v" —y"|| = 0.
n—o0
By definition of v", we have lim |[v" — z"|| = 0. Then,
n—oo

ly" =a™| < " =yl + [lo” = 2"

— 0 asn — oco.

n—oo 2

2 2
Since lim <1 — & ) =1—p*> >0, we have lim [jy"” — 2"|| = 0. So, we have
K1 R

I2* =2 < ly" = 2"+ [ly" — 2

— 0asn— 0.

Since the sequence (z") is bounded, assume that z°° is a weak limit point of (z"),
i.e., there is a subsequence (z™) of (z™) such that 2™ — z*°. Since lim ||2" —
11— 00

= 0, we also obtain 2" — x> as i — oco. Since (y™) is bounded, lim ||y" —
1—00

ng

T

ng

= 0 and Vf is uniformly continuous on H, we have

z

=0.

lim [V /(™) — V()



From (B23), we obtain

L Vi)

Qs

(3

It follows that

nq uz

Y

ng

Y Vi) - V™)

yni - prOXOénﬂ(yni - ame(y"Z)) - anzvf(ynl)

Ag(y"™ — an, Vf(y™)).

Ol

7

€ Vf(z")+dg(z")

C Af +g)(z").
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By passing i — oo and using Lemma BZ33, we have 0 € V f(z>) + Jdg(x>).

Thus 2> € argmin(f + g). Hence, by Theorem BZ62, we can conclude that (z™)

converges weakly to a point in argmin(f + g). We thus complete the proof.

4.6 Numerical examples and applications

[]

In this section, we first consider a simple linear inverse problem as the

following from

b=Ax +¢

(4.6.1)

where x € R™! is the solution of the problem to be approximated, A € R™*"

and ¢ € R™*! are known and ¢ € R™*! is an additive noise vector. Such prob-

lems (B61) arise in various applications such as the image and signal processing

problems, astrophysical problems and data classification problems.

The purpose of the image restoration problem is to minimize the additive

noise in which the classical estimator is the least squares (LS) given as follows:

min || Az — b]|3
x

(4.6.2)
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where || - ||2 is #*—norm. However, this model still has some ill-conditions in the
case that the least square solution has a huge norm which is thus meaningless. In
1977, Tikhonov and Arsenin [41] improved this ill-posed problem by introducing
the regularization techniques which are known as the Tikhonov regularization

(TR) model and it is of the following form:
min(|| Az — b|f3 + Al Lz|3) (4.6.3)

for some regularization parameter A > 0 and Tikhonov matrix L. On the other
hand, another successful regularization method for improvement of Tikhonov
regularization is known as the least absolute shrinkage and selection operator
(LASSO) which was introduced by Tibshirani (1996). The method is to find a

solution
min([| Az — blf3 + A1) (4.6.4)

where || - ||; is £*— norm. The LASSO can be applied to regression problems and
image restoration problems. For solving B63 and BG4, we extend them to a
general naturally formulation, that is, the problem of finding the minimizer of

sum of two functions:

min(f(z) + g(z)) (4.6.5)

We next discuss some experiment results by using our proposal algorithm
to solving the image deblurring problem and image inpainting problem. The
numerical experiments are preformed by Matlab 2020b on a 64-bit MacBook Pro
Chip Apple M1 and 8 GB of RAM. We use the Peak Signal-to-Noise Ratio (PSNR)
and the Structural Similarity Index (SSIM) to measure a quality of restored

images as the following:
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Peak Signal-to-Noise Ratio (PSNR): PSNR [40] is measured in deci-
bels (dB). The higher the PSNR, the better image has been completed to match

the original image.

MAX;
PSNR = 201o —
g10< /—MSE>
and
1 m—1n—1
M E:— SN i} N
SE = — |2(i,7) — (4, 5)]

1

Il
o
T
o

where x is the original image, x, represents completed image through the model,
m represents image pixel rows, n represents image pixel columns, ¢ and j repre-

sents row and column index respectively. MAX; is a constant equal to 255.

Structural Similarity Index (SSIM): The Structural Similarity (SSIM)
Index [40] depends on computation of terms, namely the luminance, contrast and

structural term.

SSIM(z, y) = [l(z,y)] x [e(z,y)] x [s(z, y)]
where The luminance comparison is defined by

’ pZ+p+Cy

¢, = (KIL)Q, L is the dynamic range of the pixel values and K is a small

constant. The contrast comparison is defined by

20,04+ Oy
c(z,y) = o2+ o2+ Oy’
x y

Cy = (KQL)Q, K, is a non-negative constant and a small constant. The structural

comparison is defined by
Oy + C’3
0,0y + C5’

s(x,y) =



74

and z;, x,; are the i pixel value of the estimated image and the reference image.

We denote N by the total number of pixel.

- i, is the average of = (the original image):

- g, is the average of x, (the restored image):

1 N
Hz.i = 7= L
v

- o, is the variance of z:

- 0z, 18 the covariance of x and x,:

N
1

i=1
The index simplifies to:

(2//613/‘1’1* + 01)(20—51035* + 02)

SSIM L) = .
(@0) = G e T o202 1 Cy)

SSIM ranges from 0 to 1, where 1 means flawless recovery.
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4.6.1 Image deblurring

In this experiment, we apply the unconstrained convex minimization
problem (1) to image deblurring problem. We compare efficiency of our al-
gorithms (Algorithm B0 (DIFB), Algorithm B=3T (IFBAS), Algorithm A2
(NMFBS) and Algorithm B551 (IMFBS)) with Algorithm 2218 (RFB), Algo-
rithm 2112 (FBFS), Algorithm T8 (FISTA-BT), Algorithm 2111 (NAGA),
Algorithm P10 (FBS-CN) and Algorithm 21710 (FISTA-CN).

The image deblurring problem is a basic linear inverse problem (E51):
b=Ax+¢

where x € R" is the original image to be estimated, e € R™ and A € R™*" are
known and ¢ is an unknown noise. To approximate the original image in (EG1),

we need to minimize the value of € by using the LASSO (E5654) model:
min([| Az — blf5 + A1)

where A > 0, || - ||o is the Euclidean norm and || - ||; is the ¢;—norm. In this
situation, we choose the regularization parameter A = 5 x 10~7. It is noted that

problem (EZ61) can be applied to (E64) by setting
f(z) = || Az — blJ3 and g(z) = Al|z[;

We choose the Lipschitz constant L of the gradient V f which is the maximum

value of eigenvalues of the matrix AT A.

We investigate throughout this experiment under the following setting

Table M. The initial point 2° = 2! are vectors of ones with the size of original
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images for all algorithms. Let 6,, be defined by

/ 2
tn_lwheretnﬂzu, if 1 <n<M;
0, = tnt1 2
1 .
— otherwise.
n
Algorithms Parameters
.. oy, 0 1)
Comparision OUR t1 € (0,2/L) o>0 €(0,1) €(0,1/2)
RFB 1/]A|?
FBFS 1/] A|l?
FISTA-BT 1 1/]| Al
NAGA 1 1/]| Al
FBS-CN 0.12 0.51 0.92
FISTA-CN 1 0.12 0.51 0.92
DIFB 1 1/]| Al
IFBAS 1 0.12 0.51 0.92
NMFEBS 1 0.12 0.51 0.92
IMFBS 1 0.12 0.51 0.92
Algorithms Parameters
Comparision OUR c (0?1/2) a1 >0 w1 >0
RFB
FBFS
FISTA-BT
NAGA
FBS-CN
FISTA-CN
DIFB
IFBAS 0.21
NMFEBS 0.42 0.42
IMFBS

Table 1: Chosen parameters of each algorithm

The original image size 480 x 640 x 3 and three different types of original
image degraded by the blurring matrices are shown in Figures -4 and the original
image size 640 x 463 x 3 and three different types of original image degraded by
the blurring matrices are shown in Figures [2-Id. The results of the deblurred

images with M iterations for each algorithms are shown in Tables B.
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Fig(A) Fig(D)
Algorithms with BM1-1 with BM2-1
PSNR  SSIM CPU PSNR  SSIM CPU
RFB 249179 0.7749  65.4483 24.0673 0.6737 72.1916
FBFS 25.0707 0.7781 78.2448 24.1804 0.6785 91.3530
FISTA-BT 34.5671 0.8952 64.8912 33.8992  0.9069 71.4991
NAGA 35.1331 0.9026 79.7754 34.6569 0.9166 92.0715
FBS-CN 25.1850 0.7804 302.9514 24.2644 0.6821 392.5678
FISTA-CN 34.6542 0.8961 300.7232 34.0384 0.9089 395.9044
DIFB 35.8017 0.9105 78.1437 35.2470 0.9220 92.0930
[FBAS 35.6340 0.9087 303.3624 35.1282  0.9219 400.6912
NMFBS 37.2883 0.9283 551.2007 36.2275 0.9385 834.6453
IMFBS 35.6907 0.9090 552.6206 35.2976 0.9237 733.1543
Fig(A) Fig(B)
with BM1-2 with BM2-2
PSNR  SSIM CPU PSNR  SSIM CPU
RFB 30.2306 0.8952 66.0884 32.0117 0.9190 79.3981
FBFS 30.3811 0.8974 77.9553 32.1782 0.9213 100.6219
FISTA-BT 39.0064 0.9606 65.2943 43.4527 0.9872 78.1251
NAGA 39.6384 0.9637 79.6475 44.3289 0.9892 102.4385
FBS-CN 30.4931 0.8990 299.3682 32.3014 0.9229 494.0503
FISTA-CN 39.1363 0.9611 301.1905 43.5981 0.9875 490.1089
DIFB 40.1953 0.9663 78.4121 44.9859 0.9903 103.2291
IFBAS 40.0068 0.9657 298.7557 44.7392  0.9901 497.1921
NMFBS 41.6020 0.9729 554.4284 46.6168 0.9930 747.0347
IMFBS 40.2021 0.9663 551.4667 45.0823 0.9907 747.7734
Fig(A) Fig(B)
with BM1-3 with BM2-3
PSNR  SSIM CPU PSNR  SSIM CPU
RFB 33.3823 0.9262 65.2973 32.0160 0.9122 73.3129
FBFS 33.6269 0.9282  76.9898 32.2566 0.9149 92.1898
FISTA-BT 44.3344 0.9822 64.7505 44.7931 0.9874 72.0578
NAGA 44.9963 0.9853 78.0458 45.7750  0.9896 93.0511
FBS-CN 33.8078 0.9296 304.1175 32.4343 0.9167 404.1600
FISTA-CN 44.4917 0.9828 307.1597 45.0092 0.9880 400.4293
DIFB 45.6000 0.9872 78.2824 46.4959 0.9912 92.6083
IFBAS 45.4127 0.9861 307.6676 46.3783 0.9910 414.1358
NMFBS 48.0352 0.9921 558.8756 48.4738 0.9944 771.1393
IMFBS 45.8027 0.9877 564.3752 46.6290 0.9915 758.7245

Table 2: The results of deblurred images for each algorithm.
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Figure 1: The original image of size
480 x 640 x 3 (Fig(A)).

Figure 2: Out of focus blur (disk)
with radius r» = 11 (BM1-1).
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Figure 3: Gaussian blur of the filter
size [7 x 7] with standard deviation
o =13 (BM1-2).

the motion length of 11 pixels and
motion orientation = 16 (BM1-3).
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Figure 5: (a) The original image size 480 x 640 x 3 (Fig(A)), (b) the deblurred
RGB image by out of focus blur matrices (BM1-1) and the restored images for
(c) RFB (PSNR:24.9179, SSIM:0.7749) (d) FBFS (PSNR:25.0707, SSIM:0.7781)
(e) FISTA-BT (PSNR:34.5671, SSIM:0.8952) (f) NAGA (PSNR:35.1331,
SSIM:0.9026) (g) FBS-CN (PSNR:25.1850, SSIM:0.7804) (h) FISTA-CN
(PSNR:34.6542, SSIM:0.8961) (i) DIFB (PSNR:35.8017, SSIM:0.9105) (j) IFBAS
(PSNR:35.6340, SSIM:0.9087) (k) NMFEFBS (PSNR:37.2883, SSIM:0.9283) and (1)
IMFBS (PSNR:37.2883, SSIM:0.9283), respectively.



81

(a) (b)

Figure 7: The deblurred RGB image by out of focus blur matrices (BM1-1) and
zoom in the figures.
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-

(b

Figure 8: The restored images for REB (PSNR:24.9179, SSIM:0.7749) and zoom
in the figures.

| |\ -
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Figure 9: The restored images for FISTA-BT (PSNR:34.5671, SSIM:0.8952).
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Figure 10: The restored images for DIFB (PSNR:35.8017, SSIM:0.9105).
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Figure 11: The restored images for IFBAS (PSNR:35.6340, SSIM:0.9087).
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Figure 12: Graphs of PSNR plotting for out of focus blurs (BM1-1) and methods.



85

0.94 T T

0.2 /////—’,

-—- Fista-BT |
—-—-NAGA
— FBS-CN
—-—-Fista-CN
0.82 ——DIFB

0.8 ——NMFBS ||

0.78 —_—— =]

076 o =T — g

1
0 100 200 300 400 500 600 700 800 9200 1000

Number of iterations
(a)

(b)
Figure 13: Graphs of SSIM plotting for out of focus blurs (BM1-1) and methods.
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Figure 14: The original image of size
640 x 463 x 3 (Fig(B)).

Figure 15: Out of focus blur (disk)
with radius » = 6 (BM2-1).

| Figure 16: Gaussian blur of the filter
size [6 x 6] with standard deviation
o =11 (BM2-2).

Figure 17: Motion blur specified with
the motion length of 13 pixels and
motion orientation # = 57 (BM2-3).
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Figure 18: (a) The original image size 640 x 463 x 3 (Fig(B)), (b) the de-
blurred RGB image by motion blur specified with the motion length of 13
pixels and motion orientation 57 (BM2-3) and the restored images for (c)
RFB (PSNR:32.0160, SSIM:0.9122) (d) FBFS (PSNR:32.2566, SSIM:0.9149)
(e) FISTA-BT (PSNR:44.7931, SSIM:0.9874) (f) NAGA (PSNR:45.7750,
SSIM:0.9896) (g) FBS-CN (PSNR:32.4343, SSIM:0.9167) (h) FISTA-CN
(PSNR:45.0092, SSIM: 0.9880) (i) DIFB (PSNR:46.4959, SSIM: 0.9912) (j) IF-
BAS (PSNR:46.3783, SSIM:0.9910) (k) NMFBS (PSNR:48.4738, SSIM: 0.9944)
and (1) IMFBS (PSNR:46.6290, SSIM:0.9915) respectively.
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Figure 20: The deblurred RGB image by motion blur specified with the motion
length of 13 pixels and motion orientation 57 (BM2-3).

Figure 21: The restored images for FBFS (PSNR:32.2566, SSIM:0.9149) and
zoom in the figures.



)

Figure 22: The restored images for FISTA-CN (PSNR:45.0092, SSIM: 0.9880)
and zoom in the figures.

(b)

Figure 23: The restored images for NMFBS (PSNR:48.4738, SSIM: 0.9944) and
zoom in the figures.

(b)

Figure 24: The restored images for IMFBS (PSNR:46.6290, SSIM:0.9915) and
zoom in the figures.
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Figure 25: Graphs of PSNR plotting for motion blurs (BM2-3) and methods.
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Figure 26: Graphs of SSIM plotting for motion blurs (BM2-3) and methods.
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4.6.2 Image inpainting

In this section, we apply the constrained convex minimization problem
(218) to image inpainting problem. We compare efficiency of our algorithms (Al-
gorithm B=21 denoted by AIPFB and Algorithm B1=3 denoted by DIPFB) with
Algorithm 3.3 in an inertial three-operator splitting algorithm (ITOS) proposed
by Cui, et al. [§], Algorithm 2110 (FBS-CN) and Algorithm 2110 (FISTA-CN).

Now, we aim to apply the result for solving an image inpainting problem
which is of the following mathematical model:

L 44
min || Az — 2[5 + pllzl. (4.6.6)

zERM*n 2

where 2° € R™*"(m < n) is a matrix with entries that lie in the interval [I, u], A
is a linear map that selects a subset of the entries of an m x n matrix by setting
each unknown entry in the matrix to 0, z is matrix of known entries A(z°), and

i > 0 is a regularization parameter.

In particular, we consider the following image inpainting problem [I2, K]

1
min 5| Po(z) = Po(a")l[7 + pllz]. (4.6.7)
where || - || is the Frobenius norm, and || - ||« is the nuclear norm. Here we define
Po by
z9) (i,7) € Q,
Po(z) = (4.6.8)
0, otherwise.

The nuclear norm has been widely used in image inpainting and matrix com-

pletion problem, which is a convex relaxation of low rank constraint. It is
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obvious that the optimization problem (EG8) relates to (Z1@). In fact, let
f(x) = 5| Pa(x) = Pa(2®)|% and g(z) = pllz|.. Then Vf(z) = Po(x) — Po(z")
with 1-Lipschitz continuous. The proximity operator of g(x) can be computed by

the singular value decomposition (SVD) [].

We investigate throughout this section under the following setting Table

B. The initial point 2° = z! are vectors of ones with the size of original images

for all algorithms. Let #,, and «,, be defined by

ty —1 1+ /1+482

where t,11 = , if1<n<m;
1
— otherwise.
n
Algorithms Parameters
. - o 0 4]
Comparision OUR t1 =1 € (0,2/L) o>0 €(0,1) €(0,1/2)
ITOS 1 1/|| Al
FBS-CN 0.98 0.93 0.45
FISTA-CN 1 0.98 0.93 0.45
AIPFB 1 0.98 0.93 0.45
DIPFB 1 0.98 0.93 0.45

Table 3: Chosen parameters of each algorithm.



. M=100 M=180
Algorithms Fig(C) Fig(C)
with MM1-1 with MM1-2
PSNR  SSIM PSNR  SSIM CPU
ITOS 23.4189 0.8771 23.4056 0.8769  46.4300
FBS-CN 24.3867 0.8966 24.4614 0.8984 497.6008
FISTA-CN 24.4621 0.8984 24.4621 0.8984 500.2202
AIPFB 24.4563 0.8982 24.4624 0.8984 508.7895
DIPFB 24.4625 0.8984 24.4624 0.8984 84.1010
Fig(C) Fig(C)
with MM1-2 with MM1-2
PSNR SSIM PSNR  SSIM CPU
ITOS 22.3288 0.8464 22.3254 0.8464 46.7041
FBS-CN 22.6511 0.8473 23.0530 0.8639 514.9624
FISTA-CN 23.0600 0.8641 23.0600 0.8641 519.2283
AIPFB 23.0220 0.8628 23.0599 0.8641 524.2277
DIPFB 23.0603 0.8641 23.0603 0.8641 84.7715
Fig(C) Fig(C)
with MM1-3 with MM1-3
PSNR  SSIM PSNR  SSIM CPU
ITOS 19.5402  0.7532 19.8067 0.7653  46.6605
FBS-CN 14.8163 0.4075 20.0113 0.7659 510.8733
FISTA-CN 20.2495 0.7758 20.2491 0.7758 514.8055
AIPFB 19.1909 0.7183 20.2286 0.7750 520.3643
DIPFB 20.2498 0.7758 20.2493 0.7758  85.0540
M=35 M=50
Fig(D) Fig(D)
with MM2 with MM2
PSNR  SSIM PSNR  SSIM CPU
ITOS 25.2340 0.9471 25.5528 0.9472  5.1685
FBS-CN 25.1532 0.9672 27.2289 0.9715 52.3765
FISTA-CN 28.1513 0.9729 28.4510 0.9733 52.9773
AIPFB 26.9692 0.9711 28.1094 0.9729 54.3974
DIPFB 28.4619 0.9733 28.4612 0.9733 10.1617
M=30 M=50
Fig(E) Fig(E)
with MM3 with MM3
PSNR  SSIM PSNR  SSIM CPU
ITOS 21.6963 0.9636 224804 0.9671  2.3047
FBS-CN 21.3336 0.9678 23.5173 09776  21.6793
FISTA-CN 23.8421 0.9788 25.0734 0.9824 20.9304
AIPFB 22.6265 0.9741 24.3814 0.9805 21.3550
DIPFB 25.1541 0.9826 25.1911 0.9827  3.8593

Table 4: The results of deblurred images for each algorithm.
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Figure 27: The original image
of size 718 x 717 (Fig(C)).

Figure 28: The 20% missing
image (MM1-1).

Figure 29: The 40% missing
image (MM1-2).

Figure 30: The 60% missing
image (MM1-3).
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(a) (b)
Figure 31: The 40% missing image (MM1-2).

(b)
Figure 33: The restored image for FBS-CN (PSNR:23.0530, SSIM:0.8639).
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(a) (b)
Figure 34: The restored image for FISTA-CN (PSNR:23.0600, SSIM:0.8641).

(a) (b)
Figure 35: The restored image for AIPFB (PSNR:23.0599, SSIM:0.8641).

(a) (b)
Figure 36: The restored image for DIPFB (PSNR:23.0603, SSIM:0.8641).
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Figure 37: The graphs of PSNR plotting for 40% missing and methods.
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Figure 38: The graphs of SSIM plotting for 40% missing and methods.
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Figure 39: The original image of
size 359 x 479 x 3 (Fig(D)).

Figure 40: The missing image
(MM2).
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Figure 41: The missing image (MM2).
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(a) (b
Figure 42: The restored image for ITOS (PSNR:25.5528, SSIM:0.9472).

-

G

Figure 43: The restored image for FBS-CN (PSNR:27.2289, SSIM:0.9715).
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(b)
Figure 44: The restored image for FISTA-CN (PSNR:28.4510, SSIM:0.9733).

(a) (b)
Figure 45: The restored image for ATPFB (PSNR:28.1094, SSIM:0.9729).

(b)
Figure 46: The restored image for AIPFB (PSNR:28.4612, SSIM:0.9733).
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Figure 47: The graphs of PSNR plotting for missing (MM2) and methods.
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Figure 48: The graphs of SSIM plotting for missing (MM2) and methods.
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Figure 49: The original image of
size 380 x 285 x 3 (Fig(E)).

Figure 50: The missing image
(MM3).

Our algorithms:

Figure 51: The restored images for (a) ITOS (PSNR:22.4804, SSIM:0.9671)
(b) FBS-CN (PSNR:23.5173, SSIM:0.9776) (c) FISTA-CN (PSNR:25.0734,
SSIM:0.9824) (d) AIPFB (PSNR:24.3814, SSIM:0.9805) and (e) DIPFB
(PSNR:25.1911, SSIM:0.9827), respectively.
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Figure 52: The graphs of PSNR plotting for missing (MM3) and methods.
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Figure 53: The graphs of SSIM plotting for missing (MM3) and methods.



CHAPTER 5

CONCLUSIONS

In this thesis, we have discussed the convex minimization problem of the
sum of two convex function in Hilbert space. First, we introduce a double inertial
forward-backward algorithms with Lipschitz continuity condition on gradient of
function. We prove that the sequence generated by our proposed algorithms
converges weakly to a minimizer of the sum those two convex functions under
some mild conditions.

(1) Let H be a Hilbert space and let (z™) be generated by
Initialization: Given «,,, 6,, and 7, be real positive sequences.

n+1

Iterative step: Let 2°, 2! € H be arbitrarily and calculate x as follows:

Stepl. Compute the inertial step:

w = "+ 0, (2" — 2" ).
Step 2. Calculate:
" = prox,  (w"—a,Vf(w"))
and y' o= 0" 4, (0" — 2.

Step 3. Calculate the next iteration via:

" = prox, (y" —a,Vf(y")).

Set n :=n + 1 and return to Stepl. Assume that 0 < liminf «,, < limsup o, <

n—00 n—o0

2 [o.¢] o]
T Zen < +o00 and Znn < +00. Then we have

n=1 n=1
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1. for each z, € argmin(f + g), [|z"™ — z.|| < K - H(l +2(0; + n; + 6;n;))
=1
where K = max{||z! — z.||, [|#? — x.]}.

2. (2") weakly converges to an element of argmin(f + g).

(2) Let H be a Hilbert space and let (z™) be generated by
Initialization: Given «,, 6, and 7, be real positive sequences.
Iterative step: Let 2°, 2! € H be arbitrarily and calculate 2" as follows:

Stepl. Compute the inertial step:

w" = 2"+ 0, (z" — ™).
Step 2. Calculate:
V" = prox,, ,(w"—a,Vf(w"))
and
y" = "+, (0" — 2"
Step 3. Calculate:
2" = prox, . (y" —anVf(y"))

Step 4. Calculate the next iteration via:
SCn+1 = PQ(Z”)

Set n :=n + 1 and return to Stepl. Assume that 0 < liminf «,, < limsup o, <

n—o0 n—oo

2 [o.¢] o
T 6, >0,n, >0, Z@n < 400 and Znn < 400. Then we have

n=1 n=1
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1. for each x, € QNargmin(f+g), ||2"! — .| < K-H(H—Z(Gj +n;+6;m5))
j=1
where K = max{||z! — z.]|, [|#? — x.]|}.

2. (") weakly converges to an element of Q Nargmin(f + g).

Next, to challenge of removing the Lipschitz continuity assumption on
the gradient of the function attracts us to study the concept of the linesearch
method, we introduce an inertial forward-backward algorithms which the step-

size dose not depend on any Lipschitz constant.

(3) Let H be a Hilbert space and let (z™) be generated by
Initialization: Given o > 0,6 € (0,3), 6 € (0,1) and 6, > 0.

n+1

Iterative step: Let 2°, 2 € H be arbitrarily and calculate x as follows:

Stepl. Compute the inertial step:

" + O (2" — 2™ 1), if n is odd

", if n is even.

Step 2. Calculate:
2" = Po(prox,, ,(2" — a,Vf(z")))
where «,, = 06™ and m,, is the smallest nonnegative integer such that

an[|V f(prox,, (2" — anVf(2"))) = V(")

< 0]|prox,, (2" — an V[ (")) = 2"

g

Set n :=n + 1 and return to Stepl. Assume that #, > 0 and Z@n < 400 and
n=1
that «,, > a > 0 for some «. Then we have



108

1. for each z, € argmin(f + g), [z — .|| < K - H(l + 265;+1) where
j=1

K = max{||z" — x|, 2° — .|}

2. (") weakly converges to an element of argmin(f + g) N 2.

(4) Let H be a Hilbert space and let (™) be generated by
Initialization: Given ¢ € (0,1), o, > 0 and 6,, > 0.
Iterative step: Let 2°, 21 € H be arbitrarily and calculate 2" as follows:

Stepl. Compute the inertial step:
=" 0,02 <2ty )
Step 2. Calculate:

2" = prox, (2" — @,V f(z"))

where

8|2 —a |

M 7= ) Yt if Vf(z")—Vfa™™) #0

Opt1 =
(o7 otherwise.

Set n := n + 1 and return to Stepl. Assume that 6, > 0 and ZQn < +00.

n=1
Then, we have

1. for each x, € argmin(f + g), [J2"™ —z.| < K - H(l + 26;) where K =
i=1
max{|la’ — ., [|2* — 2.}

2. The sequence (z™) weakly converges to a point in argmin(f + g).

(5) Let H be a Hilbert space and let (z™) be generated by

Initialization: Given 0 > 0,60 >0, 0 € (0,1) and 6; > 0.
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Iterative step: Let 2° = 2! € H and calculate 2" as follows:

Step 1. Compute the inertial step:
2" =" 4 O, (2" — 2.
Step 2. Compute:

Y" = Prox,, (2" = anVf(2")) + an(V (") = Vf(prox,, (2" — anVf(z"))))

where «,, = 0™ and m,, is the smallest number such that:

an([IVf(2") = V f(prox,, (" — V("))
HIVFY") = Vf(prox,, (" — VA"

< O%(If2" = prox,, o (2" — an V("))

Hy" = prox,, (¥ — aa VA (yM)I?).

Step 3. Compute the 2" *! step:

™ = prox, (4" — anVF ") + an(VFW") = VF(pros,, o (" — anVF(")).

Set n := n + 1 and return to Stepl. Suppose that «,, > « for some o > 0,

6, > 0 and ZQ" < 4o00. Then, we have for each z, € argmin(f + g) N,

n=1

2" — .|| < K - H(l + 26;) where K = max{||z' — z.]|,||2* — x.||} and the
j=1
sequence (z") weakly converges to an element of argmin(f + g).

(6) Let H be a Hilbert space and let (z™) be generated by

Initialization: Given 0,60, >0, §,p € (0,1) and 6; > 0.

1

Iterative step: Let 2° = 2! € H, calculate 2" and p,,,, as follows:
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Stepl. Compute the inertial step:

V"t =" 4 O, (2" — "),

Step2. Compute the forward-backward step:

y" = prox, ,(v" — a,Vf(v"))

where «,, = 00™» and m,, is the smallest nonnegative number such that:

V(") = V)| < 6lly™ = v

Step3. Compute the forward-backward step:

2" =prox,  (y" — 1V f(y"))

Step4. Compute the 2" step:

g = 2"+ (V") — V("))

and update
e if IV ) — V1)) # 0
Hnt1 =
Lhn, otherwise.

Set n := n + 1 and return to Stepl. Suppose that a,, > « for some a > 0,

0, > 0 and 29” < 4o00. Then, we have for each z, € argmin(f + g) N €2,

n=1

2" — .|| < K - H(l + 26;) where K = max{||z' — z.]|,||2? — x.||} and the
j=1
sequence (z™) weakly converges to a point in argmin(f + g).
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