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ABSTRACT

One of the most important and interesting problems in optimization theory is
the split feasibility problem. This problem has been intensively investigated since many
problems in sciences and applied sciences can be reformulated as the split feasibility
problem such as signal processing and image reconstruction.

In this research, the modified projection algorithm and the relaxed projection
algorithm for solving the split feasibility problems are studied in the framework of
Hilbert spaces. The main advantage of the proposed method is that the operator norms
do not require in computing the sequences and that the metric projections onto subsets
of Hilbert spaces which have exact formulas are involved in iterative methods. Then
both weak and strong convergence theorems are proved under some suitable conditions.
Finally, numerical experiments are investigated to show the efficiency of the proposed
algorithms. The obtain results improve and extend the corresponding results in the

literature.
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CHAPTER 1
INTRODUCTION

In optimization theory, a major problem is the split feasibility problem (SFP).
It can be a unified model for many practical problems such as in signal processing and
image reconstruction, intensity - modulated radiation therapy and many other applied
fields. To be more precise, the split feasibility problem includes, as special cases, the
convex minimization problem, the linear inverse problem, the fixed point problem of
some nonlinear operators. The regularization technique is a powerful tool in handling
for solving such problem in some certain spaces. Censor - Elfving [3] introduced a
notion of the split feasibility problem (SFP), which is to find an element of a closed
convex subset of the Euclidean space. In 2002, Byrne [(] proposed iterative oblique
projection onto convex sets and the split feasibity problem. Ldpez et al. [21] proposed
the iterative scheme for the split feasibility problem without prior knowledge of operator
norms such that projections onto half - spaces. However, their algorithm has only weak
convergence in the setting of infinite - dimensional Hilbert spaces. In 2010 Xu HK. [10]
proposed iterative methods for the split feasibility problem in infinite - dimensional
Hilbert spaces. Zhang et al. [50] proposed a self - adaptive projection method for
solving the multiple - sets split feasibility problem in Hilbert spaces. Recently, He et
al. [19] introduced a new relaxed CQ algorithm for solving the MSFP, and proved the
strong convergence by using the Halpern - type algorithm in real Hilbert spaces. In
2005, Qu and Xiu [33] modified the relaxed CQ algorithm by adopting Armijo - line
searches in Euclidean spaces. Next, Gibali et al. [16] extended the results of Qu and
Xiu [33] to Hilbert spaces. Korpelevich [22] and Antipin [I] proposed the extragradient
method which is a classical two - step method. Recently, Dong et al. [11] proposed the
modified projection and contraction methods and their relaxation variants to solve the

split feasibility problem (SEP).

It is therefore the main objective in this research to design new algorithms

for solving the split feasibility problem in Hilbert spaces. We prove the convergence



theorems under some suitable conditions. We also provide some numerical examples
to support our main result. The main results established in this research can improve

and generalize the corresponding results in this area.



CHAPTER II

REVIEW OF RELATED LITERATURE
AND RESEARCH

We study the Split Feasibility Problem (SFP) which is described as the fol-
lowing form:

find a point z* € C such that Az* € Q) (2.1.1)

where C' and ) are nonempty closed convex subsets of real Hilbert spaces H; and Ho,
respectively, and A : H; — Hs is a bounded linear operator. This problem was first
introduced, in Euclidean spaces, by Censor and Elfving [8]. The SFP relates to an
inverse problem in intensity - modulated radiation therapy (IMRT) in the field of med-
ical care and the LASSO problem in signal recovery and image processing. Throughout

this work, we assume that SFP (2.1.1) is consistent and denote the solution set by S.

Byrne [5, 0] introduced CQ algorithm which generates a sequence {z,} as
follows:

Tni1 = Pol(wn — 1 A*(I — Po)Azy) (2.1.2)

where the stepsize 7, € (0,2/||A||?), A* is the adjoint operator of A, Pc and P are the
metric projections onto C' and @, respectively. It is seen that if the metric projections
onto C' and @ are easily calculated, then the total cost of computation is not great.
However, in some cases it is impossible or needs too much work to exactly compute the
metric projection. The determination of the stepsize depends on the operator norm

which computation (or at least estimate) is not an easy task.

In practical applications, the sets C' and @) are usually the level sets of convex

functions which are given by

C={rxe€eH :cx) <0} and Q ={y € Hy:q(y) <0} (2.1.3)

where ¢ : Hi — R and ¢ : Ho — R are convex functions and subdifferential functions



on H; and Hj, respectively, and that dc and dq are bounded operators (i.e. bounded

on bounded sets).

Fukushima [15] proposed a relaxed projection algorithm for solving variational
inequality and the theoretical analysis and numerical experiment showed the efficiency

of the proposed method.

In 2004, Yang [19] introduced the relaxed CQ algorithm, by replacing Po and

Py by Pc, and Py, respectively. Here C), and Q,, are given by
Cp={z € Hy: c(zn) < (&, 2n — T)}, (2.1.4)
where &, € 0c(zy,) and

Qn ={y € Hy : q(Azy) < (Cn, Az — ), (2.1.5)

where ¢, € dq(Ax,). It is easy to see that C,, O C and @, D Q for every n > 1.
Moreover the projections onto half - spaces C, and @, have closed forms. In what

follows, define

Ful@) = %H(I Py ) Azl n>1 (2.1.6)

where @, is given as in (2.1.5). In this case, we then have
Vin(x) = A" — Py, )Ax. (2.1.7)

Since these projections are easily calculated, this method appears to be very practical.
In fact, Yang [19] introduced a relaxed CQ algorithm in a finite - dimensional Hilbert

space as follows:

Tnt1 = Po, (xn, — TV fn(xn)), (2.1.8)

where 7, € (0,2/||A]|?). We note that to compute the norm of A turns out to be

complicated and costly. Especially, A is a dense matrix and has a large dimension.

In 2005, Yang [18] suggested a new way to select the stepsize 7, which is



defined as follows:

Pn
Tp=—t0 (2.1.9)
t IV falaa)l
where {p,} is a sequence of positive real numbers satisfying
oo o
> pn =00, > pp < oo (2.1.10)
n=1 n=1

However, in this case, the stepsize (2.1.9) requires A to have a full column rank.

In 2012, Lépez et al. [24], to overcome this difficulty, introduced a new way
to select the step - size and also practised this way of selecting stepsizes for variants of
the CQ algorithm, include a relaxed CQ algorithm. They introduced the stepsize 7,

which is defined as follows:
R pnfn (xn)

= VG 211

where {p,,} is a sequence in (0,4) such that inlf\I pn(4 — pn) > 0. It was proved that
ne
the sequence {z,} generated by (2.1.8) with the stepsize defined by (2.1.11) converges

weakly to a solution of SFP.

They also studied the Halpern - type algorithm to guarantee the strong con-

vergence as follows:
Tpt1 = QpU + (1 - an)PC’n (xn - Tnvfn(xn)>v (2112)

where u € H; is fixed and 7, is defined by (2.1.11). If the sequence {x,} is generated
e, 9]

by (2.1.12), then it is converges strongly to Psu provide o, — 0 and Z p = 00.

n=1

In 2005, Qu and Xiu [33] modified the relaxed CQ algorithm by adopting

Armijo-line searches in Euclidean spaces. Subsequently, Gibali et al. [1(] extended the
results of Qu and Xiu [33] to Hilbert spaces as follows:
Tn+1 = Pe, (25 — Tnvfn(yn)) (2'1'13)

Yn = PC'n (-rn - Tnvfn(l'n))) (2114)



where 7, = v£™" and m,, is the smallest nonnegative integer m, and v > 0, £ € (0,1)

and p € (0,1) such that

TollV (@) = V)l < pllzn — ynl|- (2.1.15)

They proved that {z,,} weakly converges to a solution of SFP. Various iterative methods

have been constructed to solve the SFP; see [12, 43, 16, 51].

Korpelevich [22] and Antipin [!] proposed the following extragradient method:

Yn = PC(xn_TnF(xn))

Tnt1 = Po(xy —mF(yn)) (2.1.16)

1
where F' = A*(I — Pg)A and the fixed stepsize 7, € (0, m), which is a classical two -

step method. The second one is to select self - adaptively the stepsize 7, > 0 such that

TnllF'(2n) = F(yn)|| < pllan —ynll, Vi€ (0,1). (2.1.17)

In [42], Tseng proposed the following extragradient methods:

Yn = PC(xn 7 TnF(mn))

Tnt1 = Yo+ Tn(F () = F(yn)) (2.1.18)

1
where 7, € (0, m) or {7,} is selected self-adaptively. Subsequently, Zhao et al. [51]
used Tseng’s method (2.1.18) to solve the SFP. Recently, Dong et al. [141] proposed the
modified projection and contraction methods and their relaxation variants to solve the

SFP as follows:

Algorithm 2.1.1. For any o > 0,p € (0,1) and p € (0,1), take arbitrarily z; € RY
and let



where 7, = gp™" and my, is the smallest nonnegative integer such that

TollF(2n) = F(yn)ll < pllzn — yall. (2.1.20)
Define
Tnt1 = T — YO d(Tn, Yn) (2.1.21)
where v € (0,2)
d(xnvyn) = (‘/L‘n = yn) y Tn(F(fEn) - F(yn)) (2122)

and
(Tr — Yn, A(Tn, yn)) + Tul|(T — PQ)A(yn)|’2.

o 1d(@n, )2

(2.1.23)

It was proved that the sequence generated by Algorithm 2.1.1 converges to a

solution in SFP.

In our research, we combine the gradient method and the relaxed CQ algo-
rithm called the gradient - CQ algorithm with a new stepsize for solving SFP in Hilbert
spaces. Moreover, motivated by Dong et al. [I1], we propose the modified projection
and contraction methods including its relaxation to solve the SFP in real Hilbert spaces.
We then prove weak and strong convergence theorems under some suitable conditions.
Finally, we present numerical examples and give comparisons to the relaxed CQ algo-
rithms of Yang [19], Lépez et al. [24], Gibali et al. [16] and Dong et al. [14]. It is
shown that our proposed algorithms have a number of advantage (in terms of num-
ber of iterations and CPU time) over these methods in computing through numerical

experiments.



CHAPTER I11
PRELIMINARIES

3.1 Fundamentals

In this section, we provide some basic concepts, definitions and lemmas which

will be used in the sequel.

Definition 3.1.1. (Metric space) Let X be a nonempty set and d : X x X — [0,00)

be a function. Then d is called a metric on X if the following properties hold:

1. d(z,y) > 0 for all z,y € X

2. d(z,y) =0 if and only if z = y for all z,y € X
3. d(z,y) = d(y,x) for all x,y € X;

4. d(z,y) < d(z,z) + d(z,y) for all z,y,z € X.

The value of metric d at (z,y), we write d(x,y), is called distance between x and y,

and the ordered pair (X, d) is called a metric space.

Example 3.1.2. In real line R, define

d(z,y) = |z =yl

for all z,y € R.Then (R, d) is a metric space.

Example 3.1.3. In euclidean plane R?, define

d(z,y) = V(& —m)? + (&2 — 12)?

where © = (£1,&2),y = (n1,m2) € R2. Then (R2,d) is a metric space.

Example 3.1.4. In euclidean space R™, define

d@,y) = V(& —m)2+ (& —m)2+ (& — 13)% + o + (En — )2

(3.1.1)

(3.1.2)

(3.1.3)

where x = (£1,€2,€3, --,&n)s ¥ = (M1, 12,13, -+, ) € R™. Then (R™,d) is a metric space.



Example 3.1.5. Let X be the set of all bounded sequences of complex numbers; that

is every element of X is a complex sequence

r = (&,8,...)

such that || < cp for all j =1,2,... and ¢, is a real number which may depend on x,

but does not depend on j and define

d(z,y) = sup |&; — ;] (3.1.4)
JEN

where y = (nj) € X and N=1,2,.... Then (X,d) is a metric space.

Definition 3.1.6. (Open and Closed sets) Let (X, d) be a metric space. A subset
U C X is open if for every € X there exists r > 0 such that B(z,r) CU. A set U is

closed if its complement, X \ U, is open.

Definition 3.1.7. (Convergent sequence) A sequence {z,} in a metric space X
is said to be convergent to x € R if for each € > 0 there exists NV € N such that

d(xn, ) < € for all n > N. In this case, we write =, — x.

Definition 3.1.8. (Cauchy sequence) A sequence {z,} in a metric space X is said
to be Cauchy if for each ¢ > 0 there exists N € N such that d(z,,z,) < € for all

m,n > N.

Theorem 3.1.9. Let M be a nonempty subset of a metric space X. Then M is closed

if and only if there exists a sequence {x,,} C M and x,, — = implies that x € M.

Definition 3.1.10. (Bounded sequence) A sequence {z,} in X is bounded if there

exists M > 0 such that ||z,| < M for all n € N.

Definition 3.1.11. (Nonexpansive mapping) Let (X, d) be a metric space. Then

amap T : X — X is said to be nonexrpansive if

d(T'(x),T(y)) < d(z,y)

for all z,y € X.
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Definition 3.1.12. (Contractive mapping) Let (X,d) be a metric space. Then a

map 7 : X — X is said to be contractive if there exists k € [0,1) such that

d(T(x), T(y)) < kd(z,y)

for all z,y € X.

Definition 3.1.13. (Fixed point) Let X be a nonempty set and 7 : X — X. We

say that x € X is a fixed point of T if

(- (3.1.5)

and denote by Fiz(T) the set of all fixed points of T'.

Theorem 3.1.14. (The Banach contraction principle) Let X be a complete metric

space and let T' be a contraction of X into itself. Then T has a unique fixed point.

Definition 3.1.15. (Vector space) A vector space or linear space X over the field
K (R or C) is a set X together with an internal binary operation (+) called addition
and a scalar multiplication carrying («, z) in K X X to ax in X satisfying the following
statements for all x,y,z € X and o, 8 € K:

l.z+y=y+uz;

2. (z+y)+z=a+{y+2);

3. there exists an element 0 € X call the zero vector of X such that

x+ 0=z for all z € X
4. for every element z € X, there exists an element —z € X called the

additive inverse or the negative of x such that  + (—x) = 0;

5. a(z+y) = ax + ay;
6. (a+ B)x = ax + By;
7. (aB)r = a(Bz);

8. 1-x=u.

The elements of a vector space X are called vectors, and the elements of K are called

scalars.
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Example 3.1.16. In euclidean space R", define

T+y = (gl +7717£2 +7727§3 +773a"-7§n +77n)

ar = (aglv 0452, 0453, sy a&n)

where x = (£1,£2,&3, ., &n) ¥y = (1,12, M3, -, Mn) € R™ and o € R. Then, space R™ is

a real vector space.

Definition 3.1.17. (Convex set) Let C be a subset of a linear space X. Then C is

said to be convex if (1 — XN)z + Ay € C for all z,y € C and all scalar A € [0, 1].

Example 3.1.18. 1. Every subspace of vector space is convex.
2. B(z;r) = {z: ||z < r} is convez.

3. [0, 1]V =[1,0] x [1,0] x ... x [1,0] is convex in R".

Proposition 3.1.19. Let C be a subset of a linear space X. Then C is convex if and
only if Mx1 + Aaxa + ... + Az, € C for any finite set {x1,za,...,x,} € C and scalars

N >0 with A\ + A+ ...+ X, = 1.

Definition 3.1.20. (Convex function) Let X be a linear space and f : X —
(=00, 00] be a function. Then f is said to be convez if f(Ax+ (1 —N)y) < Af(x)+ (1—
A f(y) for all z,y € X and A € [0, 1].

Definition 3.1.21. (Proper function) Let function f : X — (—o0,00]. Then f is

said to be proper if there exists x € X with f(z) < oo.

Example 3.1.22. 1. f(z) = |z|P where p > 1 is a convex function in R.

1

2. f(z) =a2®— 2% is a convex function in [%,00).

3. f(z) = xlogx is a convex function in RY.

Definition 3.1.23. (Normed space) Let X be a norm linear space over field K (R
or C) and ||-]| : X — R* be a function. Then || - || is said to be a norm if the following
properties hold:

1. ||z|]| > 0, and ||z|| = 0 & x = 0;

2. ||ax|| = |al||z] for all x € X and a € K;
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3. Nl +yll < [l + lly]| for all 2,y € X.

The ordered pair (X, || - ||) is called a normed space.

Example 3.1.24. R" is a normed space with the following norms:

n
|zlli = Z |zi| for all x = (x1,x9,..,2,) € R";
i=1
- 1/p
lzll, = (Z \a:i|p) for all = (x1,29,..,2,) € R" andp € (1,0);
i=1
|z]lco = max |z;| for all v = (z1,x9,..,2,) € R™.
1<i<n

Example 3.1.25. Let X = [y, the linear space whose elements consist of all absolutely

convergent sequences (1,2, ..., Z;,...) of scalars (R or C),
o0
Lh={zx:2z=(x1,29,...,24...) and Z |z;| < oo}
i=1

Then 1y is a normed space with the norm defined by ||z||1 = >_:2; |z4|.

Example 3.1.26. Let X =1, (1 < p < 00) be the linear space whose elements consist

of all p - summable sequences (1, x2, ..., T;, ...) of scalars (R or C),
o
ly={x:2=(x1,22,...,24,...) and Z |z;|P < oo}
i=1

Then 1, is a normed space with the norm defined by ||z, = (3252, |i|P)/P.

Example 3.1.27. Let X =, the linear space whose elements consist of all bounded

sequences (x1, T2, ..., Tji, ...) of scalars (R or C),
loo ={z 2= (x1,22,...,24,...) and {z;};2; is bounded}.

Then ls is a normed space with the norm defined by ||z||cc = sup;cy |-

Definition 3.1.28. (Completeness) The space X is said to be complete if every

Cauchy sequence in X converges.
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Example 3.1.29. The euclidean space R™ is complete with

d(z,y) = V(& —m)>?+ (L —m)? + (& —m)> + ..+ (En — )2 (3.1.6)

where . = (517527537 7§n)7y = (7717772)7737 7777"0) € R™.

Example 3.1.30. The sequence space lo, is complete.
Example 3.1.31. The sequence space l, is complete.

Definition 3.1.32. (Inner product space) An inner product space is a vector space
X with an inner product defined on X. Here, an inner product on X is a mapping of
X x X into the scalar field K of X; that is, with every pair of vectors = and y there is
associated a scalar which is written by (x,y) and called the inner product of x and y,

such that for all vectors z, y, z and scalars a we have

Example 3.1.33. The function (-,-) : R" x R" — R defined by

(x,y) = inyi for allz = (z1,22,....,xn), Y= (Y1,Y2,....,Yn) € R" (3.1.7)

=1

18 an inner product on R™. In this case R™ with this inner product is called real Eu-

clidean n - space.

Example 3.1.34. Let C" be the set of n - tuples of complex numbers. Then the function
(,) : R" x R™ — R defined by

(x,y) = Z%E for allz = (z1,22, ..., xn), y = (Y1,Y2, -, yn) € C" (3.1.8)
i=1

is an inner product on C™. In this case C™ with this inner product is called complex

Euclidean n - space.
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Example 3.1.35. Let ls be the set of all sequences of complex numbers
(a1,a2, ..., ai,...) with Y52, |a;|> < co. Then the function (-,-) : la x Iy — C defined
by .
(w,9) = S i for allz = {z}2,,y = {5} € by (3.1.9)
=1

s an inner product on ls.

Definition 3.1.36. (Hilbert space) An inner product space which is complete with

respect to the induced norm is called a Hilbert space.

Example 3.1.37. The Fuclidean space R™ is a Hilbert space with inner product defined
by

(x,y) = T1y1 + T2Y2 + ... + TpYn
where © = (21,22, s Tn);s Y = (Y1,Y2, -, Yn) € R™.

Example 3.1.38. The space ly is a Hilbert space with inner product defined by

oo
<:E7 y> ~N Z .’E]E,
j=1

where z,y € la.

Proposition 3.1.39. (The Cauchy - Schwarz inequality) Let X be an inner prod-

uct space. Then the following holds:
(@, y)? < (@, 2)(y, y) for allz,y € X, (3.1.10)

i.e.,

[z, 9)| < llz[l[ly]l for allz,y € X. (3.1.11)

Definition 3.1.40. (Bounded linear operator) Let X and Y be normed spaces and
T : X — Y be a linear operator. The operator T is said to be bounded if there is a real

number ¢ > 0 such that for all z € X,

1Tz < c|lz].- (3.1.12)
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Definition 3.1.41. (Level set of convex function) Let f : H — R be a convex

function with the domain H. Then, for any A € R, the set

Ww={x € H|f(x) < \} (3.1.13)

Definition 3.1.42. A sequence {x,} in a Hilbert space H is said to converge weakly
to a point x in H if

(@, y) = (T, y) (3.1.14)

for all y € H and denote that x,, — z.

Let H be a real Hilbert space and C' be a nonempty subset of H. Recall that

a mapping T : C — C' is said to be nonexpansive if

[Te =Tyl < [l —yll, Yo,y € C. (3.1.15)

A mapping T : C — C' is said to be firmly nonexpansive if, for all z,y € C,

(x —y, Tx —Ty) > ||Tz — Ty|*. (3.1.16)

F is said to be monotone on C if

(F(z) — F(y),z—y) >0, Vz,y € C (3.1.17)

F is said to be 7, - inverse strongly monotone (shortly, 7,, - ism) with 7,, > 0 if

(F(x) = F(y),z —y) > | F(x) = F(y)|?, Vz,y € C; (3.1.18)

F is said to be Lipschitz continuous on C' with constant A > 0 if

1F(z) = F(y)ll <Az —yll, Vo,y € C. (3.1.19)

A mapping f : C — C is said to be a contraction if there exists a constant a € [0, 1)
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such that

1f (@) = fWl < allz —yl, Yo,y € C. (3.1.20)

A differentiable function f is convex if and only if there holds the inequality:
f(z) > f(x) +(Vf(z),z —x), Vz € H. (3.1.21)

Recall that an element g € H is said to be a subgradient of f: H — R at z if
f(z) > f(x) + {9,z — x), Vz € H. (3.1.22)

This relation is called the subdifferentiable inequality.

A function f : H — R is said to be subdifferentiable at z, if it has at least one

subgradient at x.

The set of subgradients of f at the point z is called the subdifferentiable of f

at x, and it is denoted by Jdf(x), that is

of(x)={g € H|f(z) > f(x) + (9,2 — x),Vz € H}. (3.1.23)

A function f is called subdifferentiable, if it is subdifferentiable at all z € H.

If a function f is differentiable and convex, then its gradient and subgradient coincide.

A function f: H — R is said to be weakly lower semi-continuous (w - lsc) at
x if x,, — x implies
flz) < lgr_l}ggff(:xn) (3.1.24)
We know that the orthogonal projection P from H onto a nonempty closed
convex subset C' C H is a typical example of a firmly nonexpansive mapping, which is
defined by

Pcx := argmin ||z — y||?, = € H. (3.1.25)
yeC
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Lemma 3.1.43. [3] For any z € H and z € C, then z = Pox if and only if
(x —z,y — 2z) <0,y € C. (3.1.26)
Example 3.1.44. [7] A half - space in a Hilbert space H has the form
Hpy ={2 € H:(a,2) < B}, (3.1.27)

where a € H, a # 0 and B € R. It is clear that H,pg) is closed and convexr. We know
that

T — L]]ZT@B a if (a,z) > B

x = (3.1.28)
z if {a,2) < 8.

Lemma 3.1.45. [7] Let C' and Q be closed and convex subsets of real Hilbert spaces

Hy and Ha, respectively and A : Hi — Hy a bounded linear operator. Let f(x) =

1
5”([ — P)Ax||? then Vf is ||A||? - Lipschitz continuous.

Lemma 3.1.46. [J] Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Then for any x € H, the following assertions hold:

(i) (x — Pox,z — Pox) <0 for all z € C;

(ii) ||Pox — Poyl||* < (Pox — Poy,x —y) for all z,y € H;

(iii) |Pox — 2| < ||z — 2||? — || Pox — z||? for all z € C.

From Lemma 3.1.46, the operator I — Pg is also firmly nonexpansive, where

I denotes the identity operator, i.e., for any x,y € H,
(I = Po)a— (I - PoYy,z —y) = | (I - P — (I - Po)yll. (3.1.29)

Lemma 3.1.47. [2] Let S be a nonempty, closed and convex subset of a real Hilbert
space H and {x,} be a sequence in H that satisfies the following properties:
(i) im |z, — x| exists for each x € S;
n—oo
(1) wy(zn) C S.

Then {x,} converges weakly to a point in S.
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Lemma 3.1.48. [20] Assume {s,} is a sequence of nonnegative real numbers such that

IN

Sni1 (1 = ¢n)Sn + cndp,n > 1, (3.1.30)

Sn+1 < Sn— A+ on,n > 1, (3.1.31)

where {cy,} is a sequence in (0,1), {¢n} is a sequence of nonnegative real numbers and
{0n} and {¢,} are two sequences in R such that
o
(7’) Z Cpn = 005
el
(%) o en =0,
(111) imp_s 00 Ap, = 0 implies limsup d,, < 0 for any subsequence {n} of {n}.

k—o0
Then lim s, = 0.
n—oo



CHAPTER IV
RESULTS

4.1 Strong convergence of the modified projection and contraction

methods

In this section, we introduce a projection algorithm using linesearch for the

strong convergence theorem. Let H; and Hs be are real Hilbert spaces and C,Q

be closed and convex subsets of real Hilbert spaces Hi and Hs, respectively. Let

A : Hy — H, be a bounded linear operator and A* is the adjoint operator of A. We
define F' : Hy — Hi by

F(x) = A"(I — Pg)A(x). (4.1.1)

Algorithm 4.1.1. Let f : Hi — Hy be a contraction. For any o > 0,p € (0,1) and
w € (0,1), choose an arbitrary initial guess x1 € Hy. Assume x, and y, have been

constructed. Compute the sequence T,y1 via the formula

Yn = PC(‘Tn — TnF(JUn)) (412)

Tn+1 = anf(xn) + (1 B O‘n)(xn i ’Y(pnd(xm yn)) (4'1'3)

where {an} C (0,1), v € (0,2) and 7, = op™ and my, is the smallest nonnegative
integer such that

TallF(2n) — F(yn)|l < pllzn = ynll, (4.1.4)
d($nvyn) o (xn - yn) - Tn(F(xn) » F(yn)) (4'1'5)

and
(Tn — Yn, d(Tn, yn)) + Tnll(1 — PQ)AynH2
||d($n,yn)||2

Lemma 4.1.2. [50] The line rule (/.1.4) is well defined. Besides, 7" < 7, < o, where

Pn = (4.1.6)

7" = min{o, £2}.

Lemma 4.1.3. [1/] Let {z,,} and {y,} be the iterations generated by Algorithm 4.1.1.
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Then we have
(20 — 2,d(Tn, Yyn)) > dnlld(@n, yn)||?, V2 € S. (4.1.7)

Lemma 4.1.4. [1)] Let {x,} and {y,} be the iterations generated by Algorithm 4.1.1.

Then we have

and
r A (4.1.9)
n = 1+,U2‘ .

o
Theorem 4.1.5. Assume that lim o, = 0 and Zan = o0. If S # 0, then the
n—oo el

sequence {x,} generated by Algorithm /.1.1 converges strongly to z = Psf(z) in S.
Proof. We set z = Pgf(z). Then, by Lemma 4.1.3, we have

Hxn - 7¢nd(xnayn) A 2”2 = Hxn - ZH2 - 2’Y¢n<mn -z, d(.%‘n, yn)>

7202 || d(zn, yn) |12

< lzn = 2l — 2905 lld(@n, yo) 1> + V202l d(zn, yn) |1
= lzn — 21> = 4(2 = V)¢l d(n, yu) 1. (4.1.10)
So, we obtain
lzne1 = 21? = llanf(zn) + (1 = an)(@n = Ynd(@n, yn)) — 2|

= A(anf(zn) + (1 = an)(®n — Y0nd(Tn, Yn)) — 2, Tnt1 — 2)
= an<f($n) T f(Z), Tn4+1 — Z> + an(f(z) — 2, Tn4+1 — Z>

+(1 - O‘n)<$n - ’qund(xna yn) — 2, Tn41 — Z>

< anllf@n) = £ enss — 2l + anlf(2) — 2 Enss — 2)
(1~ an)n — 16nd(@nsyn) — 2llTnss — |
< 2on(lf () ~ I+ l2nes — 2l%) + anlf(2) ~ 2 i1 —2)

1
+5 (1= an)(l2n = 10nd(@n, yn) = 2 + [oni1 = 2[1%)
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1 1
< Sanallze = 2* + Sanlleas = 2l + an(f(2) = 2,241 — 2)

2 2
1

+5 (1= an)(llzn — 212 =12 = ) dilld(zn, ya)lI®

Hzna1 — 2|%). (4.1.11)

It follows that

znt1 =212 < (1= an(l = a)l|lzn = 2|? + 205 (f(2) = 2, Znt1 — 2)

—(1 = an)¥(2 = V) enlld(zn, ya)II*. (4.1.12)

Next, we will show that {z,} is bounded. We see that

[ent1 =2l = llanf(@n) + (1 = an)(2n — Yond(2n, yn)) — 2|l

IA

anllf(@n) = zll + (1 = an) [0 = yond(zn, yn) — ||

IA

anl|f(zn) = () + anllf(2) = 2l + (1 — an)llzn — 2|

IN

anallzy — 2| + anl| f(2) = 2] + (1 = an)[|lzn — 2]

(1= an(l —a))|lzn — 2| + anllf(2) = 2| (4.1.13)

By induction, we can show that {z,} is bounded. Employing Lemma 3.1.48 and

(4.1.12), we set

sn = |zn —z|?

$n = 2an<f(z) — 2, Tp41 — Z>

b = o (f(2) = 2,Tm1 — 2)

Moo= (1= an)y(2 = 1)onlld(zn, ya)lI?

cn = (1—a)ay,. (4.1.14)

So, (4.1.12) reduces to the inequalities

Snr1 < (1 —cp)sn + cndp (4.1.15)

S+l < Sn— An+ ©n- (4.1.16)
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Let {n} be a subsequence of {n} and suppose that

lim A,, =0. (4.1.17)
k—o00
It follows that
T (1=, )7(2 = 9)82, (o, ) I = 0. (4.1.18)
—00
Using Lemma 4.1.4, we obtain
klggo ld(zn,, yn, )|l = O. (4.1.19)

By (4.1.5) we see that

||xnk - ynk“ < Hd(l’nk,ynk)ﬂ +Tnk”F(xnk) - F(?/ﬂk)”

S Hd<mnk7ynk)” +/’I’Hxnk _ynkH' (4'1'20)
It follows that
(1 = Wl Zn, = Yl < Nl d(@nges Yy ) |l- (4.1.21)
From (4.1.19), we obtain
kll)rglo | Zn, — Yn,ll = 0. (4.1.22)
Consider
||xnk+1 - $nkH = ||ankf(xnk) + (1 =3 ank)(xnk Y 7¢nkd(xnk7ynk)) - J;nk”

< anka(xnk) - Ink” = (1 = ank)”xnk - ’Y¢nkd(xnk7 ynk) - ‘Tnk”
= anka(xnk) - wnkH + (1 - ank>7¢nk“d(xnkﬂ ynk)”

— 0, as k — oo. (4.1.23)

By the definitions of {y,, } and d(zn,,yn, ), we get

Yny, = Po(yny, — (7o F(Yny) — d(@ny s yny)))- (4.1.24)



23

From Lemma 3.1.43, it follows that
(@ = Ynp, Tnp F'(Yny) — d(Tnys Yny,)) >0, Yo € C. (4.1.25)
Take arbitrarily z € S C C. By setting x = z in (4.1.25), we have

<ynk -z, d(l‘nk, ynk) - TnkF(ynk» >0, (4'1'26)

which implies that

<ynk - % d('rnwynk» 2> Tny, <ynk - Z7F(ynk)>' (4'1'27)

Since {xy, } is bounded, the set wy,(xy,) is nonempty. Let 2* € wy(zy, ). Then there
exists a subsequence {xy, } of {zy, } such that z,, — z*. We also have Az, — Az".

In fact

(At ,2) — (Ax*,2)| = |(Awy, — Ac",2)
= |(A@n,, —2%),2)]
= |(wn, — 2", A%2)]

- 0. (4.1.28)

Next, we show that z* is a solution of the SFP. From (4.1.19) and the bound-

edness of {yy, }, we have

Tng || AYn,, — PQAynkH2 < T (Ayn, — Az, (I — Pg) Ay, — (I — Pg)Az)
= Tny <Aynk — Az, (I - PQ)Aynk:>
= Tn(Un, — 2, AT(I — Pg)Ayn,)

= Tng(Un, — 2, F(yn,))- (4.1.29)
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By (4.1.27), (4.1.19) and Lemma 3.1.46, we have

1
HAynk - PQAynkH2 < ;<y”k — 2 d(xnk’ynk)>
1
< Sllyne = 2lllld(@n,, yn, )l
— 0. (4.1.30)
Hence,
lim ||Ayy,, — PoAyn,| = 0. (4.1.31)
k—o0

Thus Az* € Q. From (4.1.1) and (4.1.31), it follows that klim |F'(yn, )| = 0. By (4.1.2)
—00

and Lemma 3.1.46 (iii), we have

1Y, = Po(yn Il < N2, = Yny, = T (2, )|
< lon, = ynll 4 7o [ F ()|
< ene = ymll + T [F (@) = F )|+ 7o L ()
< (A wllen, = yngll + T [F (Yl
— 0ask — oo, (4.1.32)

which implies z* € C. From Lemma 3.1.46 (i), we obtain

1i£ll}8£p<f(2) —2,%p, —2) = Zliglo<f(z) =2 Ty, — z)
= (fle)—z2"—2)
< 0. (4.1.33)

From (4.1.23) and (4.1.33), we obtain

limsup(f(z) — 2z, Tn,4+1 — 2) < 0. (4.1.34)
k—o0

Hence, we get

lim sup 6, <0. (4.1.35)

k—o00
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Using Lemma 3.1.48, we conclude that the sequence {z,} converges strongly to z =

Psf(z). O

Next, we introduce the modified relaxation projection and contraction meth-

ods, in which the closed convex subsets C' and ) have particular structure.

By the definition of the subgradient, it is clear that C' C C), and @ C @Q,. The

projections onto C,, and ), are easy to compute since C}, and ), are two half - spaces.

Define F, : Hy — Hp by
Fo(z) = A*(I — Pg,)A(z). (4.1.36)

Algorithm 4.1.6. Let f : Hy — Hy be a contraction. For any o > 0,p € (0,1) and
w € (0,1), choose an arbitrary initial guess x1 € Hy. Assume xz, and y, have been

constructed. Compute the sequence x,4+1 via the formula

Yn = PC’n (xn - TnFn(xn))

Tn+l = Olnf(xn) + (1 i O‘n)(xn - ’Y(bnd(xm yn)) (4'1'37)

where {an} C (0,1), v € (0,2) and 7, = op™ and m,, is the smallest nonnegative
integer such that

TollFn(zn) — Fo(yn) || < pllzn — ynll, (4.1.38)
d(:(}n, yn) — (xn I~ yn) T Tn(Fn(xn) - Fn(yn)) (4.1.39)

and
(Tn — Yn, d(Tn, yn)) + Tnl| (I — PQn)Ayn||2

Pn = ld(m )2

(4.1.40)

Theorem 4.1.7. Assume that lim «, = 0 and Zan = oo. If S # 0, then the

n—00
n=1

sequence {xy,} generated by Algorithm 4.1.6 converges strongly to z = Psf(z) in S.
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Proof. As in the proof of Theorem 4.1.5, we see that

21— 27 < (1= an(l = a))[len = 2|% + 200 {f(2) = 2, 2041 — 2)

_(1 - O‘n)'y(Q - 7)¢31||d(xn7 yn)||2 (4'1'41)

Moreover, the sequence {x,} is bounded and ||z, — y,|| — 0. Let z* be a cluster point

of {z,,} with {x,, } converging to z*. From (4.1.22), it follows that {y, } also converges

to x*.

Now, we show that z* is a solution of the SFP. In fact, since y,, € Cp,, by

the definition of {C), }, we have

where &, € 0c(zy, ). Since Oc is bounded and (4.1.22), we have

IN

C(xnk) <£nk » Ty, — ynk>

1

0 as k — oo. (4.1.43)

which implies ¢(z*) < 0, i.e., z* € C. As in Theorem 4.1.5, we can show that [|A,, —

Py, (Ay, ) — 0 as k — oco. Since Py, (Ayn,) € @n,, We have
q(Ayn,) + (M, Pan (Ayny) — Ayn,) <0 (4.1.44)
where 1, € 0¢(Ayn, ). From (4.1.31), we obtain

Q(Ayn,) < g 1 Pan, (AYny) = Ayn, |

— 0as k — oo. (4.1.45)

Similarly, we have ¢(Ax*) <0, i.e., Az* € Q. Thus z* is a solution of the SFP.



27

Following the line of the proof of Theorem 4.1.5 we get that {z,} converges

strongly to z = Psf(2). O

4.2 On the convergence analysis of the gradient - CQ algorithms for

the split feasibility problems

In this section, we propose a new gradient - CQ algorithm and derive the weak

convergence theorem of the generated sequences by the proposed method.

Define f,, : Hi — R by fu(2) = 3||(I — Po,)Az|>.

Algorithm 4.2.1. Choose an arbitrary initial guess x1. Assume x, and y, have been

constructed. Compute x,+1 via the formula

Yn = Tp — TnFn(xn) (421)

Tn+1 = PCn (yn - SOnFn(yn)) (422)

where F,, is defined by /.1.36 and Cy, Q, are given as (2.1.4), (2.1.5)

pnfn(yn)
| Fn(yn)lI? + 6

T = pnfn(xn)

= 0<pn<4,0<b,<1. 4.2.3
HFn(xn)HQ + 6, Pn " ( )

and o, =

Remark 4.2.2. We see that the iterate y, is defined by a gradient method with the
stepsize 7, and the iterate z,41 is defined by a relaxed CQ algorithm with the stepsize
¢n. Here a parameter 6, is added to ensure that the sequence {z,} generated by our

algorithm has an infinite number of iterations.

We next state our weak convergence theorem.

Theorem 4.2.3. Assume that inf p,(4 — p,) > 0 and li_}m 0, = 0. Then the sequence
n n oo

{zn} generated by Algorithm J.2.1 converges weakly to a point of S.

Proof. Let z € S. Since C C C,, and Q C @, we have z = Po(z) = P, (2) and
Az = Po(Az) = Py, (Az). It follows that F},(z) = 0. Using Lemma 3.1.46 (iii), we see



that

|Znt1 — 2|

= [P, (Yn — nFu(yn)) — ZHQ

< ||yn - (pnFn(yn) - Z||2 - ||$n+1 —Yn + @nFn(yn)HQ

= lyn — 217 + Rl Fa(yn) I = 200 (yn — 2, Fu(yn))

—[|Znt1 — Yn + SDnFn(yn)HQ'

From (3.1.29) and F,(z) = 0, we obtain

(Yn = 2, Fn(yn)) = (Yn — 2, Fn(yn) — Fu(2))

It also follows that

= (yn— 2, A1 - Fo,)Ayn — A°(I — Pq,)Az)
= (Ayn — Az, (I = Pg,)Ayn — (I — Po,)Az)
> (I = Pg,)Ayal?

= 2fn(yn)‘

(xn, — 2, Fp(20)) = 2fn(xn).

Moreover, by (4.2.6), we see that

lyn — 2112

= |lzn — T Fn(zn) _ZHZ
= ||xn*z”2+7'7%HFn(33n)”2 = 27p{Tn — 2, Fu(z0))
< lzn — 2)2 + Tl Fa(@n) 1 — 470 fo(zn).

Combining (4.2.4)-(4.2.7), we obtain

|Zn+1 — 2”2 <

|zn — ZH2 + Tgan(xn)’P — 47 fr(2n) + SDELHFn(yn)’P

~4onfa(yn) = 1Tn+1 = Yn + onFlyn) I
prtfa(@n)
TFn G2+ o2 eI

__Apafal@a) o pufi(um)
| Fn(zn)[|? +0n ([ Fn(yn)l|? + 0n)

lzn — 2% +

2 1 Fa ) I”

28

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)
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_ 4pnfr%(yn)

[ En(yn)|I? + On
Prtn(n) _ Apn fa(n)
1Fn ()2 + 0 [ Fn(2n)|? + 0
P%f?%(yn) _ 4Pnfr%(yn)
[Fn(yn)l? +0n |Fn(yn) [ + 0

~|Zns1 = Yn + euFn(yn)lI”

- ||$n+1 — Yn + ‘PnFn(yn)H2

IN

lzn — 2% +

+

2
_ _ — (4 — 4.2.8
fa(yn)
—pn(4— pn) IF, (yn )H?; ) — [|Tn41 — yn + QOnFn(yn)”2
n n n
This implies that, since 0 < p,, < 4,
[@ns1 — 20 < llzm — 2l (1.2.9)

Thus lim |z, — 2| exists and hence {x,} is bounded. Again, from (4.2.8), it follows
n—oo

that
L7 fa(n)
lim inf p,, (4 — n =0, 4.2.10
which implies by our assumptions that
2
lim (%) o (4.2.11)

72— O “Fn(xn)”z

We can check that {||F,(zy)|} is bounded by Lemma 3.1.45. So we get
lim f,(z,) = 0. This means lim ||( — Py, )Axy| = 0. Also, we have
n—oo n—oo

Jim_ fu(ya) = Bm [[(1 = Po,) Ayal = 0.

Furthermore, from (4.2.8) we obtain

lm ||Znt1 — Yn + onFn(yn)| = 0. (4.2.12)
n—oo

We note that

Pnfn(Yn
onl Enlya)] = W) 7 () = 0, as n = oc. (1.2.13)

B HFn(yn)H2 + 6,
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Hence, by (4.2.12) and (4.2.13) we obtain lim ||[zp41 — yn|| = 0. On the otherhand,
n—o0

from (4.2.1) and 7,||F(z,)|| — 0 as n — oo we get 1i_>m lyn — zn|| = 0. Hence
n—oo
nlgglo [#n+1 — n|| = 0.

Since {z,} is bounded, the set wy(x,) is nonempty. Let z* € wy(xy,). Then

there exists a subsequence {xy, } of {z,} such that z,, — 2* € H;.

Next, we show that z* is in S. Since x,, +1 € Cy,, by the definition of (), ,
we get

c(Tny) < (Enps Tny, — Trg1) (4.2.14)

where &, € 0c(xy, ). It follows that, by the boundedness of dc,

C(xnk) < ||§nk||”93nk—$nk+1||

— 0, as k — oo. (4.2.15)
By the w-Isc of ¢, &, — 2* and (4.2.15), we conclude that

c(z*) < liminf ¢(x,,) < 0. (4.2.16)

k—o0

Thus z* € C.

Next, we prove that Az* € Q. Since Py, (Azp, ) € Qp,, we have
Q(Axnk) < <77nk-’A$nk B Pan (Axnk)> (4.2.17)
where 7, € 0¢(Azxy, ). So we obtain

q(Amnk) < ”nnk HHAmnk - Pan (Axnk)H

— 0, as k — oo. (4.2.18)
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The w - Isc of ¢ and (4.2.18) imply that

q(Az*) < liminf ¢(Ax,,) < 0. (4.2.19)

k—o0

Thus, Az* € Q. Using Lemma 3.1.47, we conclude that the sequence {z,} converges

weakly to a point in S. O

Next, we present another gradient - CQ algorithm by using the Halpern iter-

ation for the strong convergence theorem:.

Algorithm 4.2.4. Choose an arbitrary initial guess x1. Assume x,, and y, have been

constructed. Compute the sequence Tp,y1 via the formula

Tnt1 = apu+ (1 —an)Pe, (Yn — onfn(yn)) (4.2.21)

where {ayn} C (0,1), uw € Hy, Cy, and Q,, are given as (2.1.4), (2.1.5)

pnfn (l'n)

S pnfn(yn)
||Fn($n)H2 + 6,

| E5 (yn) |12 + O

and o, = 0<pn<4,0<0,<1. (4.2.22)

Theorem 4.2.5. Assume that {c,}, {pn} and {0,} satisfy the assumptions:

(al) 7};\1{.10(1,1 =0 and Zan = 00;

n=1
(a,?) inf pn(4 - pn) > 0;
(a3) nh_)rgloﬁn =

Then the sequence {x,} generated by Algorithm 4.2./ converges strongly to a point Psu.

Proof. We set z = Pgu. Using the proof line as in Theorem 4.2.3, we obtain

fa(yn)
||Fn(yn)H2 + 6

_HPCn(yn - SOnFn(yn)) —Yn

| Pc, (Yn — onFn(yn)) — ZHZ < yn — ZHZ — pn(4— pn)

+onFn(yn) | (4.2.23)
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and

2
n— 2|7 < ||lzn — 2% = pu(d — pn fal@n) 4.2.24
lyn — 217 < |lzn — 2[|° — pu(d —p )HFn(aﬁn)\l2+9n ( )

On the other hand, we have

lni1 = 2l* = llan(u = 2) + (1 = an)(Po, (yn — enFulyn)) = 2)|
< (1 —an)llPe, (yn — enFulyn)) — 2|

+20n(u — 2, Tpt1 — 2). (4.2.25)

Combining (4.2.23) - (4.2.25), we obtain

[ Fn(n)]1? + On,

[en1 — 217 < (1= an)llzn — 21> = (1 = an)pn(4 — pn)
fa(yn)

| Fn(yn )12 + O

—(1 - an)HPCn(yn - SOnFn(yn)) — Yn + @nFn(yn)HQ

—(1 —an)pn(4— Pn)

2 (u — 2, Tpt1 — 2). (4.2.26)

Next, we will show that {z,,} is bounded. Again, using (4.2.23) and (4.2.24), we get

[2ns1 =2 = [lanu + (1= an)Po, (yn = enFa(yn)) — 2|

IN

anllu = 2] + (1 = an)|lyn — =||

IN

apllu—z|| + (1 — ap)||xn — 2. (4.2.27)

By induction, we can show that {z,} is bounded. Employing Lemma 3.1.48, from

(4.2.26), we set

sno= |on — 2%
Y = 20p(u— 2, Tpi1 — 2);
by = 2u— 7 aner — 2
f2($n)
)\n = (1 - an)pn(4 - pn) -
||Fn($n)||2 + 0,
o (Yn)
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Jr(l - an)||PCn (yn - @nFn(yn)) — Yn + SDnFn(yn)HZ' (4'2'28)

So (4.2.26) reduces to the inequalities

Spt1 < (1 —ap)sy + apdp,n>1 (4.2.29)

Sni1 < Sn — Ap+ Ya. (4.2.30)

Let {n} be a subsequence of {n} and suppose that

s Pol (4.2.31)
k—o0
Then we have
lim (1 — o e
dim (1= an)on. (4 = o) S

Fnk(ynk)H2 + e’ﬂk

+ (1 N ank)”Pan (ynk - ‘pnank (ynk)) — Yny, T ‘Pnank (ynk)

I

=0 (4.2.32)

which implies, by our assumptions

[ (@ )I* 7 [ (i) 1P
HPan (Yng — Py Fny (Uny.)) = Yny, + Py Fy (Y )| = 0

— 0 and

as k — oo. Since {||Fy, (zn, )|} and {|| Fn, (yn, )|} are bounded, it follows that f,, (zn,) —
0 and fy, (yn,) — 0 as k — oco. So we get klingo (I = Pg,, )Azn,|| = 0 and kli)ngo (I —

B, ) AYn, || = 0.

As the same proof in Theorem 4.2.3, we can show that wy,(xy,,) C S. Hence

there exists a subsequence {2y, } of {zy,} such that z,, — 2" €S.
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From Lemma 3.1.46 (i), we obtain

limsup(u — 2,2y, —2) = lm(u—2z,x,, —2)
k—00 1—00 ‘

= (u—z,2"—2)

< 0. (4.2.33)

On the other hand, we see that

lZnp+1 — Ynyll

= Hanku +(1- ank)Pan (y"k — Pty (ynk)) - ynk”

< angllu = ynll + (1 = an )1 Pen, (Ung — OneFng (Yni)) — Y|

< angllu = yn,ll + (1 — an )1 Pon, (Yng = O Fng (Yni) = Yy, + P g, (U )|
(1 = any ) o | (g, )|

— 0as k — oo. (4.2.34)

So, we have

|’$nk+1 - mnkH < "xnk"!‘l - ynkH + Hynk - xnk”

— 0as k — oo (4.2.35)

From (4.2.33) and (4.2.35) we obtain

lim sup(u — 2, Tp, 41 — 2) < 0. (4.2.36)
k—o0
Hence, we get
lim sup 6, < 0. (4.2.37)
k—oo

Using Lemma 3.1.48, we conclude that the sequence {z,} converges strongly to z =

Psu. O
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4.3 Numerical examples and Applications

In this section, we present some numerical examples and illustrate its per-
formance by using Algorithm 4.1.1 in Theorem 4.1.5 and Algorithm 4.1.6 in Theorem
4.1.7.

Example 4.3.1. Let

C = {(a1,a2,23) € BY : |[(w1,22,3) — (05,0,0) 2 < 10},

Q = {(y17y27y3) € R?) 116 < Y1 < 25,.@2 = an3 = 0}7

-1 0 -9
and A = 5 9 1 |. Choose o, =

1
T for alln € N and f(x) = 3% where

-1 0 1
x € R3. The stopping criterion is defined by E, = ||Zni1 — Tnll2 < 1074

We consider four cases as follows:
Case 1: v1 = (—=2,1,0), 0 =1, p=0.5, u = 0.6 and v = 1.5.
Case 2: x1 = (—1,0,3), 0 =2, p=0.6, u = 0.7 and v = 0.5.
Case 8: x1 =(—4,0,2), 0 =3, p=0.2, u=0.3 and v = 1.9.
Case 4: v1 =(0,-2,1), 0 =4, p=10.9, u = 0.5 and v = 0.3.

Using Algorithm 4.1.1 in Theorem /.1.5, we obtain the following results:

Table 1: Numerical results of Algorithm 4.1.1.

Casel Case2 Case3d Case4d

No. of Iter. 159 101 266 119

cpu (Time) 0.0682 0.0593 0.0814 0.2459
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The convergence behavior of the error E, for each Cases is shown in Figure 1

- 4, respectively.

0.8 H —

0.6 H —
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Figure 1: Error plotting E,, for Case 1 in Example 4.3.1
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Figure 2: Error plotting E,, for Case 2 in Example 4.3.1
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Figure 3: Error plotting E,, for Case 3 in Example 4.3.1
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Figure 4: Error plotting E,, for Case 4 in Example 4.3.1
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Example 4.3.2. Consider the following LASSO problem [/]1]:

min{%HAx B2 w € RS, s < 7}, (4.3.1)
1 3 2 1 0
5 6 1 -1 1
where A = 4 2 3 0o —2|,b=(6,12,9,0,1). We define C = {x € R® :
002 -2 1 9
0 -1 3 0 1

l|lz|[1 < 7} and @ = {b}. Since the projection onto the closed convex C' does not have a
closed form solution and so we make use of the subgradient projection. Define a convex

function c(z) = ||z|[1 — 7 and denote the level set C,, by :

Cn={z €R": c(zn) + (£n, x — 2,) < 0}, (4.3.2)

where &, € Oc(xy). Then the orthogonal projection onto C, can be calculated by the

following:
x, if ¢(xn) + (§nyx — ) <0,
Pe, (x) = (4.3.3)
by o(2n) + <€n’2$ “n) &n, otherwise.
[1€nll
It is worth noting that the subdifferential Oc at x,, is
17 Zf Jl‘n > 0,
dc(xn) = { [-1,1], if T = 0, (4.3.4)
_17 Zf xn < 0.

The iteration process is stopped when the following criteria satisfied ||xp+1 — Tpll2 <

1 1
10~%. Choose a,, = 100 for alln € N and let f(x) = 5
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We consider four cases as follows:

Case 1: ©1 =(—-1,1,1,0,1), 0 =1, p=0.5, p=0.2 and v = 1.5.

Case 8: ©1 =

( )

Case 2: x1 = (0,—1,3,0,5), 0 =2, p=04, u=0.3 and v = 0.9.
(1,9,-2,0,5), 0 =3, p=0.7, = 0.6 and v = 1.9.
( )

Case 4: 1 =(-5,0,1,3,2), 0 =4, p=0.2, p=0.9 and v = 0.3.

Table 2: Numerical results of Algorithm 4.1.6.

Casel Case2 Case3 Case4d

No. of Iter. 272 44 228 54

cpu (Time) 0.1444 0.0283 0.2045 0.0204

The convergence behavior of the error F,, for each Cases is shown in Figure 5

- 8, respectively.
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Figure 6: Error plotting E,, for Case 2 in Example 4.3.2
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Next, we provide some numerical experiments to the sparse signal recovery
in compressed sensing. We illustrate the performance of the relaxed CQ algorithms
with the stepsizes defined by Yang [19], Léopez et al. [24], Gibali et al. [16] and our
gradient - CQ method (Algorithm 4.2.1). In signal processing, compressed sensing can

be modeled as the following under determinated linear equation system:
y = Az + ¢, (4.3.5)

where € RY is a vector with m nonzero components to be recovered, y € RM is the
observed or measured data with noisy ¢, and 4 : RV — RM (M < N) is a bounded
linear observation operator. A is sparse and the range of it is not closed in most inverse
problems, thus A is often ill - condition and the problem is also ill - posed. When z is
a sparse expansion, finding the solutions of (4.3.5) can be seen as solving the LASSO

problem which is the following;:
.1 9 )
min —||y — Az||5 subject to ||z|; < t, (4.3.6)
zERN 2

where t > 0 is a given constant. In particular, if C = {z € RV : |jz[; < t} and
Q@ = {y}, then the LASSO problem can be considered as the SFP (2.1.1). From this

point of view, we can apply the CQ algorithm to solve (4.3.6).

In our experiment, we test two cases as follow:
Case 1: N =512, M = 256 and m = 10;
Case 2 : N = 4096, M = 2048 and m = 100.

The sparse vector € RY is generated from uniform distribution in the interval
[—2,2] with m nonzero elements. The matrix A € RM*/ is generated from a normal
distribution with mean zero and one invariance. The observation y is generated by
white Gaussian noise with signal - to - noise ratio SNR, = 40. The process is started

with £ = m and initial point x; = 0.

We next give some numerical results by using the CQ algorithms defined by
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Yang [19], Lépez et al. [24], Gibali et al. [16] and the gradient - CQ algorithms
(Algorithm 4.2.1).

The restoration accuracy is measured by the mean squared error as follows:
1
MSE = <[l — z||3 <1075, (4.3.7)

where z,, is an estimated signal of x.

In what follows, let 7,, = in the CQ algorithm by Yang [19], 7, =

i 3
" 4[>
Pn|| AT — Y : . 4

with p, = 3.5 in (2.1.11) of Loépez et al. , Tn, defined by (2.1.15

with r =1, { = p = 0.5 in that of Gibali et al. [16] and 7, ¢, defined by (4.2.3) with

pn =35, 0, = =. The numerical results are reported as follows.

1
(n+1)
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Figure 9: Graph of signal for Algorithm 4.2.1 (N

512, M = 256).
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Figure 10: MSE versus iterations for Algorithm 4.2.1 (N = 512, M = 256)
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Figure 11: Objective value versus iterations for Algorithm 4.2.1 (N = 512, M = 256)
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Figure 12: Graph of signal for Algorithm 4.2.1 (N = 4096 and M = 2048)
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Figure 13: MSE versus iterations for Algorithm 4.2.1 (N = 4096, M = 2048)
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Figure 14: Objective value versus iterations for Algorithm 4.2.1 (N = 4096, M =
2048)

Remark 4.3.3. 1. As shown in Figures 1 and 4, the signal z can be recovered by CQ
algorithms. However, it is revealed that among these methods, Algorithm 4.2.1 has the
smallest number of iterations and also the shortest cpu time in both Case 1 and Case 2.
In the relaxed CQ algorithm by Yang [19], the choice of the stepsize 7,, depends on the
operation norm || A||. So it may take costly time consuming in calculation. In Gibali et
al. [10], the stepsize 7, is computed by Armijo - line search at each iteration. We know
that it can be complicated in structure and usually requires many inner iterations to

search for a suitable stepsize which may cost a lot of work in cpu time.
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2. In Figures 2 and 5, we plot the error value per iterations. It is seen that the
errors obtained by Algorithm 4.2.1 decrease faster than those of other CQ algorithms.
Also, in Figures 3 and 6, the objective function values obtained by Algorithm 4.2.1

decrease faster than those of other methods.

We finally discuss the strong convergence of the relaxed CQ algorithm (2.1.12)
by Lépez et al. [24] and Algorithm 4.2.4.

In this experiment, we set each stepsizes 7, as in the weak convergence and
let o, = P The initial vector 1 = 0 and wu is generated randomly. Then we have
n

the following numerical results.
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Figure 15: Graph of signal for Algorithm 4.2.4 (N = 512, M = 256)
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Figure 16: MSE versus iterations for Algorithm 4.2.4 (N = 512, M = 256)
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Figure 17: Objective value versus iterations for Algorithm 4.2.4 (N = 512, M = 256)



20

Original signal (N = 4096, M = 2048, 100 spikes)
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Figure 18: Graph of signal for Algorithm 4.2.4 (N = 4096, M = 2048)
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Figure 19: MSE versus iterations for Algorithm 4.2.4 (N = 4096, M = 2048)
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Figure 20: Objective value versus iterations for Algorithm 4.2.4(N = 4096, M =
2048)

Remark 4.3.4. As shown in Figures 7 - 12, the signal z can be recovered with fair
degree of accuracy by Algorithm 4.2.4. It appears that our scheme requires the number
of iterations and the cpu time less than the Halpern - type relaxed CQ algorithm defined

by Lépez et al. [21].



CHAPTER V
CONCLUSION

The following results are all main theorems of this thesis:

Algorithm 4.3.5. Let f : Hi — H; be a contraction. For any o > 0,p € (0,1) and
w € (0,1), choose an arbitrary initial guess x1 € Hy. Assume x, and y, have been

constructed. Compute the sequence T,y1 via the formula

Yn = PC(xn y TnF(xn)) (438)

Tn+l = Oénf(xn) + (1 - an)(xn - 7¢nd(xn7 yn)) (4'3'9)

where {an} C (0,1), v € (0,2) and 7, = op™* and my, is the smallest nonnegative
integer such that

Tl F'(2n) — F(yn) |l < pllzn — ynll, (4.3.10)
d(xnvyn) = (zn - yn) - Tn(F(xn) - F(yn)) (4'3'11)

and

(Trn = Yn, d(Tr, Yn)) + Tull (I — PQ)AynH2

[d(zn, yn)|? (4.3.12)

¢n:

o
Theorem 4.3.6. Assume that lim o, = 0 and Zan = oo. If S # 0, then the

n—00
n=1

sequence {x,} generated by Algorithm /.3.5 converges strongly to z = Psf(z) in S.

Algorithm 4.3.7. Let f : Hi — Hy be a contraction. For any o > 0,p € (0,1) and
w € (0,1), choose an arbitrary initial guess x1 € Hy. Assume x, and y, have been

constructed. Compute the sequence x,4+1 via the formula

Yn = PCn(xn_TnFn(l‘n))

Tn+l = anf(xn) + (1 - an)(xn - 'ngnd(xm yn)) (4'3'13)

where {ap} C (0,1), v € (0,2) and 7, = op™ and my, is the smallest nonnegative
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integer such that
Tall Fn(2n) — Fn(yn)ll < pllzn — ynll, (4.3.14)
AT, yn) = (Xn — Yn) — Tn(Fn(zn) — Frlyn)) (4.3.15)

and

(Tr = Yns (T, Yn)) + 7ol (I — PQn)Ayn”2

TESIE (4.3.16)

(z)n:

(o.]
Theorem 4.3.8. Assume that lim «, = 0 and Zan = oo. If S # 0, then the
n—oo el

sequence {x,} generated by Algorithm /.3.7 converges strongly to z = Psf(z) in S.

Algorithm 4.3.9. Choose an arbitrary initial guess x1. Assume x, and y, have been

constructed. Compute x,11 via the formula

Yn = Tp— Tnln(Tn) (4.3.17)

Tny1 = Po,(Yn — onFnl(yn)) (4.3.18)

where F,, is defined by 4.1.36 and Cy,, Q, are given as (4.1.20),

Prfn(Yn)
15 (yn )11 + On

o pnfn(xn)

, 0<p,<4,0<6,<1. (4.3.19)

and o, =

Theorem 4.3.10. Assume that inf p,(4—py) > 0 and lim 6, = 0. Then the sequence
n n—oo

{z,} generated by Algorithm /.3.9 converges weakly to a point of S.

Algorithm 4.3.11. Choose an arbitrary initial guess x1. Assume x, and y, have been

constructed. Compute the sequence x,41 via the formula

Yn = Tp — TnFn(fUn) (4.3.20)

Tny1 = apu+ (1 —an)Po,(Yn — onFnlyn)) (4.3.21)

where {an} C (0,1), u € Hy, Cy, and Qy, are given as (4.1.20),

R pnfn(mn)
| E () 12 + On

and oy, = Pnfn(yn)

= O0<pp<4,0<6,<1. (4.3.22)
1 Fn (yn) || + O,



o4

Theorem 4.3.12. Assume that {ay,}, {pn} and {6, }satisfy the assumptions:

(al) Jingoan =0 and Zan = 00;

n=1

(QQ) inf pn(4 - pn) > 0;

(a3) nlg]gOGn =0.
Then the sequence {x,} generated by Algorithm 4.3.11 converges strongly to a point
Psu.
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